CHALLENGE 11

1. What is the perimeter of a square equivalent to a 4 cm by 9 cm rectangle?

24 cm

2. What is the total area of a cube equivalent to a rectangular based prism with

dimensions 2 cm by 4 cm by 8 cm? _9%6em*

3. Of all rectangles with an area of 36 cm?, what is the perimeter of the rectangle with
the smallest perimeter? _24cm

@. Of all rectangles with a perimeter of 36 cm, what is the area of the rectangle with the
largest area? 81 cm? '

B. Of all rectangular prisms with a total area of 54 cm?, what is the volume of the prism

with the largest volume? 27em®

6. Ofall rectangular prisms with a volume of 216 cm3, what is the total area of the prism

with the smallest area? _216 cm?

7. You have a surface area of 7200 cm? of cardboard to make ;dentical boxes in the shape
of rectangular prisms. |

Each box must have a capacity of 1000 cm?. Determine the dimensions of the box
that will maximize the number of boxes that you can make with the available

cardboard.

12 boxes in the shdpe of a cube with 10 cm sides.

8. A pyramid has a height of 18 cm and a square base Initial Small
with 12 cm sides. The pyramid is cut along a plane pyramid A\ pyramid
parallel to the base yielding a truncated pyramid
and a pyramid similar to the initial one. Determine
the volume of the truncated pyramid if the height : 1
of the small pyramid is 12 cm. |

2 .

Scale factor =3 A Truncated
- pyramid
Volume of initial pyramid = 864 cm3

Volume of small pyramid = 256 cm’ i

Volume of truncated pyramid = 608 cm?
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1 1 g 1 Area ind volume of solids

Aeplyrry | perimeter and area of a plane figure

The plane figure on the right is formed by a semi-circle, a rectangle and a
trapezoid. What is, to the nearest tenth, its perimeter if the area of the
trapezoid is equal to 33 cm??

2x +3x +2})+2=38; x=4;: P={33,7 +3=)em ~ 43,1 cm

AN Ty Iry 72 Area and volume of a solid

The solid on the right is formed by a hemisphere, a cvlinder and a cone.

a) Calculate the total area of this solid.
area of hemisphere: 727 cm?

lateral area of cylinder: 240+ ¢m?®

20em

lauteral area of cone: 60 cm?®

total area of solid: 372% cm?

b} Calculate the volume of this solid.
volume of hemisphere: 144 cm3

volume of cylinder: 720+ cm?®

volume of cone: 96+« cm?

volume of solid: 960+ cm?

AREA AND VOLUME OF SOLIDS

Symbols Prism

s:slant height

i height

rradiug

Ay sarea of base

P o perimeter of base

Cylinder {one Sphere

P ox
Lateral area A, A= P h A - - A, 2wrh Ay wrs
Total area A, Ap= 28+ A LA = AL F A A = 2A -+ AL A = Ay A, AL 451
4 4 5 H ’ Ay 2 A § . 4
YVolume V Vo A, 7k Vo h - ! Y AL h Y . Yo FRE
i 5 ’ 3 -3

P
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Ex.: Consider the solid on the right: e ]
. . ; ; ! Beom
A, =area of base of cylinder + lateral area of cylinder + \ '
. o . P ey 7 i
lateral area of cone = 97 + 54% + 157 = 78% cm? ; -
cm
B e s o

V = volume of cylinder + volume of cone

= 81w + 12% = 03% cm?

top of a

4dem

T. A toy is formed by a cone with a height of 4 ¢cm mounted on

hemisphere with a radius of 3 ¢m.

a} Calculate the total area of this toy. 187 + 155 = 335 em?
18 + 12+ = 30% cm?®
Ecm

b} Calculate its volume.
ar prism mounted by a half

2. A box has the shape of a rectangul

cylinder.
a) Caleulate the total area of this box, 1000 + 1400 + 600+ = 4285 cm? 1 cm §
R ——

) 5 o 2
b) Calculate the volume of the box, 10 000 + 2500+ ~ 17 854 cm B 20 cm

1t of 40 dm on top of a

3. A sculpture is formed by placing a pyramid with a heigl
cube with 60 dm sides.
< 607 + W = 24 000 dm?

—~ ' oo 5
a) Calculate the total area of this sculptiire.

603 &2%:52 = 264 000 dm?

b} Calculate its volume.

ATy 3 similar solids
a) 1. Explain why the cylinders on the right are Cylinder (2)
similar. Cyfinder (D
The ratio of the corresponding dimensions
are the same, %j = “%’; =2 ho=10em
k= 20cm
. . i 2ord !
2. What is the scale factor? i
b) Verify that the ratio of the circumferences of the
o
¥y #om

bases is equal to the scale factor.

C, =127 em; C, =65 cm; 24 w2
1

juare of the scale factor.

¢} Verify that the ratio of the total areas of the solids is equal to the s

A, = 312x em?; A, =78z cm?; %ﬁ = 2%

¥

d} Verify that the ratio of the volumes is equal to the cube of the scale factor.

V, = 720= em?: V, = 90: cm*: V2 < 2
— 2
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< SIMILAR SOLIDS

If & represents the scale factor of two similar solids,
~ the ratio of lengths is equal to k;

— the ratio of areas is equal to k*:

— the ratio of volumes is equal to &7,

Py
“%EA 2

ﬁfﬁmﬁé{m Total Volume
of the hass area . 5em \
em 3om v Sem

Wem

Cone }

67 cm 247 em-” 12% cm?
Cone 2 2% ¢m 967 em? 96+ e’ Cone 1 Cone 2
Ratic x| 95 _5 | 96x = 73

Gx 24 12%

. . - o L. < N ¥ . . - %
&. The ratio of the areas of two similar rectangles is equal to ¥ What is the perimeter of the

o . - s e 4
farge rectangle if the perimeter of the small oneissUem? T 75em .

5. The ratio of volumes of two similar prisms is equal to 8. What is the area of the big prism if .
the area of the small one is 150 em®? 600 em?

-

6. Asmall cylinder with a volume of 8% em¥ is similar to 4 larger one with a volume of 27= em?,
. . o . e , o~ . ' P i
What is the area of the base of the large evlinder if the radis of the small one is 2 cm? Ir em? -

wlf
¥

Two cone shaped containers are similar. What is the volume of the small container if the
large container has a radius of 6 cm and a height of 15 ¢m and if the small container has 4 radius
of 4 em?

8. The rectangles on the right are similar. What is the peri- -
meter of the big rectangle if jts area is equal to 96 ¢m2? -
xx~2)=24;: x = 6 o

The dimensions of the big rectanale are 12 ¢m by 8 em. W
Perimeter: 40 ¢m b

8. The rectangular based prisms @ and ® on the right are s
similar. Let x and (v - I} represent the dimensions of the &
base of prism @ and {x + 1) represent jtg height. Calculate -

the volume of each prismif the areas of the bases of prisms -

2

@ and @ arc respectively 12 em? and 48 ¢m?2,
Xx -1} =12:x = 4; volume © = 60 cm?; volume

10. 1he trapezoids on the right are similar. The area of A D E H
trapezoid ABCD is 24 em2 If mAD - MAH, mBC = &
and mEH = 6 ¢m, caleulate the area of trapezoid F

k= é Area of trapezoid FFGH - 54 em?
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1 1 :2 Eqﬁiva!enf p;ane figures

Nerrvirry ) equivalent triangles

M N P g d,

A B
In the tigure on the right, lines [, and [, are parallel.
a) Triangles MAB, NAB, PAB and QAR all have the same base AB. Explain why these 4 triangles

have the same area.
For each triangle, the height relative to the base AB of that triangle is equal to the distance

between the two parallel lines 2’} and 1’2. The triangles, having the same base and height, therefore

have the same areq.

b} What is the area of each triangle if the base AB measures 10 ¢m and the distance between the

G 2
parallel lines is 8§ cm? 40 em

EQUIVALENT PLANE FIGURES

Two plane figures are equivalent if they have the same area.

Ex.: The triangle and the rectangle on the right are equivalent
because they both have an area of 24 ¢m?.

Bom 4om

-

»y

8cm §om

1. Lines! and [, on the right are parallel. What can be N / *
said about the parallelograms ABDC, ABFE and
ABHG? Justity vour answer.

These parallelograms all have the same base AB and ;& o L

a height equal to the distance between the lines |,

and l,. These parallelograms therefore have the same area and are thus equivalent.

2. Atriangle has a base of 9 cm and a height of & cm. What is the side length of a square equivalent

to the triangle? _6¢em

2. In cach of the following cases, find the measure x of the side of the square equivalent to

a} an 8 cm by 12 cm rectangle. x=d4em

b} a right tiangle with the sides of the right angle measuring 6 cm and 3 ¢m. x=3cm

© Guérin, editeur ltée 11.2 Equivalent plane figures 413



¢) a trapezoid with a big bhase of 12 cm, a small base of 4 cm and a height of 8 cm. x=8cm

x=5c¢cm

d) arhombus with diagonals measuring 5 cm and 10 cm.

8. True or false?

a) If two figures are congruent, then they are equivalent. True
b) If two figures are equivalent, then they are congruent. ... False
¢} If two non-congruent figures are similar, then they are equivalent. False

False

d) If two figures are equivalent, then they are similar.

5. The rectangles on the right are equivalent. What is the
sumerical value of the perimeter of each rectangle?
Ix(x + 2} =dx{x + 1); x = 2

ix 4+ 2

6. The rectangle and the square on the right are equivalent.
What is the numerical value of the perimeter of cach
tigure?

=ix-2)x+3):x=6

Perimeter of rectangle = 26 u; Perimeter of square = 24 u.

9. The triangle, rectangle and squarce on the right are
equivalent. What is the perimeter of the square?

Wm{xu){xwz};xxs

,,,,,,,,,, - x 4 1

The squuare has an area of 36 u?, arzéu_\trherefore a perimeter of 24 u.

8. The rectangle and isosceles triangle on the right are equivalent.
What is the perimeter of the isosceles triangle?
¢+ 2)(x -
xfx - 4} siﬁ%ﬂ;xué

mBC =8 u; mAB = 5 u; Perimeter = 18 u

G, The trapezoid and square on the right are equivalent. What is
the numerical value of the perimeter of the square?
[(2x-4) + (x-2)]

6 u; Perimeter of square: 24 u

X

40. The rectangle and the circle on the right are equivalent. What
i« the numerical value of the circle’s circumference?

?{x+1}=2x2:x11 x 4 1

Circumference = 27 u
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11. Rectangles @ and @ on the sdght are similar whereas D
rectangles @ and @ are equivalent. What is the '
perimeter of rectangle &7

ax _ 8

e T ax? + dx - 48 = 0

Area of rectangle & = 24 u? P
x

Length of rectangle & = 8 u; Perimeter of rectangle &: 22 u

12. The square ABCD, the right triangle DCE and the rectangle A D
CGFE are all equivalent. What is the area of each figure if {hy
perimeter of the rectangle is 15 ¢m?

x: side length of square; each figure has an area of x2; mCE = 2x:

mE,

- X
5
Perimeter of rectangle = 5x: x = 3

Area of each figure is equal to 9 cm?,

T2, The right triangles ABF and EAF on the right are similar. Triangle
ABF is equivalent to rectangle BCGF whereas the triangle EAF is
equiv slmt to rectangle DEFG.

a) Calculate the total area of the pentagon ABCDE.

LAx 8x . _ ) ,
Br+d aei ¥ =12; Area AABF = 1536 u

Area AAFE = 864 u?; Area of pentagon = 4800 u?

mAB = 80; mAE = 60; mED = 24; mCD = 100;

b) Calculate the perimeter of the pentagon.
mBC = 24; Perimeter of pentagon = 288 u

T4. Calculate the numerical v alue of the area of triangle ABC if triangle
ADE and rectangle BDEF are equivalent.

(x%&}{2x+}}72mx(£x+1};xx

AADE - AABC = 7 = 2. mBE = 13.5 u
12 mBC

Area du AABC = 81 u?
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1 1 s3 Equivalent so?ids

AerrvIry | Equivalent prisms

om 4 om
ey y < @
) (2 3) B

a) Show that prisms @, @ and & above have the same volume.
V,=8x2x4=64cm®;V,=4x4x4 = 64 cm’; V3x~«8ég x 8 = 64 cm?®

b) What are the dimensions of prism @ if the four prisms above have the same volume?

x = 4. The base of the prism is a right triangle.

The sides of the base measure 4 cm, 8 em 48{} cm; The height of the prism is equal to 4 cm.

EQUIVALENT SOLIDS

Two solids are equivalent if they have the same volume.

Ex.: The cone and the cvlinder on the right are equivalent
since they both have a volume of 36% cm?.

Jem

%. A prism with a height of 4 em has a rectangular base with dimensions 6 cm by 9 ¢m. What is

the measure of a cube’s edge that is equivalent to the prism? _ 6em

2. A cone and a cylinder are equivalent. The radius and the
height of the cone measure 6 cm and 10 cm respectively.
What is the height of the cvlinder if its radius measures 5 cm?

4.8 cm

3. The cvlinder, cone and sphere on the right are equivalent.

Determine

etermine 1,
a) the height /i of the cone; . h =12 cm ’
b) the radius rof the sphere. 7 =3 em Tom

116 Chapter 11 Equivalent figures
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@. The cube and the rectangtilar prism on the right are
equivalent. If the cube has 10 ¢m edges and the base of the
prismis a 5 cm by 10 ¢m rectangle, find the height k of the
prism.

10 2 5 x h = 10% = h = 20 em

Wem

Wem

5. a) A ¢ylinder and a cone with the same height of 6 ¢cm are equivalent. Determine the radius
r of the cone if the cylinder’s radius measures 3 cm.
oy Z
- 3%2.6 =10 r? 6 e r=3{F em

b) A cylinder and a cone with the same radius of 3 cm are equivalent. Determine the height
hoof {i‘m cone if the cylinder's height measures 6 cm.

6=zm§m = h o= I8 om

6. Asphere, a cvlinder and a cone are equivalent and each have a radius of 3 ecm. Calculate

a) the height of the cylinder; b =4 cm

b} the height of the cone. =12 cm

7. A coneand a cylinder have the same height /i and are equivalent. Let r represent the radius of
the cylinder. What is the radius of the cone?
Radius of cone: rof3

8. The rectangular prism and the cube on the right are
equivalent. By how much does the total area of the prism
surpass the total area of the cube?

x(x +3)x-2) =23 x =4,
Area of prism = 112 u?; Area of cube = 96 u?

The area of the prism is 16 u? more than the cube.

8. A prism, a cylinder and a cone are equivalent. If the bases of the prism, the cvlinder and the
cone are equivalent, compare
They are equal.

a) the heights of the prism and the cvlinder;

?;}} th 1{33%‘%}4&\ of the IW!%Y{} anel thi} cone. The height of the cone is the triple of the prism’s height.

T0. A sculpture is formed by a pyramid mounted on top of a cube. The cube and
the pyramid are equivalent. Determine the total height of the sculpture if its
volume is equal to 432 em?.

Volume of cube = 216 cm¥ - hexght of cube = & cm
if’{;ftzmé of pyramid = 216 = «—?w— <> height of pvramid = 18 em

FTotal height of sculpture =24 cm

11.3 Equivalent solids 417
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12.

13.

14.

418

A cylinder and a sphere have the same radius and are equivalent.

a) Express the height h of the cylinder as a function of the radius r.

h: height of cylinder; tr*h = i;—m'3 = h = -g-

b) Express as a function of r how much the total area of the cylinder surpasses the area of the
sphere.
4

Total area of cylinder= 2xr? + 2xr - 37" lg*wrz; Area of sphere 4xr?.

The total area of the cylinder is -;—wrz u? greater than the area of the sphere.

¢) Determine the difference between these two areas when r = 3 cm. 67 cm?

A sculpture is formed by a square based pyramid mounted on top of
a prism. The pyramid and the prism are equivalent. Calculate the

total area of the sculpture.
Volume of prism = volume of pyramid = 64 cm?

Tem

Height of pyramid = 3 cm. Slant height of pyramid = 5 cm. 8cm

Lateral area of pyramid = 80 cm?; Lateral area of prism = 32 cm?

Area of prism’s base = 64 ¢cm?; Total area of sculpture = 176 cm?

The right rectangular prism and square based prism below are equivalent. What is the
numerical value of the sum of the volumes of these two prisms?

(x +I)(x-1)2x +1)=(x-1P(2x + 6); x =7

Volume of each prism = 720 cm?®; Sum of volumes = 1440 cm?

A solid is formed by a pyramid mounted on top of a rectangular prism.
The pyramid and prism are equivalent. Let x represent the height of the
pyramid and (2x — 3) its slant height. The dimensions of the prism’s base
are 2x and (2x + 6). What is the numerical value of this solid’s total
volume?

We have: (2x - 3)2 =xZ + (x + 3F; x = 9u.

Volume of pyramid = 24 x 18 x 9 + 3 = 1296 cm?®

Total volume= 2592 cm?

Chapter 11 Equivalent figures © Guérin, éditeur ltée
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Consider the 6 cm segment AB and its mid-point O. Using a piece of taught string attached to two
fixed nails at A and B, a semi-ellipse is drawn. With the length of the string constantly 10 cm, the
triangles with vertices A, B and any other point on the ellipse all have the same perimeter.

16 cm

a) What is the perimeter of all these triangles with base AB?

b) Of all these triangles with the same base, the one with the largest area is the one with the biggest
height relative to this base. Determine which triangle has the largest area and indicate which
type of triangle it is.

The isosceles triangle AEB.

¢) What is the area of the triangle with base AB that has the largest area?

mEB =5 cm; mEO =4cm;Area3;4 =6 cm?

d) Complete: Of all the triangles with the same base and same perimeter, the one with the largest
area is Isosceles

ACTIVITY 2 Perimeter of equivalent rectangles

Consider all rectangles with an area of 36 cm?. We are seeking the dimensions of
the rectangle with the smallest perimeter.

Area=36cm® |

a) Complete the table of values on the right which gives the perimeter of the
rectanglé as a function of its base b and height h.

b) By observing the table and using a calculator, find
the rectangle with the smallest perimeter.
The square with 6 cm sides.

¢) What conjecture can we propose as a conclusion to ] 36 74
this activity?

For a rectangle with a given area, the square is the 2 18 40

one with the smallest perimeter. 4 J 26

6 6 24

9 4 26

12 3 30

36 1 74
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, . . *
ACTIVITY 3 Area of rectangles with the same perimeter

Consider all rectangles with a perimeter of 16 cm. We are seeking the dimensions
of the one with the maximum area. o 15em Tl
a) If welet x represent the rectangle’s base, - i
1. express the height as a function of x. __8-x - . ]
2. express the rectangle’s area as a function of x. . 1
Alxc) = il ; Base Helght Area s
(x) = -x2 + 8x ]
i ‘ _ -
b} 1. Complete the table of values on the right which | 7 7 ; 1
gives the rectangle’s area A{x) as a function of its = p 17 .
base x. = s
) _ ) 3 5 15 )
2. For what value of x do we get a maximum area’ et
- 4 4 16 o
3 3 Py g
3. What are the dimensions and the nature of this 6 2 12 i
rectangle when the area is greatest? - o
. . § / 1 7 -
ywﬁfggqrﬁz with 4 cm sides. o
¢) 1. Represent, in the Cartesian plane on the right, the Areaky -
» . . - . 2 s
function that gives the area Alx) as a function of its base x. em} {4, 16} _

2. Using the graph, indicate for which value of x do we get
a maximum area A{x).
The area is maximized when x = 4.

3. What is the maximum area? 16 em

d} Ofall rectangles with the same perimeter, what is the nature ! 4
of the rectangle with the greatest area? A square

PERIMETER AND AREA OF RECTANGLES .
« Of all equivalent rectangles, the square is the one with the smallest perimeter, —
3Zem 16 cm Bom E
Zeml J 1 is% cmo L e

A= B4 om? " Bem —

?::3852 A = B4 o’ s

=40cm & = B4 ené —

P 32 em "

s Of all rectangles with the same perimeter, the square is the one with the largest area. ik
Gem Bom &om f:

Beom e

P =24 em by o

. H = 24 om .

A=27cm A 37 o P=24cm s

A= 36 o
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a\eryrry 4 perimeter of equivalent n-sided polygons

a) Consider the following equivalent triangles.

The dimensions

are m .

1.44
Scalene triangle  Isosceles triangle Right triangle Equilateral triangle
® @ @ ®

They all have an area of 24 cm?.

1. Verify that the triangles are equivalent.
B:26.9em ©:284dcem G: 24 cm ©: 22,32 cm

2. Calculate the perimeter of each triangle.
3. Of the four triangles, what is the nature of the one with the smallest perimeter?
The equilateral triangle.

b) Consider the following equivalent quadrilaterals.

3 6 ' "5
Trapezoid Parallelogram Rectangle Square
@® @ @ ®

They all have an area of 36 cm?,

ey

. Verify that the quadrilaterals are equivalent.

The dimensions
6 o are in cm.

2. Calculate the perimeter of each quadrilateral.
@:3lem ©:28cm G: 26 cm G: 24 cm

Lad

. Of the four quadrilaterals, what is the nature of the one with the smallest perimeter?
The sgquare.

PERIMETER OF EQUIVALENT n-SIDED POLYGONS

s Therefore,
~ Of all equivalent triangles, the equilateral triangle has the smallest perimeter.
- Of all equivalent quadrilaterals, the square has the smallest perimeter,
~ Of all equivalent pentagons, the regular pentagon has the smallest perimeter.

+  Ofall equivalent n-sided polygons, the regular polvgon is the one with the smallest perimeter.

© Guerin, aditewr tée 11.4 Comparing polygons
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C»:?a;’*zsiaicr a
of eac

a)

b)

q

d)

Sy P :
A N . - y - N
ol regular polygons wztijs a perimeter of 100 em. The table of values below gives the area
Consider ¢ Solygon as a function of the number of its sides.

of each regd

a)

b)

d)

422

<+

|l regd
far po!
umber of sides increases, does the
f the polygon increase or decrease?

}’3 }msgli

As the 8t
PC;‘%Q’}GW{ ©

It dgcrga‘“’s
o qumber does the perimeter seem to
To what ™" ching as the number of sides
b & aﬁpﬁ;dxggﬁggg om

increases:
cometric shape does the regular

L T & a N
What P ecome as the number of its sides
Aot VR0 s A cirele
:?V Eéﬁxx infinite” ..
HeC O

- hat the circle with a perimeter of

Vc;‘d}é {/_m has an approximate area of 100
35447 75 1416).
om” ;3 . 5.6419 cm; Area = 99,999 3 cm?

B

Jar pol

qumber of sides increases, does the
As thi{ the polygon increase or decrease?
area Ob 2

[t incredSe
. pumber does the area seem to be
hing @5 the number of sides
L roachi

approet
ipcreases:
veon approaches a circle as its
%Cip{? “of sides increases. What is the
pum Nim%ﬁ’f value of the radius of this
anproX ‘
apPits

r;};} W t}'} ‘:}t

circle?
o the circle with the radius

that

=5 perimeter of equivalent regular polygons

Jar polygons with an area of 100 cm?. The table of values below gives the perimeter
ygon as a function of the number of its sides.

Humber
of sides

Area
{em®

Side
fom)

Perimeter
{ton)

3

160

15,197

45.590

100

10

40

LA e

100

7.624

38.119

6

100

6.204

37.224

10

100

3,.605

36.051

100

100

0.355

fand

A55

HI00

100

0.035

Lad
[EAR IS

44914

100

0.004

35.44908

10000

7) Area of regular polygons with the same perimeter

Humber
of sides

Perimeter
tem)

Apothem
{omy

Area
{cm?)

100

28.87

481,125

LN RS

100

12.5

625

L5

100

13.764

688,191

6

100

14.434

721.688

10

100

15.388

769421

100

100

5910

795513

]
1:
I

1000 100 3.915 795772
1O 000 100 59155 | 7957747

Verify hed in ©) has approximately the area established in b).

establis )~ 795.7747

(15915507
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PERIMETER AND AREA OF REGULAR POLYGONS

e Of all equivalent regular polygons, the one with the smallest perimeter is the one with the
largest number of sides.

Taken to the limit, the equivalent circle is the one with the smallest perimeter.

?{)’Cﬁl 82¢em
H
A =100 cmt = W0 omt = 100 om?
P=40 cm ? = 372 em ? == 3544 om

When the number n of sides increases, the perimeter P decreases.

¢ Ofall regular polygons with the same perimeter, the one with the largest area is the one with
the largest number of sides.

Taken to the limit, the circle with the same perimeter is the one with the largest area.

O O

P ilom =1 cm P=10 cm
A =825 et A~~?22 om? A=796 em?

When the number n of sides incre ases, the area A increases,

T. The followi ing regular polygons have the same
perimeter.

Which one has the largest area? Justity vour answer.
The pentagon since it is the one with the greatest number of sides.

2. The following regular polygons are equivalent.

Which is the one with the smallest perimeter?
Justity your answer

The hexagan since it is the one w ith the greatest number of sides.

3. aj} Of afi triangles mth the same base and perimeter, what is the nature of the triangle with
the largest arca? _The isosceles friangle.

b} What is the maximum are a ot a triangle with a 12 ¢m base and a perimeter of 32 cm?
48 em?

a} 1. Of all equivalent re ctangles, what is the nature of the one with the smallest perimeter?
The square

2. What is the smallest perimeter of a rectangle with an area of E{E{ } em?
40 cm
by 1. all re ua;}z}a s with the same perimeter, what is the nature of the one with the
;suw% area?  The square.  * T B
; . . P . G P
Z. What is the greatest area of a rectangle with a perimeter of 100 cm? 625 em?
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5. Using 100 m of fence, a farmerdvants to make a rectangular enclosure for a herd ot sheep.

a) What must he do if he wants his enclosure to have the greatest area?
He must make a square enclosure.

b) What are the dimensions of the enclosure with the greatest area? =
A square with 25 m sides. -
-
¢} Whatis the maximum area of the enclosure? o .
o
6. a) Consider an equilateral triangle with side length x. o
x43 eSS -
1. Whatiis its height? 2 2. Whatisitsarea? 4 S -
b} Consider all triangles with an area of V3 em?. st
1. What is the nature of the triangle with the smallest perimeter? -
B I
2. What s the minimum perimeter of a triangle with an area of Y3 cm?2? 6em -
N . K St
7. a) A regular pentagon and hexagon are equivalent. Which one has the greatest perimeter?
The pentagon. -
A regular pentagon and hexavon have the same perimeter W hich one has the greatest e
guiar p : B P £
arca’ _The hexagon. e e (e

8. a) Whatis the maximum area, to the nearest hundredth, of a triangle with a 4 ¢m base and a
. <y : 2
perimeter ot 16 em? _ 11.31 cm

. } . . . « . —4
b} Whatis the maximum area of a rectangle with a perimeter of 16 cm? _ fbem® .

¢) What is the maximum area, to the nearest hundredth, of a triangle with a perimeter of
12 em? 6.93 em?

d) What is the maximum area, to the nearest hundredth, of an hexagon with a perimeter of
12em?  10.39 em?

Ising 100 m of fence, ; vard in the shape of a reeular DOIVEON 18 1o be surrounded.
8. Using 100 ftence, a vard in the pe of a regular polyg to led
a) Complete: As we increase the number of sides, the area of the yvard _increases.

To the limit, what is the shape of the vard with the biggest area? What is this area?
b \ p b g
A circular vard wi

T0. We want to use 100 m of fence to enclose a vard in the shape of a regular polygon. Which of
the two shapes, square or hexagon, will have the largest area? Justify vour answer
1. without calculating the two areas, Of all regular polygons with the same perimeter, the one

with the largest arena is the one with the largest number of sides.

2. by calculating the two areas.
Area of square: 625 m?; area of hexagon: 7 22 m?
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1 1 35 Cemparinggﬁlids

A\eriviry 1 volume of rectangular prisms with the same total area

a) The prisms @ to ® with the dimensions given below all have the same total

§
area. Calculate the volume of each prism. i i
H
a (tm) b tem) ki {em) Area cm?) | volume (cm®) o =
- - b
Prism 1 6 6 1 46 36 P
Prism 2 6 4.5 2z 96 54
Prism 3 & 4 24 96 57.6
Prism 4 3 6.5 G 58.5
Prism 5 4 4 46 64
b} Of these prisms with the same total area, which is the one with the largest volume?
Prism 5; a cube.
ACrivIry 2 Total area of equivalent rectangular prisms
a) The prisms @ to ® with the dimensions given below are all equivalent. i
Calculate the rotal area of each prism. ; L
“¢ H
afem b tem) h tem) Volume Area (cm?) P
b
Prism 1 64 i i 64 258 =
Prism 2 32 2 | 64 196
Prism 3 16 2 2 64 136
Prism 4 8 4 2 64 112
Prism 5 4 4 4 64 96

b} Of these equivalent prisms, which is the one with the smallest total area?
Prism 5; a cube.

TOTAL AREA AND VOLUME OF RECTANGULAR PRISMS

dem dem Zcm
0.5 em t2em 2em
Jom Zem 2om
A = 24 om? A = 28 ot A, == 24 o
Vs 45 cm Ve 72 0m® Vo 8 o

Of all rectangular prisms with the same total area, the cube is the one with the largest volume.

11.5 Comparing solids




oA -

%%
T 8 8% %

« Of all rectangular prisms with the same volume, the cube is the one with the smallest total

2em fem  26M 8em dem _

ared,

Zem 4om dom v
Y e B4 om® V= 84 om® V= 84 o’ e
A == 136 cm? A = 112 e’ A =98 oo o

A\ rIVITY 3 Volume of solids with the same total area

R
a) Verify that the following solids have the same total area, to the nearest unit, of 96 cm?. -
Zem "
2B cm L
45¢cm hem ‘
! S85cm | wr
2¢m docm e s
Bom : -
© @ @ @ -

b) Of these solids, verify that the sphere has the largest volume.
V,=54cem?; V, =64 em®; V, =71 em?®; V, = 88,1 cm?®

¥ %\ :

" The sphere has the largest volume.

,},\gf{'jf wrry .:fj. Total area of solids with the same volume , ~
a) Verity that the following solids have the same volume, to the nearest unit, of 64 cm-. -
2em -

e e 248 cm -
4em 4em 531 cm -

Zom 4om '

gom 4 om .
® @ @ ®

b) Of these solids, which one has the smallest total area?
A =112 cm?; ® A, = 96 cm?; @ A, = 89.221 em?; ® A, =77.29 cm?

o

H

The sphere has the smallest total area.

1

N

TOTAL AREA AND VOLUME OF SOLIDS -

e Of all solids with the same total area, the sphere is the one with the largest volume. -

o OF all solids with the same volume, the sphere is the one with the smallest total area.
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¥. A company uses boxes shaped li#de rec tangular prisms to package its products,

a) fz}dzm{v the nature and the dimensions of the least expensive box that has a volume of
& dm?.  The box must be a cube with 2 dm edges.

b} 1If the least expensive box is used, what will be the production costs of 100 boxes if the
cardboard used to make the boxes costs 0.01 ¢/cm??
Area of one box = 24 dm?® = 2400 cm?®; Cost of one box = 24 ¢; Cost of 100 boxes = $240.

2. Using cardboard with an area of 600 cm?, we want to make a box in the shape of a rectangular
prism.

. . ~ R . . . o 3
a) What is the volume of a box with a base whose dimensions are 10 ¢m by 6 cm? 200 em?

b) What are the dimensions and the volume of the box with the greatest volume?
A cube with 10 cm edges and a volume of 1000 cm?,

3. a) Of all solids with a total area of 6 cm?, what is the shape of the solid with the greatest
volume? What is this volume? A sphere with a 1.38 em radius and an approximate volume

of 11 cm?®

b} Ot all solids with a total volume of 8 cm?, what is the shape of the solid with the smallest
total area? A sphere with a 1.24 cm radius and an approximate area of 19.32 cm?

S.}
Tod

&. a) What is the maximum volume of a rectangular prism with a total area of 150
125 cm®

b} What is tbc maximum volume, to the nearest hundredth, of a solid with a total area of
1256 cm? 4185.6 cm?

m?
¢) What is the minimum area of a rectangular prism with a volume of 312 cm?®? 384 em?

d) What is the minimum total area, to the nearest hundredth, of a solid with a volume of
113 ‘5313? 113 cm?®

5. A pear, a banana and an orange have peels with the same total area. Of these three fruits, which
one has the greatest volume? The orange.

6. A toy is to be painted in gold and can take the : shape of a cone or a sphere. If the two shapes
have the same volume, which one will cost less to cover in gold? The sphere.

7. A sphere and a cube each have an area of 5024 cm?. Which of the two solids has the greatest
volume? Justify your answer
a) without calculating the two volumes.
Of all solids with the same total area, the sphere has the greatest volume.

b} by calculating the two volumes.
‘Cube: edge = 28.94 cm; volume = 24 230 cm?; Sphere: radius = 20 cm; volume ~ 33 485 em?

8. We want to manufacture boxes in the shape of re ctangular prisms with the following
dimensions: 20 cm by 10 ¢m by 5 em. The material used to manufacture these boxes has a total
area of 42 dm-.

a) What is the maximum number of boxes that can be made? 0 boves.

b) Determine the dimensions of the box that will enable vou to make the maximum number
of boxes with this material, 7 cubic boxes with 10 cm edges.

& Guirn, éditeur ltde i1.5 Comparing solids 427
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4. A rectangle with 2 6 cm length and 4 cm width is equivalent to a triangle with an 8 cm
base. What is the triangle’s height relative to this base? 6.cm

B AGembydcmbyZam rectangular prism is equivalent to a square based pyramid. If the
cide iez}g{h of the pyramid’s base is 4 cm, calculate its height. 9 cm

. A cone and a cylinder have congruent circular bases and are equivalent. What can be said
» i o .
ts of these two solids?

; - heigh
gb{?;zitjffg‘ghtif the cone is three times the cylinder’s height.

B. The rectangle and right trapezoid on the right 4
are e{;uéwi;‘m. What is the numerical value of
the rectangle’s perimeter? ‘-3 .
: g) = 4)-x+2;x=8:;
2x(x - 3) = (2x *. 4] !

Perimeter of rectangle = 42 u. 2x x+8

B_ The rectangular prism and cube on the right are

equivalent. What is the numerical value of the area of x
each solid? , X 2 x
xx+ QYx=2) =x'ix =4 x+4 x

Area of prism: 112 v?; Area of cube: 96 u*

d B below are equivalent whereas figures B and C are similar. The area of

©. Figures A an \ gu )
o 4 ¢m? greater than twice the area of figure A, Determine the perimeter of

figure C is 2
figure C.

g ‘ x4 B

x4+ 4 X

xtx 2 4) _ i - 4); x = 12; Area of figure B = 96 cm?; Area of figure C = 216 cm?
2

3
Scale factor = 3

) Mx';er“f;‘na! jfif;gure B = 40 cm; Perimeter of figure C = 60 cm.

Gt g N - 5 B B B -

= Consider the three solids represented below.

B
>

e
“
e
-
i
e
e
N
i
o
g

P A : s

i
P
s
P
i
W
p o
s
o
W

Lo

(WO

M

PrismA Prism B . Prism{

Prisms A and B are equivalent whereas prisms B and C are similar. The volume of prism C
is 8 times greater than the volume of prism A. The total volume of all ?E}r@a’:ﬁ prisms is
10 dm?. What is the height 7t of prism C if the area of prism B’s base is 100 cm?®?

tume of prisgﬁf’x; We have: v + v + 8v = 10 600: v = 1000 cm3.
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8. A rectangular plot of land with dimensions 45 m by 20 m and a square plot of land have
the same area. The cost, per metre of fence, is $25.

a) Show that the square plot of land is cheaper to fence in.
Rectangular plot: $3250. Square plot: $3000.

b} Explain why, of all plots with the same area as the rectangular plot, the plot with the
minimal cost to fence will be a square plot.
It has been proven that of all equivalent rectangles, the square is the one with the

smuallest perimeter.

8. We want to construct a box in the shape of a rectangular prism with 216 dm? of material.

a) We choose to make a box with a 60 cm by 40 ¢m base. What will its volume be?
x: height; 4800 + 120x + 80x = 21 600: x = B4; volume = 201.6 dm*

The volume of such-a box is 201.6 dm?,

b) 1. What must the shape of the box be to maximize its volume? Justify your answer.
A cube, since of all rectangular prisms with the same total area, the cube is the one

that has the greatest volume.

2. What are the dimensions of the box that satisfies these conditions?
x: edge of cube; 6x° = 216: x = 6

The box is a cube with 6 dm edges.

3. What is the maximum volume of the box that can be constructed from the given
material? 216 dm?

10. A sphere and a cube each have a volume of 8000 cm®. Which of the two solids has the
smallest total area? Justify your answer

a} without calculating the two volumes.
Of all equivalent solids, the sphere has the smallest total area.

b} by calculating the two volumes.
Cube: 2400 cm?; sphere 1934 cm?.
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CHALLENGE 12

$. A company owns a warehouse in Montreal and another one in Quebec City. The
Montreal warehouse has an inventory of 850 units of product A,
The Quebec warehouse has an inventory

B and 250 units of product C.

720 units of product
of 630 units

of product A, 420 units of product B and 210 units of product C.
In the Montreal warehouse, posted prices per unit arc $25 for product A, 320 for

product B and $30 for product C.

In the Quebec warchouse, posted prices per unit are

product B and $28 for product C..

a) Using a table, represent the inventory

$26 for product A, $22 for

of both warehouses.

Montreal | Quebec
A 850 650
B 720 426
C 250 210
bl Using a table, represent the revenue obtained by the sale of the units in each
£ P 3
warehouse.
Montreal Quebec
AL $21250 $16 900
Bl $14 400 %9 240
Cl %7 500 $5 880
fpolfx]] ]
2 . The matrix sroduct | gi R | defines a geometric transformation.
1% I ;
020yl ¥ :

a) Consider triangle ABC with

coordinates of the vertices of triangle A'B'C’, image of triangl

transformation?
A{l 8); B'(-2,2); C(3, 4]

b) Describe this transformation.

w}g’erﬁi{;{;i scaling of factor 2.

vertices A(1,4), B(-Z, 1) and C(3,

2). What are the
¢ ARC under this

r

10

%

ik

g m‘ \55 3
B AL LML) B

¢) Determine the matrix product corresponding to the inverse transformation.

YR R

© Cuérin, editeur e
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1 2 ¥ 1 Matrices

Aeryyiry 7| Representing situat
3& Jectronics store has thre€ hranches. On a Saturday of a given weekend, we observe that 6
A electronics store mf 2 video cameras and 5 cd players were sold at the first branch, 5 televisions,
i&,g\i}gmm* 4 dvd phxwﬁ igmg and 4 cd players were sold at the second branch and 4 televisions, 5
{j:d‘;;fjiif; igfjg;ﬁizzx and 6 ¢d players were sold at the third branch.

helow indicating, for each branch, the number of appliances of each model

ion using a matrix

a) Complete the table
that were sold.

pranch 1 Branch 2 Branch 3

54

6

Televisions

Dvd players

Video cameras

Lad
LN B~
> B A O S Y

LSt

Cd players I—

. e rows and columns is called matrix.
b) Such a table arranged into TOWS ¢

This ¢ has 4 rows and 3 columns. We say that its dimension or size is 5 4 §
This matrix has 4 N N 3 5
4 by 3, written 4 % 5. . ’ 4 4
This matrix, denoted by A/ 15 represented on the right. |
$ matrix, denoted B . 4 5I
. - of matrix A.
Complete the columns of mat ' :
o e FRE 16 3 s o the gt colu 1y ¢ iy e ¥y .
¢) The values 6, 4,3 and 5 ar¢ {hf yium,mi ;f {,hzv Ist m%;zmﬁ:i %?}; matrix
, -+ of a row and by f the number of a column.
We denote by 7 the numbe? Y
; L lement located on the ith row and jth column.
a,, represents the eler .
The ol 4 Jocated on the 2nd row and Ist column is denoted by a5,
ne element 4 locatod 220 200 . o
Thus a.. = 4 Determing the following elements.
wiy & *’2 - . .
. £y E -

AR

MATRICES

bers arranged into rows and columns. We denote by m the number
N . the number of columns. The numbers in a matrix are called elements. We
of rows and by # m(” - using an uppercase letter such as A, and each element using a
usually denote 3 ;;gatr} . i denotes the row and j the column where element a.. is located.
lowercase letter a; where if

* A matriy is a table of num

) 7 Las 3 rows (m o= 3) and 4 columns
Mo v 7 e {;2{%‘1{ Ei& . . i ;
?\h{r? 1’3&' on Eh; it is of dimension or size 3 by 4. 2 5 40
(1 == 4y, We say that it 15 9 ’ :
;\‘ ) } L% Sé} ( “ o g y 4 A% w4 5 w} 2 } E
Fhis dimension is writtelt =2~ 10 -2 3

{ H

o Juses {3<
Note that a,, = 2 and d+;
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i 1
o * : L0 0 0
e A zero matrix is a matrix whose &lements are all zero. Ex.:0, ;= 00 0 |
This matrix is written: 0, . |00 0]
] - . . ; ; ] - i
¢ A row matrix is a matrix with only one row, Ex.: A, - ; 25 0]
is a row mgtn
* A column matrix is a matrix with only one column. 2
Ex.: Ay, =3
O
is a column matrix.
; N o]
¢ A square matrix of order n, written ;’\ oo 18 @ matnix with n 2 3 5
rows and n columns. Ex.:Ay =1 0 1 2|
The elements a,,, a,,, ..., a_ form the main diagonal of the -2 3 0

matrix. is @ square matrix.

The main diagonal is formed
by elements 2 Pand O

* A diagonal matrix is a square matrix where all the elements not

2 00
on the main diagonal are zero. Ex.:A, =10 5 0

001

is diagonal matrix.
* An identity matrix, written I is a diagonal matrix where all I 1 0 0 i
3
i

the elements on the main di agonal are equal to 1.

David buys 2 kg of bananas, 3 kg
4 kg of oranges and 2 kg of ag‘sp%

f oranges and 4 kg of apples. Valerie buys 1 kg of bananas,

a} Complete the matrices describing these purchases.

Diadd Vederie

bopsanas orasges apples T
Pavid f 2 3 4 ] bananas © 2 {
LA =" § 2. B = aranges 3 4
y:li!z"?’fﬁ 1 t’; 2 i h ’
appies 4 2
b} Identity the size of
1. matrix Al 2x3 2. matrix B, 3~z
2. Consider the following matrices.
2 5 ] 5 3 .
A= =) 2 D=[25 6] E=
0 0| 00 |
! H

a) Determine the size of each matrix.
LA 322 2B 2x2 3

[dentify, among the matrices ’13’\&}‘» e

C 2-3 4 D 1x3 5 F

b)

Toasquarematrix,. B 2. arowmatrix. P 3 uacolumn matrix. £

&y

wing, oditeur

Hie
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&
3. Consider the following matrices. *

A= 23 ]2 0] 0] =200
oo T o5 L "T00 0

a) Identify the matrices which are square A B, Cand D.

b} Determine the diagonal matrices. B and D.

¢} Explain why matrix C is not an identity matrix. C is not diagonal.

d) Identify the identity matrix among the given matrices, D
&. Determine the following matrices.

a) Uy 4= b) 0, -

8. Determine the matrix.

a) A, . such that ag=1i+j b} B, ,suchthath =ij « C, 5 such that Gy (1)

1 -1o1
A, = 2 3 4 B, ,= I 2 (33?*»* - 1 -1
S 3 4 5 ; 2 9 D BT B {
6. The rectangle on the right has a length {)i 4 cm and a width of 3 cm. The 1 4
vertices of this rectangle are named 1, 2, 3 and 4. \
cm
a) Determine the matrix A, | ‘0 3 5 4
where each element a_, represents 30 4 5 2 3
= - 4 em
the distance ?xtwun vertices 5 4 0 3 B e ——
iand J. 4530

b} Explain why

1. a.= Oforalli Thedistance between two points that are the same is zero. d{A, A) = 0

2. a;=a, for all i and all j.
The distance between fwo points is symmetrical, i.e. d{A, B} = d(B, A).

; !
, . - C 23 -1
7. Consider matrix A of size 2 by3, A= = =
’ (0 -5 4
a) Determine the matrix B having the same x;gv as A such that a,=b., iandj.
f2 3 -1
B=0o 5 4|

Matrices A and B are called equal. L

b} Determine the matrix C having same size as f’& such that g, = —¢ {and i,
14 i ;
~Z -3 1

C "5
Matrices A and C are called opposite. | 0 5 -1
A 12 3]
8. Consider matrix A of size 2 by 3, A I . E
’ 4 5 6 |
The transpose of matrix A is the matrix i*s ni size 3 by 2 such that E’* a,
1 4]
a) Determine matrix B 25
‘ 3 6

b} What can be said of matrices A and B of exercise 17 One is the transpose of the other.
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L

1 2 ;2 Operations between matrices

Aeriviry ] addition of two matrices

Consider again activity 1 of page 434, Brl Br2 5@;-;
Vel 65 5 :
Matrix A describing Saturday’s sales at each branch of an electronics o 4 3 5
store is described on the right. A= 304 4
<d 5 4 6
Bril Br2d Br3
Matrix B describing Sunday's sales at ecach branch of this store is T 3 4 2
described on the right. g Dl 4 4 3
- % }?‘( ;, 2 5 ;.
Cd 6 4 4
a} Determine the matrix C describing the total sales for the weekend. § z
e : 9 9 6|
b) Explain how we determine each element ¢, of matrix C. c- 8 7 8
cy=ay+b, iandj ' ” 5 9 5
ACTIYITY 2 Multiplication of a matrix by a real number
- A company has two branches, one in Quebec, the other in Ontario, Onbee o
- P N . ey Gy teirie
Matrix A on the right gives the hourly wage of first vear em plovees Dipkoma 14 15
. oy 2 by g . b rEta o
ot they hold a high school diploma. A =
iccording to whether or not they hold a high school diploma A= diploma 10 17
a) The company decides to raise the hourly wage of each '
employee by 5%. Determine the matrix B giving the new
hourly wage for employees. g. 1470 1575
10.50 12.60

b) Explain how we determine each element b of matrix B.
b, =105 a /

i

ADDITION OF MATRICES AND MULTIPLICATION OF A MATRIX
BY A REAL NUMBER

* LetA | and B be two matrices of same size.
~ The sum A + B of these two matrices is the matrix C of size m x 1 such that
c;=a,+ b, iandj
— The difference A — B of these two matrices is the matrix D of size m x n such that
di=a, b, iandj.

* LetA,  beamatrix and k a real number. The product of matrix A by the real numbc
a matrix P of size m = n such that

pi=ka, iandj.

© Gudrin, cditeur lroe 12.2 Operations on matrices
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- Ex.: Given matrices A, ;= | 73 0 and B, ;= 3 Lo
e We h’a’\'/'e: A+B=| 71 4 A — B=| ’“3"’_15 4 | 4 86 0|
L e o 33 1) Tl 68 o
1. Consider matrices A=| 2 3 |and B=| | -1 | Determine
0 -1 -2 4|
32} 1 41 [-10-15}
a) A+B_ 123 b) A—B 251 ¢ -sA ° 3
7 3 l 4 11 } [ 00 }
dy 2a+381 7% 1 e) 3A - 2B 111§ oa 00
-2 -3} 00 } 1 -1}
0 1 0 0 . -2 4
g) -A h) A+ (-A) i) B+0,,,
2. Matrix A, on the right gives the grades (out of 100) Anita, Donita and Math  Sciences

Claire got on their 1st term mathematics and science exams. Matrices
A,, A, and A, give the grades Anita, Donita and Claire got on their
mathematics and science exams for the following three terms.

Anita 70 85
Donita 84 76
Claire 74 78

76 82 68 76 70 80
A,=| 80 84 |, Ay=|82 80 |; Ay=|72 90
84 80 76 84 88 82

The weight of the exams is the same for both subjects. The first two terms count for 20%, the
third term counts for 25% and the fourth term counts for 35% of the final grade.

a) Determine the matrix F giving the final grade of each student by

subject. 70,7 80,4
. . F=| 78,5 835
b) Which one of the three students has the best grade in 814 813

Claire 2 Donita

1. mathematics? . science?

438 Chapter 12 Matrices
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ACTIVITY 3 Multiplication of matrices

Matrix A; , 4 below indicates for each of the grocery stores G,, G, and G; the cost (in $) of a
kilogram of different fruits.

Karen wishes to buy 1 kg of bananas, 2 kg of oranges, 3 kg of apples and 1 kg of grapes. Valerie wants
to buy 2 kg of bananas, 3 kg of oranges, 2 kg of apples and 1 kg of grapes. Karen and Valerie’s
purchases are indicated by the matrix B, , , below.

bananas oranges  apples  grapes Karen  Valerie
G, | 030 0.80 0.75 1.80 bananas | 1 2
Ay, ,=G, | 025 070 0.80 2.00 p o | 2 3
G, 040 090 0.70 2.50 AXZ T pples 3 2
grapes 1 1

a) What is the total cost Karen must pay if she shops at grocery store E,?

$5.95

b) To determine the total cost Karen must pay, we multiplied, in order, element by element, each

element of the 1st row of A with each element of the 1st column of B then we computed the
sum of these products, in other words:

[ 030 080 075 1.80 | x =030%1+0,80x2+0.75x3+1.80 x 1.

1
2
3
1

Indicate which row of A and which column of B we should multiply in order to determine the
total cost paid by

1. Karen, if she shops at grocery store 2. 2nd row of A and 1st column of B.

2. Valerie, if she shops at grocery store 3. 3rd row of A and Znd column of B.

Matrix C, _ , on the right indicates, according to the chosen Karen Valerie
grocery store, the total cost of Karen and Valerie’s purchases.

G
We get an element c.. of matrix C by multiplying the ith row of A 1| 995 630
i ; Cy, =G, | 605 6.20
by the jth column of B. x 2 e a0

Determine all the missing elements of matrix C.
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~ PRODUCT OF MATRICES -

o LetA i and B i be two matrices such that the number of columns in A equals the number

of rows in B.

The product of A and B, written AB, is matrix C of dimension m x n where m is the number
of rows in A and 7 is the number of columns in B. N
To determine an element ¢; of matrix C, we proceed as follows: .

1. we multiply, in order, element by element, cach element of the ith row of A with each
element of the jth column of B. o

2. we compute the sum of these products.

Ex.: Ay X By = Ci2
2 31 2 [4]] |10 18
3 2.1 >< 1431 | 1119 :
31 8
4.1 2 :

15 21
Element ¢, of fnatrix C is obtained by multiplyiﬁg the 3rd row of A with the 2nd column of B.
¢y =[10 2 }X\ 4
3

1

—1x44+0x342x1=6

o Note that the matrix product AB can be Jetermined when the number of columns in A is
equal to the number of rows in B.

2. Consider the'matrices‘ Ay 3By 2 G and D, . Determine, when possible, the dimension
of the following matrices.

a) AC 2x4 b) AB impossible ) DA 2x3 d) CB 3x2
e) AD impossible f) BD 4 %2 9) (CB)A 3x3 h) (DA)(CB)ZXZ
@. Determine, if possible, the product AB.
0 3 AB___{II 16\
a) A=2 3 *ladB=|1 2 4’
1 12
12 3 1 2 3 AB=I1 _2\
b) A= 0 -1 andB-—\w1 2]
2 2
8 -7
13 2 -10 w11A3=\09]
C) A—{O . 2] andB— 0 3
1 4
210 1 4
1 0 2 22_10AB=§61-§‘;
d A={2 -2 1|adB=}11 21 R o
31 =2 04 12
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-5 -2
21 3 2#3 | AB= 5 12
e) A=| 31 2| B=| 11 2
0 21 0 1
5. ConsiderA:[ _2 ? and B:[ é ?1 I
a} Find
-1 -3 1 { 5 3 ]
1. AB= | * 10 2. BA= %%
b} Is matrix multiplication commutative? _ No
) a b 1 0
6. Soit A, , = J and L,.,= 0 1 ]
a) Calcule
a b I a b J
d d
1. Al= L€ 2. 1A= L€

b) Isit true that the identity matrix I, . , is the neutral element of the set M of 2 x 2 matrices
with the matrix multiplication operation, in other words is it true that for any matrix A in

M, we have: Al = A and 1A = A?

Yes
¢) What is the neutral element of the set M of 3 x 3 matrices with the matrix multiplication
operation?
1 0 0
The identity matrix I, o.I=1701 0
0 0 1
. . 0 1 1 3 3 2
7. Consider matrices A = 2 3 ], B = > 4 and C = 1o

Verify that multiplication is distributive over addition, i.e: A(B + C) = AB + AC.

Jo1] [as5] | 3 a
I'A(B‘“C)’{z 3% 3 4|7 17 22

|2 4 10| | 3 4
Z'AB“‘AC"{.S 18|% 9 4}’{ 7 22J
We have: A(B + C) = AB + AC

© Guérin, éditeur ltée
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, - A .
Aeriviry 4 ceometric transformations in the Cartesian plane and matrix product

a)

b)

d)

442

3 0]
Qig

We interpret this matrix product as follows.

Consider the matrix product: |

crepresents the coordinates of a point M(x, vl

- The column matrix ; |
Py
L0 3

é’?

P
H

.oixt . - . e NPt s
- The column matrix I , j represents the coordinates of the image point M v

~ The square matrix I  transforms point M into point M,

£

30
0 1

1. Using this matrix product, calculate the coordinates of points A’, vk
B et C', respective images of the vertices of triangle ARC.
A'(3,31: B3, 1); C6, 3) N o
: R
2. Draw the image triangle A’B'C’. V 7
3. This matrix product corresponds to a geometric transformation. ;L4
Define this transformation. ; 8 .
Horizontal scaling: (x, vi  {3x, Vi 0 1 x
. 10 ¥ & 8
Consider the matrix product: | 0 3
3
Tor i . Ty e e . : et i ¢ A
1. Using this matrix product, determine and then draw the triangle
oy . o~ . - 20 e Y f e - > ¥ ) I3
A'B'C” image of triangle ABC. _A'(3,.3: B3, 6: C(1, 3 I A
o ‘ R , it A
2. Define the geometric transformation which corresponds to this , N
. - 3'} E/ ‘ § 14 Eda
matrix product, Vertical scaling: (x, v} (x. 3y) e o x
[ . vk
- . L0 oA
Consider the matrix product: | 5 1 |
N R
1. Using this matrix product, determine and then draw the triangle C
A'B'C" image of triangle ABC. T+8
AL -4y BT, -1 03, -2 !
N e 85 e o g ‘i P%
2. Define the geometric transformation which corresponds to this o ,
matrix product. ¢
The reflection about the x-axis:ix, v ix o~y
. i A
SN e v 0 =1 X
Consider the matrix product:
L0y |y vA
[ PR rr
b Using this matrix product, determine and then draw the triangle :»:
A'B'C" image of triangle ABC. 14 A B
AU 1: B4, L. C 1 B ) »
2. Define the geometric transformation which corresponds to this A ¢
matrix product.
The counterclockwise rotation of angle 90° centred at 0: ix, v -y, X
nferciocwise rotation of angle (N ¥, .

Chapter 12 Matrices
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- ,
GEOMETRIC TRANSFORMATIONS AND MATRIX PRODUCT

The matrix product | defines the geometric transformation:

(x',y") = (ax + by, ex + dy)

~ The column matrix E represents the coordinates of a point M{x, v).

x
LY

~ The column matrix epresents the coordinates of the point M'(x’, '), image of point

@

¢ d
i

M under this transformation.
is called transformation matrix.

~ The square matrix

i

The table below indicates, for some transformations, the matrix product that defines it.

Transformations Matriy product

Horizontal scaling of factor k. k0 x _x
x,v)  (kx,v) Oy Y

Vertical scaling of factor k. 10X
,y) (% ky) L0 kv Yy

Reflection about the x-axis. 10 x x
x, ¥} (x,-=y) O U VL N L

Reflection about the y-axis, L1 0 ix x’
{x, »‘»’E {—x, }}3 g 0 i v - y"
Retlection about the Ist bisector. PO o x
y) () 10y Ty

Reflection about the 2nd bisector, 0 -1 x X

(x,y) {(~v, -x} -1 0 iy v

Dilatation centred at O with ratio k.
(x, v} (kx, ky)

~ . . - . P : . ¢
Counterclockwise rotation of angle 90° 0 -1 x x
centred at 0. {x, v} (-v x) 0 O I VS N
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8. Consider triangle ABC with verticds A(2, 2), B(2, 4) and C(6,2) and 74
the following matrix product. ;

fes]
A

10 ||x| |x -

5 L lyl Ty M -
- 1 . e
a) Using this matrix product, determine and then draw the triangle A’B'C’, image of triangle P
ABC. =
A(l, 1); B(1, 2); C'(3, 1) WWE
b) Define the geometric transformation which corresponds to this matrix roduct. =

g P p
The dilatation centred at 0 with ratio %: {x, V) [%, —;-] wl
-
Lo -

¢) Consider the transformation matrix A, , , = | | and B, _ 5 the matrix where
1 2 —

each column corresponds respectively to the coordinates of the vertices A, B and C of -

triangle ABC. -

B= { % i g . Calculate and interpret the product AB. -

1 0 2 2 6 11 3 The columns of matrix AB correspond -

AB=) 2 1 { 2 4 2 } = [ 1 2 1 respectively to the coordinates of the vertices of s

0 2 the image triangle A’B'C'. -

7
—si x| |x
€. The matrix product g;is (? Csn;g =|" | defines a counterclockwise rotation of angle 6

centred at O. ' o yloy , -

=

a) Determine the matrix product when =

—

[ 0 -1 e [ -1 o0 |lx|_|x -

oo=3 11 Ple] I¥ 2. 0=m L0 Tyl ¥ -

43 _1 -

0 1|x|_[* 7 Tz x| -

3 -1 0|y - v x | X By v’ -

2 6 -

b) Consider triangle ABC with vertices A(2, 4), B(0, 2) and C(6, 0). Find the coordinates of -

the triangle A'B'C’, image of triangle ABC under the counterclockwise rotation centred at -

0 of angle -

x A'(-4, 2); B(-2, 0); C(0, 6) A'(-2, -4); B'(0, -2); C'(-6, 0) b

1. 6= 3 2. == —

3. 6 - E_‘E A'(49 -2); B’(zy 0); C,(oy "6) 4 e - _T_‘; A/(‘J-g— - 2’ 1+2_J_§)’ BI(-I, Jg)’ C,(3J§, 3) f‘f

2 6 -

-

L -

@
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"Evaluation 12— ———— —
. . 12 01 3 -2
f. Consider matnces‘A:{ 34 },Bz{ 2 3 andC:{ 1 0 }
Determine ‘ 1
7] Ex 3]
-1 -4:4 . ; 6 -8
a) A+B ’ b) A-C 9 2a_L
{'3;41 {4 7} ~ o _4“6;—2'}
-13 .6 8.9 ' 4 2
d) 3A - 2B e) A-B _f) A+B)C !
i : : 01 5 20 31 .
| 2. Cons1derma§r1ces A:[O 0 ,B:[ 4 0 andC:{ 40 J
- a) Verify that AB = AC. .
, |40 -/ 40
| AB—{O 0 AC“{OO}
b) Is the following imphcation: AB = AC = B = C true or false?
It is false.
3. LetA=[12 3]andB =| 1 | Calculate 00 0
a) AB= [8] b) BA= |2 4 6

1

0

23
a) Calculate :
1. AB_ 1468 a6
- b) Compare AB and BA._AB = BA :

<) Is it true that matrix multiplication is commutative? If not, give a counterexample.,

. 0 1 1 2] 3 4 1 2 02| |2 8
No.lIndeed, | , 3 X{s 4;“{11 16 | "9 | 3 4} 13 ’14 18
é :
: 2 0 ||x| |x . . .
5. The matrix product 01 =|",| describes a geometric transformation.
y : -
a) Describe this transformation, Horizontal scaling of factor 2. L ’
b) Determine the matrix product corresponding to the inverse geometric
p P g g ;

i
1

transformation.

xi

14

)
s
y (
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©. A company owns three war’giouses, one in Montreal, one in Toronto and one in Calgary.
The warehouse in Montreal has an inventory of 820 units of product A and 650 units of
product B, the warehouse in Toronto has 750 units of product A and 825 of product Band
the warehouse in Calgary has 950 units of product A and 720 of product B. The prices per
unit for the Montreal warehouse are $20 for product A and $25 for product B. For the
Toronto warehouse, the prices per unit are $19 for product A and $26 for product B while
for the Calgary warehouse, the prices are $18 for product A and $24 for product B.

a) Let Q denote the matrix of dimension 2 x 3 describing the inventory of each L\
warehouse. Determine matrix Q. o
M T C

A | 820 750 950 ‘ :
B | 650 825 720 )

b) Let P denote the matrix of dimension 3 x 2 describing for each warehouse the price
per unit. Determine matrix P. : \

A B
M | 20 25 .
T | 19..26 ~ o
C | 18 24 : '

¢} Let R denote the row matrix indicating for each warehouse the revenue generated by
the sale of all units. Determine matrix R. :
M T C
[ 32650 35700 34380 |

YooY K% &% £V £y & &) &1 & &y £1 £ €% €1 £ £V £

7. A study was performed on a sample of 100 individuals. Matrix A below indicates the
distribution of individuals according to gender and the category adult or child. :
The quantities (in grams) of proteins, lipids and carbohydrates consumed daily per
individual are given by matrix B below.

' Adult " Child Protein Lipids - Carbohydr.
A= Male | 30 25 ‘B= Adult 15 20 25
Fem | 25 20 [ crhid | 20 15 30

" Protein _Lipids Carbohydr.

950 = 975 1500
775 800 1225

N Male
| a) Calculate matrix C if C = AB. Fem

b) Interpret
1. C Male individuals in the sample consume a total of 975 g of lipids.

P N S Y T T SR T S S S SR S N 2 N

2. CZI Female individuals in the sample consume a total of 775 g of proteins. ‘ ¢
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