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CHALLENGE 2O -

. Consider the piecewise function:

ifx=<-1

if-1<x<?2

ifx=2

[17 000, 18 000(

Represent this function in the Cartesian plane on the right. /

. A salesman receives a weekly base salary of $100 plus a bonus of $25 for each $1000
in sales made during the week.

What will his salary be if he makes $8425 in sales in one week?_ $300

In which interval lies the amount of sales made in a week where the salesman

A rectangle is twice as long as it is wide.

In a parking lot, the fee y is calculated in the following g,
manner: a minimum cost of $2 for a parking period of = (§)
less than 1 hour plus $1 more for each additional

period of less than 60 minutes.

Represent, in the Cartesian plane on the right, the
function which associates the parking duration x (in
hours) with the fee y (in dollars).

What is the rule of the function f which associates
the length x (in cm) of the rectangle with its area y

What is the rule of the function f which associates
the width x of the rectangle with its length y?

12

V‘x

Represent the function fin the Cartesian plane.

twice a year. Determine the amount accumulated.

A rectangle has an area equal to 12 cm?.
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A $1000 capital is invested for a 5-year term at an interest rate of 10 % compounded

1000 (1 + 0.05)10 = $1628.89

Represent the function fin the Cartesian plane.
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Constant function

) A ETIVY T ] Cost of a ticket

To attend a concert, a spectator has to pay $60 regardless of his age. Ak

If x represents a person’s age and f(x) the amount this person has to pay, 0

what rule describes this situation? f(x) = 60 4

Do all values of x have the same image? Yes 20+

1. Draw the Cartesian graph of function f 0 1;0 t— >
2. Describe the graph of function f. Horizontal half-line

Function fis called «

- since the image f(x) remains constant for all x

This situation is said to be of = - because the rate of change between any two values
of the independent variable is zero. Vnnf} that the rate of change of function f is zero.

60-60 _ 0 _
When x varies from 10 to 20: 2010 ~ 10 0

A\TIVITY 7 Study of a constant function

The rule of a real function fis given by the equation f(x) = 2.

fix) A
Do all the numbers x have the same image? _ Yes
1. Draw the Cartesian graph of function f after completing the table of il
values below. ‘
x 3 -1 0 2 —
0 4 x
flx) 2 2 2 2
2. Describe the graph of function f. Horizontal line
Determine
| the domain of this function. __ ® 2. the range of this function. {2}
3. the zeros of this function if they exist. _No zeros
4. the y-intercept of f. 2
5. the sign of this function. ftx) > 0 for all x € R
6. the increasing and decreasing intervals of this function. . It 'Sj?"sm"t over R. _
7. the maximum or the minimum of this function. max f = min f = 2
By choosing any two points on the graph of f, verify that the rate of change is zero.
=0 =
Mﬁetween iand 3 === 3 1 = 0
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CONSTANT FUNCTION

A cooetant unotion is described by a rule of the form:
flxy=b beR

The Cartesian graph of a constant function is a horizontal line with equation y = b.

Study of a constant function
- dom f: R AY
— ran f = {b} ) fixd = b
— The constant function has no zeros except if b = 0.
—flx) >0overRifb>0

filx) <OoverRifb <0 0

- maxf=minf=5

=Y

- The rate of change of any constant function is
A constant function describes a = ivation o o

. The rental cost p(x) of a reception hall as a function of the number x of guests is given by the
equation p(x) == 600.

What is the rental cost when there are 30 guests? _$600

What is the rate of change of function p? _9

What is the domain and the range of function p if the maximum capacity of this hall is 240
guests? dom p = [0, 240] and ran p = {600}

Among the following functions, indicate the ones that are constant.

The function which associates the measure x of the hypotenuse of a right triangle with the
measure y of the angle opposite the hypotenuse. __Yes

The function which associates the number x of spectators at a movie presentation with the
proceeds v of the presentation. _Ne

The function which associates the free fall duration t of an object with the speed v of the
object. No

The function which associates the perimeter x of an equilateral triangle with the measure
of one of the triangle’s angles. Yes

. Is the inverse of a constant function also a function? Justify your answer.
No, the graph of the inverse is a vertical line that cannot represent a function.
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Linear function

MeTryrry 9 Linear function

Frank and Gina work on weekends at a shop selling cell phones. Frank receives $25 for each cell
phone sold while Gina receives a base salary of $25 plus $20 for each cell phone sold.

1. Find the rule of the function f which associates the number  Salary Ay i
x of cell phones sold in one day with Frank'’s salary y. 8 T g
v =25x ot ‘

2. Complete the table of values of function f.
+1 +1 +1 +l

4
@ X 0 1 2 3 4 T ~
25
y 0 25 50 75 150 A W T
0 ] ¥ i i 1 i | el
1 Number of
cell phones

3. By how much does variable y increase when variable x
increases by 1 unit? Variable v increases by $25.

The progression of y is called arithmetic.

4. Ts the salary v directly proportional to the number x of cell phones sold in one day? If so,

what is the coefficient of pmportxonahty7 Yes, the coefficient of proportionality is equal to 25.

1. Find the rule of the function g which associates the number x of cellphones sold in one day
with Gina's salary y. ¥ =20x + 25

2. *Complete the table of values of function g

+1 +1 +1 +1
AR

x 0 1 2 3 4
y 25 45 65 85 105

3. By how much does variable y increase when variable x increases by 1 unit?
Variable y increases by $20.

4. Is the salary y directly proportional to the number x of cell phones sold? _No

Represent functions fand g in the same Cartesxan plane

Function fis called a Cumction ol direct sariation, because it is represented by an oblique
line passing through thg ongin.

Function gis called a " oo vnetian o artin wiraiion because it is represented by an oblique
line not passing thr ough the 0r1gm

How many cell phones must Frank and Gina sell in order to earn the same salary?
5 cell phones
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}XQ‘U‘ IVITY Z Transformations of the basic linear function

The ©ooic first degree o finction flx) = xis represented on the right.

2. 1. Draw the image of the graph of faccording to the vertical scale
change (x,v) — (x, 2v) in order to obtain the Cartesian graph

o of a function g.
- 2. What is the rule of function g7 _8*) = 2x .
- = 1. Draw the image of the graph of g according to the vertical x

translation (x,y) — (x,y — 4) in order to obtain the Cartesian
graph of a function h.

2. What is the rule of function h?_ P& =2x-4

' Which one of the two functions g and h is linear of

# 1. direct variation? __ 8 2. partial variation? __ b

} MCTIITY 3 Study of a linear function

: Consider the linear function f(x) = %x -2 Ay
- # Represent function fin the Cartesian plane.

- Determine 1. dom f A _ 2. ranf. " /
‘I —de
What is the zero of function f? 3 . .

, >

- ¢ What is the y-intercept of function f? _-2 ’ /3 *

p What is the sign of function f? pd

- f(x) = 0 over [3, +=[; f{x) < 0 over J-=, 3]

» ' What is the variation of function f? It is increasing over R.

- . Does this function have any extrema? _ No

- - By choosing any two points on the graph of f, verify that the rate of change is constant. What is it?
2

. 3
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LINEAR FUNCTION

A D fonorion s a first degree polynomial function. It is described by a rule of the form:

f(x)*a¥+b a#0

A linear function describes a sltuatlon where the rate of change is
a represents the rate of change and b represents the initial value (y- mtercept).

Ex.: flx) = 2x — 4

y 4 202

12 42 +2 +2

When the mdepeﬁdent varxable x increases by 1 unit, the dependent variable y increases or
ved, dependmg whcther the rate is positive or negative.

The.progression of thg Varxable yis called arichmetio

decreases by the

Ex.. g(x)=-2x+3

Ay
i

Nl

0 11;5‘ x

< 0 1 .2 3 4

W
o
|
ot
1
W
|
wn

y

2 2 2 =2

function f function g
Range : R R
Zero 2 1.5
Initial value -4 3 -
Sign fix) =0ifx =2 flx) = O1‘rx<1>
f(x)?()xfx 2 fix) =0ifx =15
oo of change s S B - B
Variation increasing function decreasing function

— The function is oo
— The function is ¢

A linear function is Of
- -+ yariation when it is represe

thmugh the origin (b= 0). The v -ariable v is then directly proportional

to the variable x.

_ .o variation when itis rgprpsented by an oblique line not passing o B

through the origin (b # 0). The vari
to the variable x.

Ex.: fis a linear function of direct variation, g and h are linear functions of partial variation.

.. when the rate of change is &0
when the rate of change is noaie.

nted by an oblique line passing h

iable y is not directly proportional

a2
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Draw the Cartesian graph of the linear functions f defined by the following equations.
2 flx)=2x -3 Sflx) = -2x+ 4
v i \Ey

- Find the sign of each function in exercise 1.
)= 0ifx<2;fx)=0ifx= 2

Complete the following table.

2 1
f)=3 | flx)=x flo) =243 | flg=1y 1
dom f R R R R
ran f {3} R R R
Rate of change 0 1 -2 é
Zero (if it exists) none 0 g g
y-intercept 3 0 3 —%
Variation constant strictly increasing strictly decreasing strictly increasing
Sign f(x) > 0 over R f(x) <0 if xe J=,0] J&)>0if x € |-, —3—} J)<0Oif xe —oc,é}
Hx)>0ifxe]O, +f f(x)<01'fxe{—3~,+x{ f(x)>0ifxe{r~§~,+z{

“. The graph of a linear function passes through the points A(1, 8) and B(-2, 32).
~ Find the rule of this function. y=-8x+16

What is the variation of this function? f is decreasing over R.

- A shop sells fabric at $10 per metre. Let x represent the length of a  Cost 4 ¥

piece of fabric and y its cost before taxes, ®)
What is the rule of the function which associates the length x

of a piece of fabric with its cost y?_y=10x

Is the linear function of direct variation or of partial variation? 0 .
J:s of direct variation. - B _ 0 ; Lenﬁ
Complete the table of values of function f (m)

Is the cost of a piece of fabric directly proportional to the ~ x 0 2 4 ¢
length? If so, what is the coefficient of proportionality? Yes, 10.

------- y 0 20 40 60
Represent function fin the Cartesian plane.

What is the rule of the inverse which associates the cost y with the length x of a piece of
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aa

Before going on a trip, Eric filled his gas tank. The quantity y of gas remaining in the tank as a
function of the number x of kilometres traveled is given byy=72 - 0.12x.

~-0.12 I/km

What is the rate of change of function f?

Interpret this rate. The car consumes 0.12 I/km.

Does function f represent an increasing or decreasing situation? Justify your answer.
A decreasing situation, since the rate of change -0.12 is negative.

What is the initial value of function f? What does it represent?

The initial value is 72. It

represents the quantity of gas in the tank at the beginning of the trip.

How much gas is there left in the tank after traveling 350 km? 30 litres

1. After how many kilometres is the tank empty? 600 km _

2 ‘What does this value represent for function f? The zero of function f.

What is the distance traveled when there is 15 [ left in the tank? 475 km _
"Igleftable offvaigle; on the righ;:1 discribes pistance (km) 0 1 2 3 4
the function f which associates the distance

. .. 2 5
x traveled in a taxi with the cost y of the Cost (5) 2.00 2.50 3.00 3.507 4.00
ride.

What is the rule of function f? y=0.50x +2 Costp y

. . ($)
Determine and interpret. 395 §
1. the rate of change of the function. 2= $0.50/km. T
It represents the cost per km.
o A

2. the initial value of the function.

$2. It represents the initial charge for the ride. :
1. Is the cost y of the ride directly proportional to the x
distance traveled? _No 0 f } >
) i 250 Distance

2. s the linear function of direct variation or of partial {km)

variation? _ fis of partial variation. )

Is function fincreasing or decreasing? Justify your answer.

The function is increasing since the rate of change is positive.

Represent function fin the Cartesian plane.

Calculate the cost of a 2.5 km trip using:

1. therule.  $3.25 2. the Cartesian graph. $3.25.

28 km

1. What is the distance traveled for a trip that cost $167

> What is the rule of the inverse function which associates the costy of a ride with the

distance x traveled? _*=2v-4

Chapter 2 Functional models
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The manager of a clothing store establishes that the monthly revenue corresponds to 40 % of

the sales amount during that month. The store’s fixed monthly costs are $32 000 and the store

cannot make more than $200 000 in sales.

What is the rule of the function which associates the re\t‘ﬁue 4y
sales amount x with the net revenue y? (in
v = 0.4x - 32 000 thousands)
$ e

Determine and interpret. 4
1. the zero of the function _80 000. The store

bt

i Fi L 1 S

must make $80 000 in sales to have a net

revenue of zero.

2. the initial value of the function. _—32 000.

The initial value corresponds to the fixed
monthly cost of $32 000.

Represent the function in the Cartesian plane.

Is the function increasing or decreasing? Justify your answer.

The function is increasing, since the rate of change is positive.

] 1] | Mt
Sales amount
{in thousands)

3

Determine for this function

1. the domain. [0 200 000] 2.

[-32 000, 48 000]

the range.

Over what interval is the net revenue

[0, 80 000]

1. negative? 2. positive?
g p

[80 000, 200 000]

Photocopy centre A charges a cost for the binding of a

the function which associates the number x of pages of the
document with the total cost charged by centre A.

For centre A, what is

1. the cost per page? $0.04

2. the cost of the binding? _ $2

3. the rule which associates the number of pages with the

Cost Ay Centre B
document plus a cost per page. The graph on the right shows (ing) +

Centre C

Centre A

X

i F .

total cost charged by centre A? _ v =0.04x + 2

Photocopy centre B charges the same cost per page as
centre A but $4 for the binding.

}
i L) 1 ¥ i

) |
50 Number of

pages

1. Explain how to modify the graph representing centre A to get the graph representing
P ) grap ! £ g grap p £
centre B. The graph of centre A is translated vertically by 1 unit ($2) upward.

2. What is the rule which associates the number of pages of the document with the total

cost charged by centre B? _y = 0.04x + 4

3. Represent graphically the function representing centre B.

Photocopy centre C charges the same cost for the binding as centre A but 2¢ more per

page.

1. What is the rule which associates the number of pages of the document with the total

cost charged by centre C? _v = 0.06x + 2

2. Represent graphically the function representing centre C.
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Which one of the three centres is a better deal for the consumer?___ Centre A

Which of the two other centres is a better deal for the consumer if centre A is closed?
Centre C if the document has less than 100 pages.

_~,_.___._.___—~—_..____.,,'-a_._‘._._._~___..__.___._u —e

Alan and Muriel train ata health club for an upcoming equestrian competition. They must pay
a registration fee plus an amount per training session. Alan pays $360 for 4 sessions while
Muriel pays $600 for 10 sessions.

What is the rule which associates the number n of training sessions with the total cost ¢
paid to the club? ¢ =40n + 200

What is the rule of the inverse which associates the total cost ¢ with the number n of
training sessions?

n =7}5c-50 or n = 0.025¢ - 50

“ % Let C represent the temperature (in degrees Celsius) and F the temperature (in degrees
Fahrenheit).

The rule of the linear function which converts a temperature in degrees Celsius into

degrees Fahrenheit is: F= —2— C + 32.
. 9

1 Indicate and interpret the rate of change of this function. 5 = 1.8. Each increase

of 1° Celsius corresponds to an increase of 1.8° Fahrenheit.

> Indicate and interpret the y-intercept of this function.
32. A temperature of 0 °C corresponds to a temperature of 32 °F.

e _._.¢~M___________.__‘__.__..__._.____.__.,__—w#__‘.__...N_M_._‘_M,‘__-_‘.______.__ S

=0 1. What is the rule of the inverse function which converts a temperature in degrees
c=2(F-32

Fahrenheit into degrees Celsius?

5 .
2 An increase

> Indicate and interpret the rate of change of this function.
in temperature of 1° Fahrenheit corresponds to an increase of~§ degrees Celsius.

3. Indicate and interpret the y-intercept of this function.
-18. A temperature of 0 °F corresponds to a temperature of -18 °C.

 Consider a n-sided polygon.

1. What is the rule of the function which associates the number n of sides with the sum s
s = 180n -~ 360

of the measures of its angles?
> What is the sum s of the measures of the angles of a hexagon? _ 720°

1. ‘What is the rule of the inverse function which associates the sum s of the measures of
==2=+2

180 N

the angles with the number n of sides? "
> The sum of the angles of a polygon is 1440°.
Determine the number of sides of this polygon and then name the polygon.

46 Chapter 2 Functional models © Guérin, éditeur ltée




Rational function

M\eFIvITY ) Train ride

A train travels 240 km. Consider the function f which associates the speed v (in km/h) of the train
with the duration t (in h) of the trip.

v (km/h) 40 60 80 120 160

Complete the table of values on the right.

‘ 1 6 4 3 2 15
Is the rate of change of function f constant?
No
Verify that the product vt of the variables is constant. Duig?amx t
vt = 240 T

We say that the duration of the trip is inversely proportional
to the speed or that the speed is inversely proportional to
the duration.

240
t = &2 e
What is the rule of the function? v 4
Represent tunction fin the Cartesian plane. Tr "
Determine 0] 59 " T 7 Tspeed
0, + 0, +c k

. dom . 10, <[ 2. ranf. 10, =l tkm/h)
When one of the variables increases, does the other one increase or decrease? It decreases.
Is function fincreasing or decreasing? Justify your answer.

Decreasing because when the speed increases the duration of the trip decreases.
RATIONAL FUNCTION IN THE 1ST QUADRANT
A vl function describes a situation of iverie variation S5, IS IOV I R I
when the product of the variables mvolved in the situation LU AR WOCHE B Bots
remains constant. Yy ¥ Yo Y3 V4 Vs
The rational function has the rule: XV = XYy = XYy = ... = a
_a
y o X

Situations usually impose that the variables x and v take positive values, ¥
that is why the curve is drawn in the Ist quadrant. ‘
The variable y is oo cortiona to the variable x and the variable x
is inversely propertional to the varlable v. The curveis <+ v and gets 1T
closer to the x-axis as x increases and doser to the y-axis as x gets close to 5T >
0. The x-axis and the y-axis are called 00000 of the curve, 1
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-
T
Ex.: A prize of $1000 is shared equally among employees at a company. Consider the rational L)
function f which associates the number x of employees with the share y each one -
receives. -
Table of values ’ - Cartesian graph fw
“2T0 20 25 40050 Sh&geﬁx Y, _ dom f=R%. -
5 100 50 40 25 20 — ran f=R% c
1000 ~ fdoes not have any ;
Rule:y = —— ZeT0S.
0+ \ - fispositive in R*
} - fis decreasing.
01 ‘10 Number
of employees

“ A renovation project requires a total of 40 h for one worker. Consider the function f which
associates the number x of workers hired for the project with the number y of hours worked by
each employee.

Complete the table of values below. D“'(z?o“ Ay
PR ER AL
y . 40 20 10 8 5 4
y = ﬂ
What is the rule of functionf? __— % " 94
X
Represent function fin the Cartesian plane. 0 ‘2 Nomber
of employees

Is function f increasing or decreasing’ _Decreasing

~  Nathalie travels by car from Montreal to Toronto. She asks her friends traveling with her to split
the 60$ cost of gas equally.

Complete the table of values which associates thenumberxof ~ x 1 2 3 4 5 E
passengers with the share y of the gas cost for each passenger. R . R I ) -
| 60 30 20 15 12
What is the rule of the function which associates : o ' - E
1. the number x of passengers with the share y of cach passenger? A T . E
_60
7. the sharey of each passenger with the number x of passengers’ IR -~ N
Consider the following tables of values. - |
1. x5 10 20 Gy %51 10] 20 3, x5 1020 © oy
oy 10 10 10 oy 20 10 5 oy 10 20 40 - l
40 Tx 2 34 5. x 2 3 4 6. (x5 10 20 S
56 14 13 5779 ;8 6.2 -
Which table of values describes a situation of - |
1. inverse variation? 2 and 4 7. zero variation?__ 1 3. direct variation? 3 -
4. partial variation? 5and 6 p
Each table of values describes a function. Find the rule for each one of them. .
- - 100 = =12 = =-Z -
N T B
48 Chapter 2 Functional models © Guérin, éditeur ltée -
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A\ETIVITY 7 Rational function y = &

X

In this activity, we consider rational functions where the variable x takes positive as well as negative

real values.

Consider the function f(x) = —3; called basic rational function,

1. 1) Explain why the image of 0 does not exist.
Division by 0 is impossible.

2) What is the domain of the function? R*
2. Complete the table of values below.
1 1
X -2 -1 —:2' 0 *2' 1 2
y —-é- -1 -2 2 1 %

Represent the function in the Cartesian plane.
What is the range of the function? R

Y

Is function f increasing or decreasing? _ Decreasing

o v w

The curve drawn is called a =700 This hyperbola is composed of two branches. Place

a point M(x, y) at random on one branch and verify that the point M'(—x, —y) is located on
the other branch. The origin O, being the middle of the line segment MM, is then a <

for the hyperbola.

1. Explain how to deduce, starting from the basic rational

function, the graph of the function g(x) = ——17

By reflection about the x-axis or about the y-axis.

2. Deduce, in the same Cartesian plane, the graph of g.
3. Is function g increasing or decreasing? _Increasing

. . . . 1 .
Consider the basic rational function y = — on the right and the
~ . a ; x
function f(x) = —(a>0).
1. Represent function fif

1) a=2. 2) a=23.

2. Asa increases, do you observe a vertical stretch or reduction of the curve? A vertical stretch
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RATIONAL FUNCTION f(x) = -g- — ROLE OF PARAMETER a

Basic rational function: f(x) = };

_ dom f=R* ran f=R"
— fdoes not have any zeros.
— fis decreasing.

_ The curve drawn is called a sy erioia, This hyperbola is composed

of two 3t

_ The origin 0 is a centre of smmety for the hyperbola.

_ The hyperbola has two asymptotes, which are the x-axis and the

y-axis.

+ Rational function: f(x) = f;;

a<0

The branches of the hyperbola are in the 2nd The branches of the hyperbola are in the st
and 4th quadrants. - and 3rd quadrants.

As the absolute value of a increases, we observe a vertical stratel

of the hyperbola.

.. Represent the following rational functions.

50

2 fl) =7 D) =

X X

YA

‘VR

=Y
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Quadratic function

MeTFIvITY 1 Area of a square

Consider the square with side length x shown on the right. x
2} What is the rule of the function which associates the side x with the area y of this x
square? ¥ =x
&} Complete the table of values giving the area y as a function of the side length «.
0 0.5 1 1.5 2 3 Area A y
y 0 025 1 @ 225 4 9
<} Represent the function in the Cartesian plane.
@} Explain why the domain of the function is i, .l
The side x of a square cannot be negative. : X
0 Tl Side

Is the rate of change between any two points on the graph constant?
No

M\eTIVIErY 7 Basic quadratic function

Consider the function f(x) = x%.

Complete the table of values below.

x -2 -1 0 1 2
y 4 1 0 1 4

Represent the function in the Cartesian plane.
1. Explain why f(—x) = f(x), for all x.

Two opposite numbers have the same square. Indeed, (-x)? = xZ2.

=Y

2. Therefore, what does the y-axis represent for the curve drawn?__An axis of symmetry.

Determine

1. dom f. " 2. ranf. "

3. the zero of f 0 4. the y-intercept of f. 0
&} What is the sign of function f? f(x) = 0 over R

Over what interval is function f

1. decreasing? I, 0 2. increasing? [0, +=[

What is the minimum of function f7___0
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BASIC QUADRATIC FUNCTION

~ The function is decreasing over ]~ 0], increasing over [0, +f.
— The minimum of the function is 0.
~ The rate of change between any two points on the graph is not constant.

= The function f{x) = x? is called the basic quadratic function. Ly
¢ The Cartesian graph is a parabola with vertex V(0, 0).
— domf=R.
— ranf=R_.
— The y-intercept of fis 0. T
— The function has only one zero, which is equal to 0. Vx € R: f(x) = 0. 0 ; "

— The y-axis with equation x = 0 is an axis of symmetry for the parabola. Vx € R: f(-x) = f(x).

-

2

T . Consider the basic quadratic function f{x) = x*. AY
2} Explain how to deduce the graph of the function g(x) = —? f
By a reflection about the x-axis.
b1 Draw the graph of function g T
¢} Determine x
1. domg. R 2. rang. R
3. the zero of g 0 4. the y-intercept of g. @

What is the sign of function g?_89(x) = 0, xR

Over what interval is function g

1. increasing? _ J}*, 0 2. decreasing? [0, +=[

{1 What is the maximum of function g7 9

MCTIVITY 33 Role of parameter

2} Consider the basic quadratic function y = x* and the function
f(x) = ax? (a > 0).

1. Represent function f when

1) :%. Z)a:}i‘ 3 a=2.

2. As parameter a increases, do you observe a vertical stretch
or reduction of the parabola?
A vertical stretch.

]
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&) Consider the quadratic function y = —x? and the function Ay
flx) = ax? (a < 0).

1. Represent function f when

W)a:—%. 2) a:—.;.. 3) a=-2.

2. As the absolute value of parameter a increases, do you observe
a vertical stretch or reduction?
A vertical stretch.

Consider the parabola with equation y = ax?.
Is the parabola open upward or downward when

1. a>07 Upward 2. a<0? Downward

ANCTIVITY 4L Interpretation of parameter a

A real estate agent sells square-shaped lots. The cost of each lot is $10  Areah v
per m?2. () -

Find the rule of the function f which associates the measure x of 1
the side with the cost v of the lot. _v = 10x?

The rule of the function is of the form y = ax?.
1. Identify parameter a. a=10 +

2. Interpret parameter a in this situation. T
a represents the cost per m? of each lot. 4

We say that the cost y is directly proportional to the square of the J0004-
side length x.

i
Complete the table of values of function f. 0] s Side (m)

x 0 10 15 20 30
0 1000 : 2250 4000 9000

Represent function fin the Cartesian plane on the right.

ROLE OF PARAMETER
Consider the parabola with equation y = ax? and vertex V(0, 0).

The <2+ of a determines whether the parabola is open upward or
d()wnward

— a > 0: the parabola is open

— a < 0: the parabola is open </«

The absolute value of a influences the opening of the parabola

As the absolute value of a increases, we observe a
the parabola.
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2 The graph of the function f(x) = x? is drawn on the right. Deduce
the graph of

o i(x) = 2. dr jlx) = 952,

Consider the function f(x) = —2x7. 140’
=% s the parabola open upward or downward? Justify your answer. ; .
Downward since @ < 9 o - 1 x
i1 Determine the coordinates of the vertex. _ (0 9 o
Complete the table of values below.
X A -1 0 1 2
y=-2¢ -8 -2 o -2 -8
41 Draw the parabola in the Cartesian plane on the right.
GRAPHING THE PARABOLA Y = ax?
Procedure Ex.y= }Z—xz
1. Determine the opening according to the 1. Open upward since a > 0.
sign of a.
2 Determine the coordinates of the vertex. 2. V(0,0)
3. Complete a table of values. 304 x 32 -1 o1 2 3
: 1
y—4@ 4502 [05]0 052 45
4. Draw the parabola. 4. 4\3/

54 Chapter 2 Functional models

© Guérin, éditeur ltée




Draw the following parabolas.

2}y = 2x° b} v= Exz
Ay Ay
1+ 1
of x of x
<oy = —=xt d} y = —x2
2
Ay Ay
1+ 1+
: - ; >
01 4 x 1 X

A rectangular field is twice as long as it is wide. Land is sold $10/m2.  ¢oet Ay

Find the rule of the function which associates the width x (in m) )
of the field with its cost C (in §).

C = 20x?2

Draw the graph of this function.

If the field cost $8000, what will be the cost of putting a fence 1000

X

around it if each metre of fence costs $307? $3600 ) ' >
of s Width

{inm)

A square-based prism has a height equal to 25 cm. Let x represent the
length of the base’s edge.

=) Find the rule of the function which associates the length of the base’s edge with the
volume V of the prism. _V =25 x*

If the prism has its volume equal to 3600 em?, what is the length of the base’s edge? 12 cm.

What is the rule of the function which associates the volume V of a square-based prism

4V

with the length x of its base’s edge? X" s

. . . . . ; . Areag A
Consider the function f which associates the radius r (in cm) of a disk (cm)

with its area A (in cm?) .
Find the rule of function f. A =7

Determine
R R*
1. domf __* 2. tanf 1
2 - . st - r
i Represent function fin the Cartesian plane. : >
0f 4 Radius
{cm)
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* _ The distance d (inm) traveled by a free-falling object as a function of the time t (in sec) elapsed
since it was dropped is described by the rule d = 4.9 t2.

i Complete the table of values on the right. : 0 1 7 3 4

. [

Calculate the average speed of the object d 0 19 | 19.6  44.1 784
between time 14.7 24.5 34.3
1 Osandls m/s_ 2. lsand2s. mfs 3. 2sand3s m/s 4 3sand 4s. m/s

Is the average speed of the object constant? What can you say about it?
The average speed is not constant. It increases with time.

%

After how many seconds, rounded to the nearest unit, will the object hit the ground if it
was dropped from a height of 180 m?___ After about 6 seconds.

Y The speed v (in m/s) of the object at time t is described by the rule v = 9.8 1. Determine,
rounded to the nearest unit, the speed of the object when it hits the ground.

1. Inm/s. _59m/s 2 Inkm/h, _ 212km/h

N

7. A real estate agent is selling square-shaped lots. A lot with sides of length 25 m is sold $11 250.

2) What is the rule of the function which associates the length x of the side of a lot with its

cost C (in $)? €= 18x [
* ‘What is the cost of a lot with sides of length 20 m? _$7200 I —
¢} What is the side length of a lot sold for $16 2007 3%0m

' What is the rule of the function which associates the cost C of a lot with the length x of

. . X =
its sides? ~ 1 E‘#MVM####Fﬁ#ﬂ,ﬂ__ﬂ,_wﬂmw__M_mr‘###_‘_,_ﬂﬂ#

S

@, A-square-based pyramid has a height equal to 12 cm. Let x represent the length (in cm) of the
base’s edge and V its volume.

Find the rule of the function which associates the edge length x with the volume V. V.= 2%

v
X = "9

¢} Determine
1 the volume of the pyramid if the base’s edge measures 10 cm. 400 cm® R
7. the length of the edge of the pyramid’s base if its volume is equal to 100 cm?. _5¢cm

ANEFIYITY @ Finding the rule y = ax?

The parabola on the right has vertex V(0, 0) and passes through the point 4 5 A2,
A(2, 6). ' | o
23 Explain how to find the equation of the parabola. In the equation
y = ax?, we find a after replacing x and vy with the coordinates of point A.
) Find the equation of the parabola. ;
cg-22—a=3 =3 A
6=a-2°=a 2.Thus,y—zxz. : i .
"#’{”“*"*"#”“M*r”*""”*’"”—’"ﬂ"““"”‘”*"M"#ﬂ*”'—”‘“# (L x
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- FINDING THE RULE Yy = ax?

"‘, We find the value of parameter a by replacing, in the rule, x and y by vA
- the coordinates of the given point P.
> 4 14

i 3=a(2P=3=4a=a=-3 | ‘
- We deduce the rule:y = —%xz.
- P(2,-3)
- Find the equation of the parabola with vertex V (0,0) and passing through the given point P.
B P(1,2)  v=2¢ B P(-2,-12) v =-3x
o p .

. . = Zx? N ) =~ y2

- o P(-3,6)_ Y73 41 P(2,-6) VT2
- The table of values on the right associates the time ¢ (in s)

: . . . . (s) 0 1 2
e elapsed since a free-falling object was dropped with the
» distance d (in m) traveled by the object, rounded to the nearest = d(m) 0 S 20

unit. “

7 Find the rule of the function which associates the time elapsed t with the distanced

’ traveled, knowing that the distance traveled is directly proportional to the square of the
e elapsed time.

e d =51

! Find the rule of the inverse function which associates the distance d traveled with the
s _ Jd

. t =
elapsed time t. 5

: Determine
1. the distance traveled by the object 4 seconds after it was dropped. _80 m
N 2. the time required for the object to travel a distance of 180 m. 6 sec
» Consider the table of values on the right. Find the rule of the function 0 5
e x
, if
B #; y is directly proportional to x. y=2x Y 0 4

— o1 yis directly proportional to the square of x. _y = x?
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Exponential function

A\@erIyITY ] Rational exponents
) 1. Calculate the following powers.
s 2 2) (2)4 16 3) (-4)7_=¢4 4)23_8

2 Let a be a real number and n an integer greater than 1.
a < 0 and n odd

Under which conditions is the power a" negative?

51 1. Calculate the following powers.

> Let a be a non zero real number and n an integer, complete: a™ = _a"
¢t 1. Calculate, whenever possible, the following powers.
1 1 1 1l . .
16z 4 2) 168 _Z 3) (83 _ 2 _ 4) (-16)2 _impossible

> Let a be a real number and n an integer greater than 1.

1
Under which conditions does an not exist in R? @<O0andn even

1 m m
1 If an exists in R, we have an = (%/;t-) . Calculate
1. 16%. 16)" - 64 _ 2. 16%. (416) =8 3, 8%. 48) -4

-3

bt T o f fET-g o) 16

RATIONAL NUMBER EXPONENTS

+ Ifais a real number and n an integer greater than 1, we have:
1
a n — »YJ;'

1
Ex: 165 =G =4: 83 =8 =2; (127)3 =¥27 =3

1
Note that av does not existin R whena <0 and n is even.

1
+ 1If ais a real number, m and n integers such that a» exists in R, we have:

an=(¥a)"

2 1 2 1
25 125 SIS N NS B I S A A
3 3 2 _2
PN R R
g T 9] — 0 = 0 I — - 125 —
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ACTTVITY 2 Exponential growth

SR

The number of cells in a controlled environment doubles every day. Initially | * =y

RSt

(x = 0), we observe one million cells, 2 025
a} Complete the table of values of the function which associates the number of days W -los
x since the beginning with the number ¥, in millions, of cells observed. 0 I
bl What is the rule of the function? v . 2
¢} How many cells do we observe ‘32 :

1. 5 days after the beginning? 32 million 3 days before the beginning?125 000

@} The number of cells increases very rapidly. We say that the growth is exponential, At what time
do we observe

1. 128 million cells? 7 days after the beginning 2. 62500 cells? 4 days before the beginning

ACTIVITY 3 Basic exponential function Y=

Consider the function y=2%andy= (%} where x € R.
a} For each function complete the table of values,
i x i2iafo0] 1127153
%xzxé i 22 4
2.0 x 2010117 3
N nnnnnt

-

} Represent each function in the Cartesian plane,
¢; Complete the table below giving the properties of these two functions.

e
‘ o
dom f R
ran f R;
zero none
y-intercept 1 1
f=0over R R
f< 0 over never never
f~ over R never
f v over never IN
extrema none none

We observe that each of the curves representing these function gets closer to the x-axis without ever
touching it.

We say that the x-axis is an asymptote for the curve or that the curpe is asymprotic to the x-axis.
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This function descmbes exponentially incre
whether the base is greater or less than 1.

EXPONENTIAL FUNCTION y = ¢~

¢ The func‘uon f(x) = ¢*, where cis a positive real number different from 1, is called exponential

= depending on

c>1

y

D<c< |

« For any base, we have:
~ domf=Randranf= R},
— The initial value is equal to 1 (¢ = 1).
— The function does not have any zeros.
— The function is positive over R.
— The x-axis is an ssvmptote of the curve.

dependent Var1able y is multlphed by the s

The progresswn of the variable y is called ¢

(base of the exponential function) called

The most common bases for the exponential function are the numbers

’thexo123

10 and e. ya /y =
eis an i 21 number that occurs in phenomena related to physics, ;
biology, calculation of probabilities, ... el
tr
e=271828... = ; >
0 1 x
For each of the following exponential functions,
1. determine the base. 2. indicate if the function is increasing or decreasing.

4 .
& f(x) _ [_4_} 35 increasing

; decreasing

=
Ra¥
I
N
NI)—-A
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. 3. .
f(x) :;[%] i increasing
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rule y = ¢*. Determine the rule of each function,

= 3x .. = 4x
a) A(2,9) _ ¥=3 A[é, 2} 7
) 16 )*
11 y =8 | [_.l _S_J v= [EJ
Al-L L v )AL 2 YTl

On the right are represented the exponential functions
with equations:

yZZ"',y:gJ ,y:3x,y:[%] ,y:{zJ ,y:H‘

3 3
@} Match each curve with its equation.
Rl L N
4. ¥=% 5. =2 6. =13l

&1 Of the three increasing exponential functions, which
one increases the fastest? Justify your answer.

In each of the following cases, the point A belongs to the graph of an exponential function with

v = 3% It is the one with the largest base.

i
0

Fo
X

Of the three decreasing exponential functions, which one decreases the fastest? Justify

your answer.

v= [:;,Jx It is the one with the smallest base,

Aerryrry “ Exponential function Y = ac™ - Role of parameter

2} The exponential function v = 2¥is represented on the right.
Explain how to deduce the graph of the function y = -2* and draw

1t.

The exponential function y = a(2)*when a = 1 is represented on

the right.
1. Draw the exponential function when
1) a= % 2) a=2.

2. As parameter a increases, do you observe a vertical stretch or a
vertical reduction of the exponential curve? A vertical stretch.
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¢} The exponential function y = a(2)* when a = —1 is represented on
the right.
1. Draw the exponential function when
1) a:~—12-. 2) a=-2.

2 As the absolute value of parameter a increases, do you observe
a vertical stretch or a vertical reduction of the exponential

A vertical stretch.

curve?

MNerIVITY S Exponential function y = ac™ - Interpretation of parameter a

The value c(1) after  years of a capital a invested at an interest rate of i compounded annually is

calculated according to the rule:

oty =a(l+i)
A $1000 capital is invested at the bank at an interest rate of 8 % compounded
annually.
21 Complete the table of values which associates the number t of years with the
value ¢(f).
b} What is the rule of this exponential function?

c(t) = 1000(1.08)'

¢} What is the base of the exponential function? 1.08

d) Determine and interpret the role of parameter a.
a = 1000. a represents the initial capital (t = 0), ¢(0) = a = $1000.

t o

0 | 1000
1 1080
2 11166.40
3 11259.71

iQC1'eases.
alue of the function.

+ Parameter a corresponds to the i

EXPONENTIAL FUNCTION y = ac* — ROLE OF PARAMETER a

< The exponential curve undergoes a vortical stretch when the absolute value of parameter a

D<c<l

rule y = ac”.

¢ The geometric transformation (x,y) — (x, ay) transforms the graph of y = ¢* into a graph with
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=#« For each of the following functions, indicate if

1. the function is positive or negative, 2. the function is increasing or decreasing.
X X X
By = 32 = 7 _} = ()X 0y = l()[-}
by ( 4} y [ > ) y=-2(@) S) 5
1 Negatiqe 1. Positive 1. ‘Negative - 1. Pczsitige
2. Increasing 2. Increasing 2. Decreasing 2. Decreasing
-X A=K
oy - 1 3
= 2(3)x oy = =2(5) v:(~J v;~(~J
y=2( [ (5) Y=13 5
1. Positive 1. Negative 1. Positive 1. Negative
2. Decreasing 2. Increasing 2. Increasing 2. Increasing

Julie deposits $1000 at the bank at an interest rate of 8% compounded annually. The capital C (1),
accumulated after ¢ years is given by C(1) = 1000(1.08)". What is the accumulated capital after
} 3vyears? $1259.71 2l Syears?  $1469.33

- A radioactive substance decays over time. [ts mass m (in grams

) is expressed as a function of
time 7 (in years

) by the equation m — 10(0.8)". What is the mass of this substance
today (t = 0 10g 5 oin 2 years? 6.4 8 ol year ago? 12.5g

The value v(r) of a car which depreciates by 20% peryear is given by v(r) = v,(0.80) where v,
represents the purchase cost of the new car and ¢ the number of years since it was bought.

What is the value of a car 3 years after it was bought if, new, the cost is $30 000?

What was the purchase cost of a car that is worth $22 400 two years
$35 000

ACTIVITY 5 Exponential function yy = >~ — Role of parameter b
The exponential function y=2"whenb =1 i represented on t]
1. Draw the exponential function when

1
1) b:EA 2) b=2.
2. As parameter b increases,

ne right.

1) do you observe 1 horizontal stretch or a horizontal reduction of
the exponential curve? A horizontal reduction

2) does the curves increase slower or faster? Faster

1 The exponential function Y= [%] when b= 1is represented on the right.

1. Draw the exponential function when
Dob=+ 2). b=2,

2. As parameter p increases,

1) do you observe a horizontal stretch or 4 horizontal reduction of
the exponential CUTVC? A hOl‘iZOﬂtﬂI reduction

2) does the curve decrease slower or faster? __ Faster
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\@TIVIFY 7 Exponential function y = cP* — Interpretation of parameter b

The value ¢(t) after t years of a capital a invested at an interest rate of i compounded n times per year
is calculated according to the rule:

o(t)= a{l + %)m

4% You invest $1 at 12% interest compounded monthly. Establish the rule of the exponential
function giving the value ¢(t). c(t) = (1.01)"*

What is the base of the exponential function? 1.01

o
et

Determine and interpret the role of parameter b. b = 12. Parameter b gives the number of

times that the interest is compounded per year.

%

EXPONENTIAL FUNCTION y = c?* — ROLE OF PARAMETER b

zontal reduction, for any

« When parameter b increases, the exponential curve undergoes a lo
base.

E

If x represents the elapsed time, parameter b corresponds to the number of periods per time
unit.

O<cxl c> 1

Oy Q-
[ R

=Y

The geometric transformation (x, y) — {%,y

with rule y = .

transforms the graph y = ¢ into a graph

®

€ The number of bacteria in an environment doubles every 15 minutes on

average. Initially, the environment contains 1 thousand cells. Consider the ! Ao
function which associates the number ¢ of hours since the beginning with the 0 1
number N(1), in thousands, of cells in the environment. 0.25 2
27 Complete the table of values on the right. 050 4

. . - 24 g

What is the rule of the function? y=2" 0.75 8

1 16

What is the number of cells after 3 hours? _ 4096 thousand 5 256

' After how many hours will the environment contain 1024 thousand cells?
2 h 30 min
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~ Mr. Dawson deposited $30 000 at a bank that offers 4.2% annual interest.
Referring to the formula given in activity 7, determine the amount accumulated by Mr. Dawson
after 5 years if the interest is compounded

annually. $36 851.90

every 3 months. $36 969.84

every 4 months. $36 956.48

every 6 months. $36 929.95
monthlyl . $36 996.77

_ When his son Rafael was born, a father put $2000 in an investment fund for his education.
The 3.7% annual interest of this fund is compounded monthly.

What will be the amount accumulated when Rafael enters university at the age of 207
$4187.10

ACTIVITY S Finding the rule y = ac*

For a reforestation project, a company decides to double the number of trees each year. At the begin-
ning, the forest contained 25 trees.
Find the rule of the function which associates the number x of years since the beginning with
the number y of trees in the forest. y = 25(2)

How many trees will there be after 7 years? _ 3200 trees

NeTIVITY 9 Finding the rule y = ac”™

A controlled environment initially contains 3 bacteria. The number of bacteria doubles every 15
minutes. Find the rule of the exponential function which associates the time, in hours, since the
beginning with the number v of bacteria in the environment. The rule is of the form: y = ac™.

Complete the table of values on the right. - ;
The initial value of the function represented by a is the value at the beginning 0
(x = 0). What is the initial value a? ~a =3 : 3
. I . T 1
The number of bacteria doubles every 15 minutes. What is the multiplicative 7 6
factor 7 _€=2 ~ i
. . . o : . 5 12
The time x since the beginning being expressed in hours, parameter b 2
represents the number of 15-minute periods per hour. 3 24
. 4
1. What is the value of parameter b? b=4 :
- . - L o . x 48
2. Therefore, what is the rule of the function in this situation? v=3(2)%
2 758
What would be the rule if the number of bacteria doubled
1. every twenty minutes? _¥ = 3(2P 2. every two hours? _ V= 3(2)2
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RULE OF AN EXPONENTIAL FUNCTION y = act*

« The time unit being well defined, the independent variable x represents the time elapsed since
the beginning (x = 0). The independent variable y (number of bacteria, accumulated capital,
...) takes on values which are periodically multiplied by a constant factor.
a represents the initial value of the dependent variable.
b represents the number of periods per unit of time.
¢ represents the periodic multiplicative factor, which multiplies the variable y at each period.
Ex.: An environment initially contains 10 bacteria. The time unit is the hour.
_ When the number of bacteria triples (c = 3) every 15 minutes, each hour contains 4
periods (b = 4). The rule isy = 10(3)*.
_ When the number of bacteria doubles (¢ = 2) every 30 minutes, each hour contains 2
periods (b = 2). The rule is vy = 10(2)™.
_ When the number of bacteria quadruples (¢ = 4) every 2 hours, each hour contains

5 périod (b = 12) The ruleis y=10 (4)"15".

The tables of values below each correspond to an exponential function with equationy = acx.
Find the rule of each function.

alxloll sy [0 -1 aZlolz @ 0 -2
y 33 oy 218, y -3 -12 y 419
e el T

“Each of the following situations is described by an exponential function with rule
y = ac. After establishing the time unit,

1. define the variables x andy. 2. determine the parameters a, b and c.

3. find the rule of the function.

In an environment containing 1000 bacteria initially, the number of bacteria triples every
10 minutes.

1 In a habitat initially containing 100 insects, the number of insects doubles every 3 days.
1. x: number of days since the beginning, y: number of insects in the habita
. ne, - T SRS

2 a=100,b=%¢c=2 3. y = 100(2)5"

¢} A car bought for $30 000 loses 20% of its value each year.

1. x: number of years since the car was bought, y: value of the car

#2. a=30000,b=1c¢ =i);§0 3.vy=3 000(0,80)

41 An initial population of 1000 deer increases by 15% every year.
1. x: number of years since the beginning, V: deer population

T

__.____.__,__!_,_,ﬂ_,_,_,__,_,_’.—,_._.__,_,_
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A 50 g radioactive mass loses half its mass every 6 hours starting at noon.
1. x: number of hours since noon, y: mass remaining

=50:b=1¢c=1 _rpl1)6
2. a=50;b=1c-1 3.y 50[2}

An initial population of 100 birds increases by 15% every 2 years.
1. x: number of years since the beginning, y: bird population

2. a=100,b=—§—,c=1.15 3.y =100(1.15)%

- A capital ¢, is invested at a fixed annual interest rate of i compounded n times a year. The
accumulated capital C(¢) after r years is given by the formula

) =c[1+4
n

Establish the rule of the function C(t) which gives the accumulated capital for an $1000
amount invested at 6% interest compounded

1. annually. €(t) = 1000 (1.06)' 2. every 6 months. C(t) = 1000(1.03)*
_ 12 ) 0.06 1%
3. monthly. C(1) = 1000(1.005) 4. daily. _ c 1000[1 N 365]
Calculate the accumulated capital after 5 years for each of the above cases.
1 $1338.23 > $1343.92 3 $1348.85 4 $1349.83

MNeIvrry 10 Exponential equation — Model ¢ = ¢V

Justify the steps when solving the equation 3(2)% = 768.
3(2)% = 768
24x . 755 We divide each member by 3.

p=

> 24x . 78 We write the right-hand side member as a power of 2.
P 4y = 8§ We deduce the equality of the exponents.

= x o= D We deduce the unknown x.

2} The number P(t) of bacteria in an environment is given by P(r) = 100(2)3 where t represents
the number of days since the beginning.

How many days after the beginning do we observe 6400 cells?

100(2)3t = 6400
2% = 64
23t _ 26
t = 2. We observe 6400 cells 2 days after the beginning.
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EXPONENTIAL EQUATION — MODEL ¢’ = ¢'

When the members of an exponential equation can be written as powers of the same base, we
use the logical equivalence:

%;c”:c”<:>u:z/

5(2)3 =320
1. We isolate the power containing the unknown in one member. 23 =64
2 We write an equality between two powers of the same base. 23 =26
3. We equate the exponents. 3x =6
4 We determine the unknown. | x =2
5 ‘We establish the solution set S. Therefore, S = {2}.

2y 3% =243 b) 2*=73 o 2(5) =250
x=5 . o x=-3 - x=3
4 (ZT 27 ot 43 = &% £ {wx 32
73] T8 = - 2 =
x=-3 x=2 x=-5 -
gy 5% —1=0 By 2(5) — 48 =2 §o9r-27=0
x=0 x=2 x = %

The growth of a herd of buffalos follows the rule P=P; % 216 where P, represents the initial
population and P(1) the population after t years. After how many years will the population be

equal to four times the initial population?
AP, =Py2)ic & 4= 215 & t = 20. After 20 years.
Tro=tde/” T T -

7. A population of mosquitoes doubles every seven days. If there are initially 5 mosquitoes, after
how many days will the population contain 80 mosquitoes?

5(2)% - 80 <> 27 = 16 < t = 28. After 28 days.

[

T

A radioactive mass decays according to the rule m(t):lOOPZ—} where m(t) is the mass
remaining after ¢ hours. '

Determine after how many hours the remaining mass will be equal to 25 g TR0

The time necessary for the mass of a radioactive substance to be reduce by half because of
decay is called the halflife of the substance. What is the half-life of this substance?

4 hours

R —
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Piecewise function

ATy U Salary of an employee

The weekly salary f(x) of an employee at a company selling electronic  yA

games is calculated according to the number x of games sold in the h—
following way:
200 ifx < 2
flx) ={50x+200 if2<x<6
600 ifx=6 0
What is the salary of an employee who sells 100 . -
1. 2 games? $300 > 4 games? _$400 3 12 games?_$600 0 ; *
o1 Determine the number of games sold by an employee who received a salary of
1. $200. 0Oor1game 2. $450. 5 games 3. $600. 6 or more games -
PIECEWISE FUNCTION
A precewise funcnion is a function where the rule differs according to the interval containing the
variable x.
Ex.: Consider the following piecewise function: ook
x—1 ifx=<0
flx) =1 «? if0<x<?2
x+2 ifx=2
The graph of this function is represented in the Cartesian T
plane on the right. o1t >
dom f= R, ran f = |-, 4] 1
When we evaluate the function for a value of the variable X,
we first find to which interval this value belongs and then we
use function’s rule defined in this interval.
Thus, f(1.5) = (1.5)2=2.25; f3) = —(3) + 2 = 1.
Represent the following piecewise functions.
‘ 1 ifx<-2 B 3. forere O -2 if x=-1
fil)=1-2x~1 if-1=x<1 fi(x) =12 T filx)=1-x* ifo=x=2
2x -5 ifx=3 2 lx+§ flex =4 * 2x—4  ifx>?2
2 2
ya v A v A

o \1-- / 1T
N~ | ; g
\ v —

=Y
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The company Kandev sells wheelchairs for retirement homes.  Profit Ay
The function f which associates the number x of wheelchairs {in th?);’;‘;“ds
sold with the net annual profity (in thousands of dollars) has

the rule:

0,15x 0= x = 1000
y—10,08x+70 1000 < x < 3000
0,12x 3000 = x < 4000

If the maximum number of wheelchairs sold per year is
4000, draw the graph of this function. 5

Find dom f. ___[0. 4000] - \ N
. : i 01 s00 Number of
How much profit is made by selling 2500 wheelchairs?_$270 000 wheelchairs sold

Over which interval is the rate of change the greatest? [0 1000]

~ The piecewise function defined on the right associates  ProfitA v
the number x of months since the beginning of the (8)
year with the profit f(x) of a company during that year. o——9

27 What is the company’s profit after

3 6 months?_$5000 4. 11 months? $7000

7 Determine the number of months since the _]
beginning of the year if the company’s profit 1000
. X

is t >
. Number
1. $3000. 2 months ! of months

,_,.___‘_‘.#__,ﬁ#‘__.__._,,_,_,_._.’—.v,___.__,__‘__,

2. $6500 9 months

Determine the rule of function f

500x + 2000 ifo<x=4
f) = | 5000 ifd<x<8
Z1500x + 20 000  if 8 =x=10

Over what interval is function f

1. increasing’ 1o, 41
2. decreasing? _ [8, 10]

3. constant? M, 8[or]10,12]

The function f represented on the right associates the
amount x of sales made in a week by a salesman at a (8 T
company with the salary y he received. 1

- Find the rule of f T

1 Explain how the company calculates the salary of a
salesman.

A salesman receives 10 % of the sales amount when it x

l 3 3 .

1 ) | I
Sales
100
0 amount ()
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Step function

ACTIVITY ] Recreation centre
The graph on the right shows, depending on the length of the

o . ‘ Costf y
period, the cost of using a recreation centre that i open from 10 am (g o
to 8 pm.
What is the cost for a period of
1.1h 307 __$%6 2. 4hours? _$8
3. 6 hours?__$12 _ 4. 8hours? _$18
o
What is the cost if the length of the period x verifies: 5 < x < 77 &— 0
$z N
If the cost is $8, in what interval lies the length x of the 27 «
e €25 : >
period? _ x€[25 — - o Period (h)
STEP FUNCTION
The graph of a step function is composed of Ay
horizontal segments (steps), usually open at one ~
end and closed at the other. Flor eaczh of]thg Cémfalz
— step closed on the left and open on the right: e—o V?N:eosb;e;v; ; Jump.
— step open on the left and closed on the right: o—e
x
o -
0
A telephone company charges for long-distance calls in North cost Ay
America in the following way: $0.20 for the first minute or (8 o—e
fraction of the first minute, plus $0.10 per additional minute or 05+ o—e
fraction of an additional minute. 04+  o—e
What is the cost of a call whose duration is 031 o—e
02 0—e
1. 2min? $0:30 2. 25min? $0.40 3 3 pin? $0.40 o
H 3, - . . - ' x
=1 Draw the Cartesian graph of the function fwhich associates e R e B S
the duration x, in minutes, of a call with its cost y in dollars. 123 45 Urféﬁ‘;
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To motivate his sales staff the sales manager offers a $100 bonus for Bonus v ¢
cach $1000 amount of sales, up to a maximum of $5000 in sales. (8) —0

2} Draw the Cartesian graph of the function which associates the
amount x of sales with the bonus y received by a salesperson.

What is, for this function, the
[0, 5000] 2.

1. domain?
What is the bonus for a sales amount of $35007 $300

¢} In which interval lies the sales amount if the bonus is $4007
[4000, 5000(

rang

A salesman receives a $50 bonus for each $1000 in sales made in one week.

!
H

A salesman makes $12 480 in sales during a week. What will his salary be?_$600

1. For what amount of sales will the salesman receive a salary equal to $1000?
For an amount in [20 000, 30 000[.

2. Explain why the inverse f~! is not a function.
The amount of sales x corresponding to a salary y is not unique.

3 Is it possible for the salesman to receive a salary equal to $825? Justify your answer.
No, since 825 is not a multiple of 50.

. The cost v, in dollars, of sending a parcel depends on its mass x, in grams. This cost is
represented on the right.

Cost 4 v
2] What is the cost of sending a parcel whose mass is 260 g? ) o—e
o8
$7.50
o—e

5 In what interval is the mass of a parcel that cost $12.50 to o—s

send? x € 1400, 500] o—e

- . . . o—%
¢} Explain, using words, how to calculate the cost of sending a
o] ~We must pay $2.50 for 100 g or less plus $2.50 for 2.50
parcel. X
Aggch additional 100 g. 0 1(‘)0 Massr(g)
. In a parking lot, the fee y is calculated in the following way: a cost of A

$1.50 for each incomplete 30-minute period. A period of less than 30 (g Y
minutes is free. —o

Draw the graph of the function which associates the parking *—0
duration x, in hours, with the fee y, in dollars.

What parking duration corresponds to a fee of $97 X € [3; 3.5( T

X

3 Is the inverse of the function itself a function? _Ne 0! { Dur{aht)ion
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Functional models

Consider below the tables of values of two functions f and g

Table 1: function f

ANeriviTy “] Arithmetic progression, geometric progression

Table 2: function g

x 0 1 2 3

X

o 1 2 3

4

y 1 3 5 7

Ly

12 4 8

16

1. In table 1, each time variable x increases by 1 unit, what happens to variable y?

It increases by 2 units.

We say that the progression of yis

This type of progression for the variable y is observed when the function is linear.

2. What is the rule of function f? f(x) =2x + 1

1. In table 2, each time variable x increases by 1 unit, what happens to variable y?

It is multiplied by 2.

We say that the progression of y is

This type of progression for the variable y is observed when the function is exponential.

2. What is the rule of function g? g(x) = 2~

ARITHMETIC PROGRESSION — GEOMETRIC PROGRESSION

The progression of the dependent variable y is
when variable v increases by a units each time thc
independent variable x increases by 1 unit.

The function that translates this situation is a no0r
function with rule: y = ax + b.

The progression of the dependent variable y is - :
when variable y is multiplied by the multlphcatwe factor
¢ each time the independent variable x increases by 1
unit.

The function that translates this situation is an
- function with rule vy = ac®.

+1 +1
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© . For each of the following situations,
1. indicate if the progression of y is arithmetic or geometric.
2. find the rule of the function describing the situation.

0 1 2 3 X 0 1 3
0 5 10 15 Ly 3 9 27
1. Arithmetic progression 1. Geometric progression
2. y=5« 2. _y=%
0 1 VA 3 b x 0 1 2 3
v -1 1 3 5 .y 4 2 1 0.5
1. Arithmetic progression 1. Geometric progression
2 Yy = 2x - 1 Z y = 4(_;_
x 0 1 2 3 L x 0 1 2 3
y 2 3 45 675 y 3 1 103
1. Geometric progression 1. Arithmetic progression
5 y=—2[% 5 ve-2x+3

. The following tables of values relate two variables x and y where the variable y is directly
proportional to x or directly proportional to the square of x.

For each of these tables, find the rule of the function associated with it.

x 0 2 4 6 By fx i O 2 4 6

y 0 3 6 9 y 0 2 8 18
y= —g—x y= —;—xz

x 0 5 10 15 x 0 3 6 9

y 0 2 4 6 y 0 6 @ 24 54

Each of the following situations is described by a linear function of direct variation (y = ax), a
linear function of partial variation (y = ax + b), a rational function Ly = fj;], a quadratic function

(v = ax?), an exponential function (y = ac¥). Match each situation with the type of function
that describes it.
Y=

x|

The variable y is inversely proportional to x.

The progression of the variable y is arithmetic and the variable y is directly proportional to
X. v =4ax

The progression of the variable y is arithmetic and the variable y is not directly
proportional tox. vy =ax+b(b ¥ 0)
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The progression of the variable y is geometric. y = act

The variable y is directly proportional to the square of the variable x. _ ¥~ ax?

The rate of change of the function is constant and the initial value of the function is equal
to 0. ¥ =ax

The rate of change of the function is constant and the initial value of the function is not
equalto 0. v=ax+b(b+ 0)

y::

x|a

The product of the variables x and y is constant.

For each of the following tables of values, find the rule of the function associated with it.

x 0 1 2 3 x 0 1 2 3

y 12 6 3 1.5 y 2 1 4 7

yle{%)x yv=-3x+2

x 0 1 3 0 1 2 3

¥ 5 10 15 y 5 5 5

v = 5x v=5

x 0 1 2 3 Coox 2 3 4

y 0 5 20 45 y 12 6 4 3
12

y = 5x2 V= <

x 1 2 3 4 » x 0 2 4 6

vy -6 -12 -24 —48 y 1 4 7 10

y = -3(2) v=3x+1

. Find the rule of each of the function represented below.

®
}
N
¥

Glll '\‘\ ve g+ 2 I y:(%)x

1Yy Ay

Y
]
¥

A B
[
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i 1 t P~
(} ¥ X y:.; ﬂ _1 X y=2
y y
1 1 x if x<1
x i : y: 1 1 .
i 1 i = i
0] ; x y:{f] /d‘ 1 x 2% "2 if x>1

. For each of the following situations, find the rule of the function which associates

the side length x of a square with its perimeter P. _P = 4x

the side length x of a square with its area A. A=x*

the edge length x of a cube with its total area A. 4= 6x .
_ 100

the width x of a rectangle of area 100 cm? with its length y. Vo %

the perimeter x of a triangle with the sum of the measures of its angles. __ ¥ = 180

. In each of the following cases, find the rule of the function.

During a lab experiment, there are initially 12 insects. We observe that the number of
insects doubles every 3 days.

What is the rule which associates the number t of days since the beginning with the
1

number y of insects resulting from this experiment? v =12(2)3
A $120 000 inheritance must be split into equal shares.
What is the rule of the function which associates the number x of heirs with the share y

p - 120000
received by each? x

A photocopy centre charges a $0.03 amount per page plus $3.50 to bind a document.
What is the rule of the function which associates the number x of pages of the document
with the total cost y? __y =0.03x + 3.50

A car travels at a constant speed of 120 km/h. What is the rule of the function which
associates the duration t (in hours) of the trip with the total distance d (in km) traveled?

d=1201
Let x represent the measure of one of the sides of the right angle in a right isosceles triangle.
1
7 : " . . . . A=x?
What is the rule of the function which gives the area A of the triangle? 2%

A $1000 capital is invested at an interest rate of 8% compounded 4 times a year. What is

the rule of the function which associates the number t of years with the accumulated
capital C? €= 1000(1.02)%

Is it true that the inverse of any function is a function? If not, give an example of a function
whose inverse is not a function.
No. For example, the quadratic function y = ax? (x ¢ R) or the step function.
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" Evaluction 2

Find the rule of the following functions.

fis a constant function such that f(1) = 2. fix)=2

o0 fis linear function of direct variation such that (1) = 2. _f(x) = 2x

_3 .1
¢ fis a linear function such that f{1) = 2 and f(3) = 5. _f(X)=3**3

_12
fis a function for which the product of the variables x and v is equal to 12.f()= %

@ fis a quadratic function whose graph has vertex V(0, 0) and such that f(2) = 6.
flx)=3x2

© fis an exponential function whose raph passes through the points (0, 5) and (2, 20)
g {
J(x) = 5(Z)

For each of the following tables of values, find the rule of the function associated with it.

x 0 1 2 3 x 0 ] 2 3
v 16 8 4 2 y =2 -2 -2 -2
y-16f3]
X 1 3 0 1 2 3
y 12 6 4 3 y 0 0.25 1 1.25
y=1§ y=7:—x2
0 1 2 3 , x 2 4 6 8
y 8 12 18 27 y 1 4 7 10
x 3

. A the beginning of a car trip, the gas tank contains 66 litres. After traveling 50 km, the tank
contains 60 litres. What is the rule of the linear function which associates the distance x
traveled, in kilometres, with the quantity y, in litres, of gas left in the tank? v = 66 - 0.12x

The cost of parking in a garage is represented in the Cartesian  Cost A y

plane on the right. Consider the function which associates the  §) o
parking duration, in minutes, with the cost v in dollars. &—o
Describe, using words, how the cost is calculated.
Parking is free for a duration less than 60 minutes. 2,50 x
There are charges of $2.50 for each additional complete 0 60 Duration (ma)

60-minute period.

What is the cost for 2 h 15 min? $5
What is the possible duration if we pay $12.507 300 < x < 360
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* . The cost (in $) of sending a parcel depends on its mass (in g).  Cost Ay o
The cost is $5 for a mass less than 100 g and $2.50 for each 8 e—o
additional 100 g. e—o

=1 Draw the graph of the function which associates the mass *—0
x of the parcel with the cost y of sending it. -0
$12.50 °

send it _ [400. 500 Mass (g)
. From the top of 80 m tall building, an object is thrown Distancepd
vertically downward. The function f which associates the time (™ f
t (in s) elapsed since the start with the distance d traveled (in
m) has the rule: d = 5¢%.
-+ Represent function fin the Cartesian plane on the right.
At what time ¢ does the object hit the ground? s
+* Determine in this situation 104 .
: [0,4] [0,80] ; 3~
1. domf. 2. ranf. ol | —

. A herd presently contains 7 elephants. This herd doubles every 6 years. After how many

“ = A ball bounces to a height equal to % of the height reached with the previous rebound.

-+ What is the cost of sending a 325 g parcel? 250

 In what interval lies the mass of a parcel if it costs $15 to '
[ 0! 100

1]

‘VR

years will the herd contain 112 elephants? After 24 years

A $1000 capital is invested for 5 years at an interest rate of 10% compounded twice a year.
Determine the accumulated capital. 100011 +0.05)"% = $1628.89

The ball is dropped from a 25 m tall building. What height does the ball reach after the
sixth rebound? _1.17 m

. The monthly salary y of an employee depends on the amount SalaryAy
of sales made during the month. The function f which gives
the employee’s salary has rule:

f(x) _ 0.05x 0 < x < 40000
02x —6000  x>40000 000 J
. Represent the function in the Cartesian plane on the right. 010 500 Sales
amount (3}

" What is the salary of an employee who makes $30 000 in
sales in a month? $1500

. What is the amount of sales made by an employee who receives a salary of $47007
$53 500
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. A company wishes to do renovation work in a building  Duration 4y
in order to reduce energy costs. The renovations require 8)
a total of 20 hours.

Draw the graph of the function f which associates the
number x of employees with the duration y of the

renovations. 20
s % . . . y=-
' What is the rule of this function? x .l
+ X
} >
0] » Number of
. . T .r employees
For each of the following functions, indicate if the i
function is increasing or decreasing,
f(%) = 2x +3 Decreasing f(x) — lxz Decreasing
o f(x - [% Increasing f(x) — _;_x + ] Increasing
- flx) = (%] Decreasing Toflx) = -2% Decreasing
f [ZJ Increasing f(x) = ~5x Decreasing
: z ) ‘
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