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- CHALLENGE 6 O

Consider the figure on the right. If lines BC and DE are A

parallel, deduce the measure of angle BAC.
70° B
: /

N

E
)

60°

. The triangle ABC on the right is isosceles with A
congruent segments DB and CE. Justify the steps
- showing that angles DAB and CAE are congruent.

- 1. /ABD ~ /ACE Supplementary angles to the isosceles

- triangle’s congruent angles

2 AB ~ AC AABC is isosceles D B ¢ E
,,,,, 3 BD ~ CE Hypothesis
- 4. AABD =~ AACE Theorem of congruence SAS
% 5. /DAB =~ /CAFE Corresponding elements of congruent triangles
In the figure on the right, lines AB and CD are parallel. If A 3cm
the g e rg and p B
= mAB= 3 c¢m, mCD = 5 ¢cm and m0D = 2 cm, justify the
steps in finding the measure of segment 0A. 0 )
% 1. ZOAB ~ 20DC Congruent alternate-interior angles e
ﬁ ' - — . p T S5cm DN
2. /AOB ~ /COD Vertically opposite angles
3. AOAB ~ AODC Theorem of similarity AA
ﬁ 4 m@ _ mAB Proportional corresponding sides
] moD  mCD
i 5 mOA _ 3 — mOA — 1.2 cm
C T 5 =
- Triangle ABC and the altitude AH are represented on the
i right. Calculate the area of triangle ABC. A
£ 4
- mCH = 6.4 cm; mBC = 10 cm
= Area of AABC = 24 cm? 48 cm 8cem
! B H C
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Angles and triangles

TIVITY 9l Angles

Lines AB and CD on the right intersect at point 0.

1. Name two pairs of vertically opposite angles.
Angles AOC and BOD; angles AOD and BOC.

* >

2. Are vertically opposite angles congruent? _Yes

3. What can be said about angles AOC and BOC?
They are supplementary.

4. 1f angle AOC measures 60°, deduce the measure of the three

other angles. __m ZBOC = 120°; m ZBOD = 60° and m ZA0D = 120°

Angle AOB is a right angle. The ray 0C separates AOB into the two adjacent

angles AOC and BOC.
2B0C

1. What is the complementary angle to angle AOC?

2. If angle AOC measures 30°, what is the measure of angle BOC? _6

Lines [ and I’ on the right determine with the intersecting line ["
eight angles numbered I to 8. Name

1. two pairs of alternate-interior angles.
/3 and 25; /4 and 26

2. two pairs of alternate-exterior angles.
/1 and /7; 22 and /8

3. four pairs of corresponding angles.
/1and 25: /2 and £6; 23 and /7; /4 and /8

00

B

i

Lines [ and [ on the right are parallel and intersect line
1. What can be said about the angles that are

— alternate-interior? __They are congruent.

— alternate-exterior? They are congruent.

— C()rresponding? They are congruent.

2. Deduce the measure of angles 2 to 8 if angle 1 measures 60°.

ms2=120°m /3 =60 m /4 =120, m/5=60°;m /6 =120, m /7 = 60°; m /8 = 120°

Chapter 6 Triangles
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ANGLES
Two angles are ¢ + when the sum of their measures is 90°. .
In the figure on the right, angles AOB and BOC are complementary. B
Two angles are su wentary when the sum of their measures is 180°. 0
In the figure on the r1ght angles AOB and BOC are supplementary. A
c i B
0 A
Complementary angle theorem Supplementary angle theorem

The complementary angle@ of two congruent | | The Supplemcntary angles of two congruent

angles are angles are «
¢ ¢ B B’
B . ﬁ/é/ ﬁ/f/
0 A 0 A c 0 A c o A
ZAOB = ZA'0'B’ = ZBOC = /B'0'C’ ZAOB = ZA'0'B’ = /BOC =~ ZB'0'C’
Vertically opposite angles theorem B C
Two v« ¢ angles are ¢ |>:,<)
ZAOB = ZCOD and /BOC == ZA0D A D
Parallel lines theorem
It two parallel lines are intersected by a transversal line, then /
o 2
1. the alternate-interior angles are congruent. 374

3= /5and /4 = /6
2. the alternate-exterior angles are congruent.

Ll = /7 and /2 = /8 /68

3. the corresponding angles are congruent.
Ll = /5, /2= /6, /3= /7 and £4 = /8

Converse of the parallel lines theorem

Given two lines intersected by a transversal line, if the alternate-interior angles are
congruent or the alternate-exterior angles are congruent or the corresponding angles are
congruent, then the two lines are parallel.

© C
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4 _ Determine x in each of the following cases.

10x -8 Tx+6 Tix—6 Tx+ 18
Bx + 4+ 6

2
x=6 x =10 x=6

Tx—3 Tx+6 9x — 6 Sx + 2
20x —6
4x +8
=7

X

INETFIVITY 72 Sum of the interior angles of a triangle

o

Given triangle ABC, the line DE passing through A and parallel to

D A E
line BC is drawn. Justify the steps that show that the sum of the
interior angles of triangle ABC is equal t0 180°. 4., 010 DAE is a straight
1. m #DAB + m /BAC + m ZCAE = 180° _angle. B c

2 m /DAB =m ZABC Alternate-interior angles (line AB is a transversal through parallel
lines BC and DE).

3. m ZCAE = m Z/ACB Alternate-interior angles (line AC is a transversal through parallel
lines BC and DE).

4. m Z/ABC + m /BAC + m ZACB = 180° __Substitution in step 1.

Justify the steps proving that the acute angles in a right triangle are

complementary.

1. mZA +m 2B +m £ZC = 180° Sum of interior angles of a triangle

2. 90°+m ZB +m ZC = 180° Angle A is a right angle
3. m/ZB+mZC =90° Subtract 90° from each side

MAeTIVITY 3 Special triangles

)
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The triangle ABC on the right is isosceles with main vertex A. What can be

| &
A c
A
said about
1. the sides AB and AC? They are congruent.
2. the angles B and C of the base BC? They are congruent.
B c
A
5 A ¢

The triangle ABC on the right is equilateral. What can be said about

1. the sides of the triangle? __ They are congruent.
2. the angles of the triangle? They are congruent and each measures 60°.

Chupter 6 Triangles © Guérin, éditeur ltée



<} The triangle ABC is a right triangle in C. A
1. State the Pythagorean Theorem. __In every right triangle, the square of the
hypotenuse is equal to the sum of the squares of the sides of the right angle. c
. 2z _
2. Write the Pythagorean Theorem @° + b =¢? 3
3. State the converse of the Pythagorean Theorem. Any triangle with the c B

a
square of its longest side equal to the sum of the squares of the other two sides is a right triangle.

Triangle ABC on the right is a right isosceles triangle. Deduce
. mAB. 4em_ 2. mAC. HZem 3 ;A 45 4 moC 45

THEOREM OF INTERIOR ANGLES OF A TRIANGLE THEOREM

The sum of the interior angles of a triangle is 180°.

Determine x in each of the following cases.

e
gz° X

x = 146° x =115°

s 2%+ 10
126° fx + 15
x 6 3x 5

x =52° . x=10°

What is the median from vertex A? . 5

What does line MN represent? _ i

What does the ray BP represent? __ The bisectorof /B

Determine the measure of angle BAH if angle MOP measures 1200, 30°

In the figure on the right, lines BC and DE are parallel. If angle A
ABC measures 70° and angle GEF measures 500, find the
measure of angle A.

BK%\C
m /A = 60°
D E F
%
G
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. In the figure on the right, ABCD is a parallelogram, angle EAD

In the figure on the right, triangle ABC is isosceles and quadrilateral BFEC
is a parallelogram. What is the measure of angle BAC?
40°

measures 45° and angle DEF measures 100°. What is the measure
of angle ABC?
55°

In the figure on the right, lines DE and FG are parallel,
m/ACB = 80° and mZCIG = 120°. What is the measure of angle
CHF?

140°
~. A polygon is convex when each of its interior angles measures less than A F
180°. E
23 Find the sum of the interior angles of a convex polygon with B
1. 4 sides (quadrilateral) _360° 2. 5 sides (pentagon) 540° - 3
3. 6 sides (hexagon) . 720° 4. 8 sides (octagon) __1080°
5. 10 sides (decagon) ___ 1440° 6. nsides (n-2)180°

b1 A polygon is considered regular when all of its sides and all of its angles are congruent.
What is the measure, in degrees, of each angle in an n-sided regular polygon?
(n-2)~180°
n

Chapter & Triangles © Guérin, éditeur ltée
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Isometric triangles

A\erryITy Tl 1sometric (congruent) figures

2} True or false?

1. An isometry is a transformation that conserves the lengths of the segments and the
measures of the angles. _ True

Translations, rotations and reflections are isometries. True
. A dilatation with a ratio k # 1 is an isometry. _False
. Two figures are isometric if and only if they are associated by an isometry. _True

. Two isometric figures have the same perimeter and area. _True

7 The triangles on the right are isometric. To each element of A
triangle ABC, associate its corresponding element. D

AB— _DF__.RC - _DE . BC-— _ EF —

¢t True or false?

1. Corresponding elements in isometric figures are congruent.
True

2. In isometric triangles, all of the corresponding angles and corresponding sides are congruent.
True

ACTIVITY 72 Theorem of congruence SAS

A D

B C E F

Consider the triangle ABC.

Construct a triangle DEF such that /D =~ ZA: DE =~ AB and DF =~ AC.

Is triangle DEF congruent to triangle ABC? __ Yes

Verify your answer by comparing the corresponding elements.

Find an isometry (or a composite of isometries) that maps triangle ABC onto triangle DEF,

Varied answers

© Guérin, éditeur ltée 6.2 Isometric triangles 151



THEOREM OF CONGRUENCE SAS

. contained between corresponding congruent

Two triangles with corresponding congruent s
4 are isometric.

N

ZA

IR = | AABC = AAB'C ,P\,\ }P\,\
AC = AT
B c B ¢’

. Indicate the missing isometry to conclude that triangles ABC and DEF are congruent by SAS.

al A D by B E ¢l Ai
C
B
E
B E A D .
C F C F

D
BC ~ EF /B~ /E AB =~ DE

s

e
=

12

% . The triangles on the right have two sides of triangle ABC that are

A F
congruent to two sides of triangle DEF, and angle C is congruent
to angle F. Explain why these two triangles are not necessarily
congruent.
- B c
E

o

The angle is not between two corresponding congruent sides.

Two segments AB and CD bisect each other at point M. Justify the D
statements which prove that triangles AMC and BMD are A
congruent. ' M
Hypothesis: — M is the mid-point of AB.
— M is the mid-point of CD. B
C
Statement Justification

1. ZAMC = ZBMD Vertically opposite angles

2. MA =~ MB M is the mid-point of AB (hypothesis).

3. MC =MD M is the mid-point of CD (hypothesis).

4. AAMC = ABMD Theorem of congruence SAS.
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It is the line that passés through the mid-point of the segment and is

perpendicular to the segment.

poge

Justify the statements proving the characteristic property of a
segment’s right bisector: Any point on the right bisector of a
segment is equidistant to the end-points of that segment.

4

Hypothesis: — [is the right bisector of segment AB.
Consider the triangles PMA and PMB.

Statement Justification
1. MA = MB I is the right bisector of AB.
2. /PMA =~ /PMB The angles are right angles since I is the right
3. PM -l PM PM is a common side to both triangles.
4. APMA =~ APMB Theorem of congruence SAS.
5. PA ~ PR When two triangles are congruent, their corre
elements are congruent.

Triangle ABC is isosceles with main vertex A. If segments BD and
CE are congruent, justify the statements proving that triangles ABD

and ACE are congruent.
Hypothesis: — AABC isosceles. / ;
- BD = CE. b~ B
Statement Justification

1. ZABC == Z/ACB The angles at the base of an isosceles triangle are con
2. ZABD =~ Z/ACE The supplementary angles to two congruent angles are
3. AB =~ AC The sides meeting at the main vertex of an isosceles triang
4. BD >~ CE Hypothesis
5. AABD >~ AACE Theorem of congruence SAS.

Justify the statements proving the following theorem:

In a circle, two congruent central angles subtend two congruent chords.

Hypothesis: — A, B, C and D are located on a circle centered at 0.
- ZAOB = ZC0D

Consider the triangles AOB and COD.

Statement Justification
1. 0A >~ OB >~ 0C >~ 0D The radii in a circle are congruent.
2. ZAOB = ZCOD Hypothesis
3. AAOB = ACOD Theorem of congruence SAS.
4. AB >~ CD When two triangles are congruent, their correspondir
congruent.
© Guérin, éditeur ltée 6.2 Isometric t



A\@TIVITY 3 Theorem of congruence ASA

A D

B a C E & F
Consider the triangle ABC.

2} Construct a triangle DEF such that: EE~ BC, Z/DEF >~ ZABC and ZDFE = ZACB.

b1 Is triangle DEF congruent to triangle ABC? Yes

Verify your answer by comparing corresponding elements.

Find an isometry (or a composite of isometries) that maps triangle ABC onto triangle DEE.
Varied answers

THEOREM OF CONGRUENCE ASA

gruent corresponding

D
BC =~ EF

What is the missing isometry to deduce that triangles ABC and DEF are congruent by ASA?

O
Vm
E
B E n m
C F c F
D
/B~ /E BC = EF /Bx=/E

The triangles on the right have two angles of triangle ABC that are
congruent to two angles of triangle DEF, and side AB is congruent

A
; . . . F
to side DF. Explain why these two triangles are not necessarily
congruent.
B C b

The side is not between two congruent corresponding angles.

154 Chapter & Triangles
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©. Justify the steps proving the following theorem: A
In a quadrilateral, if a diagonal is the bisector of two opposite angles,
then this diagonal splits the quadrilateral in two congruent triangles.
Hypothesis: — BD is the bisector of ZABC.

- DB is the bisector of ZADC.
Consider the triangles ABD and CBD

© statement : ~ nstification
1. ZABD = /DBC BD is the biséctor of Z/ABC.
2. BD @ BD BD is a common side to both triangles ABD and CBD.
3. ZADB = /ZBDC DB is the bisector of ZADC.
4. AABD = ACBD Theorem of congruence ASA.

S\CTIVITY 4} Properties of a parallelogram

z} What name do we give to a quadrilateral with parallel opposite sides? __ A parallelogram

) Justify the steps proving the following property: A D
The opposite sides of a parallelogram are congruent.
Hypothesis: — ABCD is a parallelogram.
Consider triangles ABD and CDB. B c
Statement . . ~ Justification - :
1. ZADB >~ /DBC Alternate-interior angles formed by the transversal line BD
through parallel lines AD and BC.
2. ZABD =~ /BDC Alternate-interior angles formed by the transversal line BD
o through parallel lines AB and DC.
3. BD ~BD BD is a common side to triangles ABD and CDB.
4. AABD =~ ACDB Theorem of congruence ASA.
5. E e 66 and AD = BC Corresponding elements in isometric triangles are congruent.

Justify the following property of parallelograms:

A D
The opposite angles of a parallelogram are congruent.
* Since triangles ABD and CDB are congruent, the opposite angles A and C
are congruent since they are corresponding elements in isometric triangles.
B C
A D

%

* To prove that angles B and D are congruent, you must prove that
triangles ABC and CDA are isometric (same method as above).

<} Jusitfy the steps proving the following property:
Consecutive angles of a parallelogram are supplementary.

Let x and y represent the measures of angles A and B. B C
Statement T ustifition. =
1. mAA=m ZC =x Opposite angles of a parallelogram are congruent.

2. miB=m/D=y Opposite angles of a parallelogram are congruent.

3. mZA+m /B + The sum of the interior angles of a parallelogram is 360°.
m /ZC 4+ m /D = 360°
2x + 2y = 360° Substitution.

5. x+y=180° Divide each side by 2.

© Guérin, éditeur ltée 6.2 Isometric triangles 155




, is any quadrilateral with parallel opposite sides.

Definition: A p

e} Justify the steps proving the following property: A D ‘
The diagonals of a parallelogram bisect each other. - 1B
Hypothesis: — ABCD isa parallelogram. i - R

Consider the triangles ADI and CBL B c - B

: i S : T S sz e 7-

Statement | Justification - - '

1. /DAl = /BCl Alternate-interior angles formed by the transversal line o
AC through parallel lines AD and BC. -

wZ /ADB =~ ZDBC Alternate-interior angles formed by the transversal line BD through w.
parallel lines AD and BC. - l

3. AD =~ BC Opposite sides of a parallelogram are congruent. ' '
4. AADI~ ACBI Theorem of congruence ASA. - '
5. 1A = IC Corresponding elements in isometric triangles are congruent. - l
6. 1B D Corresponding elements in isometric triangles are congruent. - I
PARALLELOGRAMS :

Properties: In a parallelogram, -
+ the opposite sides are congruent. -
» the opposite angles are congruent. ~
+ the consecutive angles are supplementary. -
« the diagonals bisect each other. -
A E D -

. In the parallelogram on the right, E and F are the respective mid-
points of sides AD and BC. Justify the steps proving that triangles -
ABF and CDE are congruent. .

B “F c -

Statement ~ Justification

1. AB = CD The opposite sides of a parallelogram are congruent.

> /ABC = /ADC  The opposite angles of a parallelogram are congruent.

3. BF = DE BF and DE are each mid-points of congruent segments, with

AD and BC being congruent because they are opposite sides of a
parallelogram.

4. AABF =~ ACDE Theorem of congruence SAS. ' ~
e
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Consider the triangle ABC,

B + c
Construct a triangle DEF such that DE >~ AB, EF = BC and DF ~ AC.
&} Is triangle DEF congruent to triangle ABC? _Yes

Verify your answer by comparing corresponding elements,

Find an isometry (or a composite of isometries) that maps triangle ABC onto triangle DEF.

Varied answers

THEOREM OF CONGRUENCE SSS

¢ Two triangles with all corresponding congruent sides are isomet e

AB ~DE , A D
BC ~ [T = | AABC =~ ADEF

AC >~ DF

Justify the steps proving the following theorem:
In a circle, two congruent chords subtend two congruent central angles.

—_— — B
Hypothesis: — AB ~ CD 0
Consider the triangles AOB and COD. c
Statement Justification
1. 0A ~ 0B ~0C ~ 0D The radii of a circle are congruent.
2. AB =~ CD Hypothesis.
3 AAOB >~ ACOD Theorem of congruence SSS.
4. ZAOB =~ /COD Corresponding elements in isometric triangles are congruent.
© Guérin, éditeur ltce 6.2 Isometric triangles 157



T 2. Two circles centered at 0 and (' intersect each other at two
points A and B. Justify the steps proving that angles 0A0’ and A
OB’ are congruent.

Hypothesis: — 0 and (/ are the centres of two distinct circles. 0 v
— A and B are the intersection points of the two 5
circles.
Consider the triangles 0A0’ and OB0'.
statement gf ‘ Justification
1. OA ~ OB m';he radii of tl:: circle centered at O are congruent.
2. O'A = 0B The radii of the circle centered at O are congruent.
3. 00" = 00 Common side to triangles 0AQ’ and 0BO’
4. ACA0 = AOBY Theorem of congruence SSS.
5. ZOA(Q = Z0OBY Corresponding elements in isometric triangles are congruent.

=+ In each of the following cases, indicate whether there is sufficient information or not to prove
that the triangles are congruent. If yes, indicate the theorem of congruence that applies.

DL N

Yes, ASA Yes, SAS Yes, S§S
No No Yes, ASA
Yes, ASA or SAS Yes, SAS or SSS

158 Chapter 6 Triangles © Guérin, éditeur ltée



o o N 5 7 o = b 4 | : 9 3 [
N k7 b SRR k A g ¢ A A K & = k- - i i ki Vi

o

T4. 2) Whatis a parallelogram with right angles called? _A rectangle A D

g
ot
g

i Justify the steps proving the following property:
“The diagonals of a rectangle are congruent”

. B C
Hypothesis: — ABCD is a rectangle.
Consider triangles ABC and DCB.
statement - % L Justification
1. AB~DC The opposite sides of a rectangle are congruent.
2. BC ~BC BC is a common side to both triangles ABC and DCB.
3. ZABC ~ /DCB ZABC and Z/DCB are both right angles and therefore congruent.
4., AABC ~ ADCB Theorem of congruence SAS.
5. AC ~ ~ DB Corresponding elements in isometric triangles are congruent.
T 5. Justify the steps proving the following property: A b
“The mid-point of the hypotenuse of a right triangle is equidistant to 0
all three vertices”
Hypothesis: — ABCD is a rectangle. B c
Consider the rectangle ABCD and the r1ght trlangle ABC
Statement ‘ Justification
1. mKC_: - mBD The diagonals of rectangle ABCD are congruent
(property).
2. mOA = mOC et mOB = m0D | The diagonals of a parallelogram bisect each other
(property).
3. mOA = mOC = mOB = mOD Consequence of steps 1 and 2.
0 is equidistant to A, B and C. mOA = mOC = mOB (step 3)
- . . ) A
¢ 2. Justify the steps proving the following property:
“ . . . . 5 N . M
The mid-points of any quadrilateral’s sides are the vertices of a g
parallelogram”. B D
Hypothesis: — M is the mid-point of AB and N is the mid-point of BC. N
— Pis the m1d pomt of CD and Q is the mid-point of AD. c
Statement | . Justification - *
1. MQ//BD Segment MP joining the mid-points of two sides of AABD is parallel to
the 3rd side (property).
2. NP/BD Segment NP joining the mid-points of two sides of ABCD is parallel to
the 3rd side (property).
3. K/i@//‘ﬁ? Transitivity (see steps 1 and 2).
MN //AC Segment MN joining the mid-points of two sides of AABC is parallel to
the 3rd side (property).
5. Q?//AC Segment QP joining the mid-points of two sides of AACD is parallel to
the 3rd side (property).
6. MN //‘Qﬁﬁ Transitivity (see steps 4 and 5).
/. MNPQisa The opposite sides are parallel. MN//NP (step 3) and MN//QP (step 6).
parallelogram.
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Similar triangles

Mesuyrry 1 Proportions

a} Complete. -Zi:i; & ad = be

Find the value of x in each of the following proportions.

X_3 x=12 2. 25_x  xo5 3. 32 x=75
2 5 3 6 X 5 ’
¢} Complete
a _ ¢ d £ 2 a_c¢ a b 3 4_¢ b 4
_— T L= ; — T — d R —_— = e = L —
b d by b d e b d . e
&1 Complete
a_c¢c_a+c a — ¢ __ ma + nc
b d b+d b-d mb + nd
PROPORTIONS

S

“A proportion consists of two equal ratios.
. ¢ a and d are the end terms.
LE == is a proportion. b and ¢ are the middle terms.
I

This proportion indicates that the two ratios —b~ and < - are equal to the same number k called

11 5s§ 3"“/‘ t?i§% ’i? 35 ;

0.3

Ex.: The proportion == 07— ~7§ indicates that the ratios 8—3: and ]—2— are equal. The coefficient of

proportionality is equal to 0.75.

* In a proportion, the ;

15 is equal to the o

% = % & ad = bc
EX%—3 -13-<:>03><2—15><O4
¢ Using the proportion 7‘?‘- = ~j—, we obtain a new proportion
£
by switching the » copd_c
d I7 a
— by switching the = —f a_ b
d ¢ d
— byin o the ratios: 4 = £ . b _ d
b d a ¢
= Property: a_¢c_a+c_a—c_ ma+ nc
pery b d " bvd b=d mbind

160 Chapter 6 Triangles
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X3 x=2.5 x=75 o 2o X x=3
2 4 Y345

sy 2x+1 3 x=25 x=7 e 2. 3 x =235
4 2 30 x+1

ACTiyrTy 2 similar figures

z1 True or false?
1. When two figures are similar, the corresponding angles are congruent and the
corresponding sides are proportional. _True

2. A similarity transformation transforms a figure into a similar figure, __ True

(o

. A dilatation transforms a geometric figure into a similar figure. True

4. A dilatation, or any composite transformation of an isometry with a dilatation, is a similarity
transformation. _True

The triangle A’B’C’ on the right is the image of triangle ABC 0! A A

by the dilatation centered at O with a ratio of 2.

1. Associate each element of triangle ABC with its 8 C
corresponding element.
LA — LA ; B— 4B LC— 4O B’ c

AB — AB ;A&E—-» AC ’E‘Ga B C

Are the corresponding angles congruent? __ Yes

Are the corresponding sides proportional? __ Yes

Are the trianglesABC and A’B/C’ similar? _ Yes

Is every side in the triangle’s image 2 times as big as its corresponding side in the initial
triangle? Yes

U W N

SIMILAR FIGURES
it

Two geometric figures are s
— they have the same shape;

— the corresponding angles are congruent;
— the corresponding sides are proportional.

The =« actor k, or coefficient of proportionality, is equal to the ratio of the measures of two
corresponding sides.

Ex.: Triangles ABC and A’B’C’ on the right are similar. C c’
- A=A, B=/B,LCx2C
_mAF AT B )\ ka

mm N mf_\Tf h mﬁ‘C- ¢ B
— k is the scale factor. AR (
— We write: AABC ~ AA'R/C’. B

© Guérin, éditeur ltée 6.3 Similar triangles 161



« A similarity sransformation is any geometric transformation that transforms a figure into a
similar figure. Any dilatation, isometry or composite transformation with an isometry and a
dilatation is a similarity transformation.

The similarity transformation of ratio k is:
_ areductionif 0 <k < 1;

_ anisometryifk=1;

_ an enlargement if k > 1.

% _ Triangles ABC and A'B’C’ on the right are similar. Deduce the following
measures. .
m/A 60 b) msB 7% ¢ msCZ

':%
1y m! 56cm 3 i~ 7.6 cm

g

[

o

%

B’ 68cm c

% . Explain why rectangles 1 and 2 on the right are not 6 cm
similar.
6 .3 . . . 2¢cm @
6 . 3 The ratio of the lengths is not equal to the ratio 3cm @
I D S
_ofthewidths.
&. a) Explain why rectangles 1 and 2 on the right are 3¢m 6 cm
similar. yem| @
The corresponding angles are congruent. 3 4em ®
6_4
The corresponding sides are proportional. 37 3.
1
b) What is the scale factor? __ 20r53 _ S
= . P, =10 cm; P, =20
¢} Verify that P _ o omi T2 om
1. the ratio of perimeters is equal to the scale factor.___ = Py § _
A =6cm ;A2—24cm2
A
Ar_g-22
5> the ratio of areas is equal to the square of the scale factor. __ A _
. True or false?
a) Two rectangles are always similar. False
b} Two squares are always smilar,  Twe
¢} Two circles are always similar. True
d) Two isosceles triangles are always similar. False
e} Two equilateral triangles are always similar. True o _
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In each of the following cases, indicate if the given figures are similar.
4 6 b}

~. Determine the value of x in each of the following cases, given that the figures are similar

6
4

ACTIVITY 3 Theorem of similarity Aa

Consider the triangle ABC.

Construct a triangle DEF such that /D =~ /A and
ZE = /B.

1. Verify that the corresponding angles are
congruent. _Yes, /F~ /C

———

2. Verify that the corresponding sides are proportional, B
that is to say MPE _ mEF _ mDF

mAB  mBC  mAC’
Is triangle DEF similar to triangle ABC?  Yes

Find a similarity transformation that maps triangle ABC onto DEF

. » translation t which maps vertex A onto vertex D followed by the

© Guérin, éditeur ltée
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! THEOREM OF SIMILARITY AR *

+ Two triangles with two corresponding congruent angles are similar. A D .
ZA=4D o | AABC ~ ADEF ‘ BQC ;
/B~/E

A D

€. In the trapezoid ABCD on the right, diagonals AC and BD are drawn )
intersecting at [. 1
Justify the steps proving that triangles AID and CIB are similar. \

Hypothesis: — ABCD is a trapezoid..

_ statement _ Justification | . | \
1. AD// BC ABCD is a trapezoid (hypothesis).

2. /ADI ~ /IBC Alternate-interior angles formed by the transversal line BD through
- parallel lines AD and BC.

3. ZAID =~ /BIC Vertically opposite angles.
4. AAID ~ ACIB Theorem of similarity AA.

€. In the figure on the right, lines AB and CD are parallel.
Justify the steps proving that triangles OAB and OCD are similar.

Hypothesis: — AB//CD
§ Statement ; § Justification

e o B A s R R S e

1. /OAB =~ /O0CD | Alternate-interior angles formed by the
transversal line AC through parallel lines
AB and CD.

2. /OBA ~ 20DC Alternate-interior angles formed by the
transversal line BD through parallel lines
AB and CD.

3. AOAB ~ AOCD | Theorem of similarity AA.

NCTFIVITY 4} Theorem of similarity SAS

Consider the triangle ABC. 0
) Construct a triangle DEF such that ZD & ZA,
mDE = 2 x mAB and mDF =2 x mAC,

b} Verily that

1. the corresponding angles are congruent.
Yes, /E~ /B and /F= /C

Yes, mQE= ml_z_ﬁ=mp_’:_=2
mAB mBC mAC

2. the corresponding sides are proportional.
Yes

¢y Is triangle DEF similar to triangle ABC?
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<} Find a similarity transformation that maps triangle ABC onto triangle DEF.
Varied answers. For example, a dilatation centered at 0 with scale factor 2. (0 is the intersection

of lines AD and BE).

THEOREM OF SIMILARITY SAS

Two triangles with Lorrespondmg
corresponding sicies -

LA = LN
i - ¢ b
mAB _ mAC = | AABC~ AAB'C/ 8 ¢ kb

In the figure on the right, the measures are in cm.

1 Justify the steps proving that triangles ABC and ADE are similar. A

» contained between two

Statement Justification
1. ZBAC = /DAC . Common angle to both triangles.

S— 36 39
mAB még 24 _26_ 0.4

"mAD  mAE 6 65
3. AABC ~ AADE Theorem of similarity SAS. D E

i} Deduce the measure of side BC.

mBC =0.4= mDE=7 c¢m
mDE

In the figure on the right, we have: o
mAB = 2.4, mAC = 3.6, mAD = 4.8 and mAE = 7.2.

Justify the steps proving that triangles ABC and ADE are similar. A4
C 7.2

Statement Justification o £
1. /BAC =~ /DAE Vertically opposite angles. '
2. mAB_ mAC | 24_s6_1 48
mAD  mAE 48 72 2

3. AABC ~ AADE Theorem of similarity SAS.

ACTIVIETY 'S Theorem of similarity SSS

Consider the triangle ABC.

Construct a triangle DEF such that mDE = 2 x mAB,
mEF =2 x mBC and mDF =2 x mAC.

Verity that
1. the corresponding angles are congruent.
Yes, /D>~ /A, /E= /B and /F>~ /C

Voo MDE _ mEF _ mDF _
2. the corresponding sides are proportional. __ mAB__mBC mAC
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Is triangle DEF similar to triangle ABC? Yes

3 Find a similarity transformation that maps triangle ABC onto triangle DE
For example, a dilatation centered at 0 with scale factor 2. (0 is the intersection of lines AD

and BE).

F Varied answers.

THEOREM OF SIMILARITY SSS

. | i ‘;vr aﬁ}» ~
108 are siunnar.,

s Two triangles with corresponding proportic

mA'B _ mBC' _ mAC ABC ~ AAB'C! A
mAB mBC mAC AABC - © ZX
B c

. Show that the following triangles are similar. A D
mE—E‘=mEF=mE=§j 24 2.8 42
mAB __mBC__mAC _ 2 5 83-5 '
The triangles are similar by the theorem of similarity SSS. 3.6

E 54

F

% %. In each case, indicate which theorem of similarity can be used to prove that the triangles are
similar. Justify your answer.

m |
42
B C E Zm
Res—¢ 3 F
/B~ /Eand /C= /D /A=~ /E and mAC - mAB _ 2
mCE mDE 3
= AABC -~ AAED (AA) = AABC ~ AECD (SAS)
<} A o} A
D D
44 4.8
B
B 5.2 ¢ E 39 F
E — — —
. . AB _ mBC _ mAC _ 4
. —~ S t m £ = =
/ACB = /DCE (vertically opposite) ——F~ mEF _ mDF 3

ZABC == /CDE (hypothesis) = AABC ~ ADEF (58S8)
= AABC ~ AEDC (AA)
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Consider triangle AB

Solving geometric problems

ACTIVITY | Parallel line to a triangle’s side
Consider triangle ABC,

Draw a line parallel to BC which intersects side AB at point M and side M N

AC at point N.

Justity the steps proving that triangles AMN and ABC are similar.

Hypothesis: - MN//BC

Statement

Justification

1. ZMAN =~ /BAC

Common angle to both triangles.

2. ZAMN = /ABC

Corresponding angles formed by the transversal AB through parallel
lines MN and BC.

3. AAMN ~ AABC

Theorem of similarity AA.

Hypothesis: — M is the mid-point of AB.

ACIJ}/JJ‘/ 2 Segment joining the mid-points of two sides in a triangle

Cand segment MN joining the mid-points of sides AB and A

@) Justify the steps proving that triangles AMN and ABC are similar. M N

— N is the mid-point of AC.

Statement

Justification

1. ZMAN = /BAC

Common angle to both triangles.

2 1’nm . mm 1

mAB mAC 2

M is the mid-point of AB (hypothesis) and N is the mid-point of AC
(hypothesis).

3. AAMN ~ AABC

Theorem of similarity SAS.

Explain why segments M

N and BC are parallel.

Statement

Justification

Triangles AMN and ABC are similar, therefore the corresponding angles
dare congruent.

2. MN//BC

Converse of parallel lines theorem since the corresponding angles AMN
and ABC are congruent.
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<} E\tplam why segment MN is hahc the measure of segment BC.

g

e

? - statement '*?V ‘ o Justlﬂcatlon -

m/\M B mAN mMN Triangles AMN and ABC are sxmxlar, therefore the correspondmg

1. mAB  mAC  mBC sides are proportional.
mAM _ 1
3. mBC =2 x mMN mi

M is the mid-point of AB (hypothesis)

2z

{by transitivity)

o}
N [

PARALLEL LINE TO A TRIANGLE’S SIDE

» Any line parallel to a triangle’s side determines two similar triangles. A

DE//BC = AADE ~ AABC D /\ E
B/ N

SEGMENT JOINING THE MID-POINTS OF TWO SIDES IN A TRIANGLE

+  Any segment joining the mid-points of two sides in a triangle is pa

to the third side and is half the measure of this third side. :
M is mid-point of AB MN//BC
and = - L
N is the mid-point of AC mMN = —% mBC
T . In the figure on the right, we have: MN//BC.

_n_t/_\_ﬁ mMN
21 Complete. mAM _ ac  — mBe /\
) mAB
51 IfmAM= 5.2 cm, mAB = 7.8 cm, mAC = 9.3 cm and mBC = 6.45 cm,
find, to the nearest tenth, M N

1. mAN._6.2cm 2. mMN.___4.3cm

B C

' ﬁ%%& In each of the following cases, lines AB and CD are parallel. Find the value of x.

3 A é A M A
%\ C X D v M
3C D - 36 C 10 D C X D -
B 42 C

x=8 - x=13 x=4

x=2.8
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_ In the figure on the right, points M and N are the respective mid-points of
sides AB and AC.

If mBC = 4.8 cm, find mMN. 24cm
o1 Ifm ZABC = 60° and m ZACB = 45°, find

™
1. m ZAMN._60° 2. m ZANM. __45° B 48em C
£.. Determine x knowing that triangles ABC and AED are similar. A
mAB _ mAC _ x+3 _ 2x+ 2 B i X
mE—mE’ " -x+1$x2—2x—3—0;x-—3 x4+ 1 E
D x+2
i
B C
2. Lines AB and CD on the right are parallel. NA B
We have mOA = 2 cm, m0OD = 3 cm and mAB = 4 c¢m. Calculate
mCD. 0
mCD =6 m
. C D
. Triangles ABC and DEF on the right are similar. Calculate the A
perimeter of triangle ABC.
‘ 3x +2
x+4_3xt2 (4 d)x+2) = (3x+2)(x + 1) x4
x+ 1 x + 2
2x?-x~-6=0;x=2 B Sc+4 C
mAB = 6; mAC = 8; mBC = 10 D
Perimeter of AABC = 24 units - x+1 x+1
o E F
- Using similar triangles, find the height of the tree on the right
' given the indicated measures made by an observer.
7.5 m
15m
1\ 12m
Observer 15m i
In the figure on the right, trapezoid ABDC is similar to trapezoid A 4cm B
CDFE. Determine the length of side AC. x/ \
C D
2cm
3 cr/ \
E 9cm F
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In the figure on the right, transversal lines L, and L, are intersected by
parallel lines A} A,, BB,,C,C,, ...

Justify the steps that prove the transversal lines are separated into
corresponding segments of proportional length.

o

 Statement '

o=y

AOAIAZ ~ AOB]BZ LineA A, is parallel to side BB, of the triangle OB,B, and determines
two similar triangles 0A A, and 0B B,.

m()l_c _ mbA,

2. The sides of two similar triangles are proportional.
m0B, mOB,
; m(“)‘/?;l mﬁﬁl mOB, — m(‘)—A_] mA B, g Switch the middle terms.
. = = — Property of proportions
mOA, @ mOB,@ mOB, —~ m0A, mA,B, ® Reduction
4. AOBIBZ ~ AOCICZ Line B,B, is parallel to side C,C, of the triangle 0C,C, and determines
two similar triangles OB,B, and 0C,C,.
5 mQEI_ = mOB, The sides of two similar triangles are proportional.
T om0C,  m0C,
6 mO_B_l_ — mf)_c_x . m0C, —m0B, _ mB C, - Sgme justification as 3.
" mOB, m0C, m0C,-m0B, mB,.C,
7 mA B, mBC, From the proportions m0B, _ m2:B1 (see 3) and

mA.B, mB,C, mOB, mA,B,

OB, B,C AB B,C
Mo =0 {see 6), we deduce Mo = M2y
mOB, mB,C, mA,B, mB,C,

3

THALES’ THEOREM — TRANSVERSAL LINES INTERSECTED BY PARALLEL LINES

Two transversal lines intersected by paraliel lines are
separated into corresponding st

. of proportional

A, A//BB,//C,Co//D Dy/1...

4 0 L,
mA B, mBC ~— mCD B - AZ\ BA CKD;\

mA,B, mB,C, mCD,

170
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A

2. In the figure on the right, segments PQ, RS and TU are parallel. M
Complete each of the following proportions.

)

. mMP _ mRT . mPR_nRT b a
YOMO mSU U mOS msu
s mMP . mMQ o mi’—i _ mQS R S
7 mPR mQS " mRT  mSU
T U

- Determine the value of x in each of the following cases knowing that lines AB, CD and EF are
parallel. The measures are in centimetres.

&%

é«&é fs«?‘j’ A B
x 6
c D
8 3x
B D 3F E F
B ——
Z / \
x=3.75cm x=7.8cm x=4cm

« In the figure on the right, lines AB, CD, EF and GH are parallel. Apdem €, |E128cm,6

7

The trapezoids ABDC and EFHG are similar and segments BD
and CE are congruent. Find the measure of segment FH.

19.2 cm

~. In the figure on the right, transversal lines are intersected by

parallel lines.
. c
a; Complete. b
a__b —a+tb _bic_a+b+tc 2

_c
-

a b a+b b +c a+b +c¢ - -
2} Caleulate b and ¢ ifa=2.4;b=12:c=3.6and a’ = 3. - NN N

'"=1.5and ¢ = 4.5
& fa=9,b=6;c=12anda’ + b + ¢’ = 36, calculate
1. a'. 12 2. b._8 3. ¢._16 -
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Metric relations in a right triangle

@Iy 51 Metric relations

— A
Triangle ABC is a right triangle in A. AH is the altitude from vertex A.
at 1. Justify the steps showing that triangles BAC and BHA are
similar.
B H c
Statement ‘ Justificatioon.

R R i

1. /BAC =~ /BHA | The angles are right angles.
2 /ABC =~ /ABH . Common angle to both triangles.
3. ABAC ~ ABHA | Theorem of similarity AA.

2. Explain why (mﬁ?\)z — mBH x mBC.

— s 2 e ==
mBA _ mBC __ (,BA)" = mBH x mBC
mBH mBA

By 1. Jusufy the steps showmg that trlangles BAC and AHC are similar.

statement - _ Justification
1. /BAC ~ /AHC | The angles are right angles.
5 /ACB ~ /ACH | Common angle to both triangles.
3. ABAC ~ AAHC | Theorem of similarity AA.

2. Explain why (mCA) — mCH x mCB.

mBC _ mAC _. (A€)" = mAC x mBC
_‘mAC___mHC B

¢y 1. Explain why triangles BHA and AHC are similar.
~_‘Since ABHA ~ ABAC (see a) and ABAC ~ AAHC (see b), we deduce by transitivity that

ABHA ~ AAHC.

2. Explain why (mﬁ)z — mBH x mHC.

mBH _ mHA = (mAH) —mﬁﬁ%m_ﬁa
mAH mHC B

41 Express the area of triangle ABC in two d1fferent ways and deduce that
mAB x mAC = mAH x mBC.

et Given (mBA /\) — mBH x mBC and (mC/\) — mCH x mCB, prove the Pvthagortan Theorem.

By adding the same sides of the two equations, we obtain:

(mBA) + (mAC). = mBH «mBC + mCH < mBC = mBC| \mBH + mCH| - B

= mBC «mBC = \mBC,» .
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I\ETIVITY 7 Geometric mean

The =+ 1 of two numbers a and b is the number x such that x = © f b
Ifa =2 and b = 8, calculate their arithmetic mean. 5
The u: .+ of two numbers a and b is the positive number x such that
x? = ab.
If a = 2 and b = 8, calculate their geometric mean. 4
METRIC RELATIONS IN A RIGHT TRIANGLE
Given aright tnangle ABC and the altitude AH from vertex A
A, BH is the « 0 ction of side BA onto the
h} potenuse BC.
CH is the ¢ .+ of side CA onto the
hypotenuse BC. 8 ; c
Each «i¢ tri : between its p n onto the hypotenuse

- of the right angle is the

and the

mBA- = mBH x mBC
mCA~ = mCH x mCB

The «i1

= is the geometric mean of the projcciions of the sides onto the hypotenuse.

mAH2 = m}—{ﬁ %« mHC

The product of the sides of the right angle is equal to the product of the hypotenuse and the
altitude.

Hlﬁ X Iﬂ?\E = ITlm X IT]E

84
x=09;,y=16;z=2 z=7.2;x=324;y=5.76; x=378,v=672

h =432 h=5.04
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y=28;2=126;x=2.1 ) vy=3.84; h = 2.88 ~ y=512;x=2.88
x=3.6;1t=48 z=4.8
2. In the given right triangle, we have: mBC = 50 cm and mAH = 24 cm. B
a) Calculate mBH and mCH. H

mBH = x; x(50 -x) =24%; x = 18 mBH = 18 cm; mCH = 32 cm

k) Deduce mAB and mAC. A c
mAB = 30 cm; mAC =40 cm

%. ABCisaright triangle in A and AH is the altitude from vertex
A Calculate the missing measures in each of the following

Cases.
a) b=3.6cmandc=48cm B} h=54cmand b=9cm
h=288cm m=384cm n=216cm c=6.75cm, m=4.05cm,n=72cm
¢} h=3.6cmandn=48cm di m=4.5cmand h=6cm
c=45cm b=6cm m=27cm n=8cm,c=7.5cm,b=10cm

. Consider the right triangle ABC, the altitude AH from vertex A, the right B
triangle AHC and the altitude HI from vertex H.
[f mAC = 6 cm and mAB = 8 cm, use the metric relations to calculate x,

y, z,t, u and v. "
x=48cm;y=64cm;z= 36cm:;t=384cm;u=288cm;v= 2.16 cm

x z
u
1 v
A 1 c
% . Triangle ABC on the right is an isosceles right triangle in A. Let /i represent
the length of the altitude AH. Express, in terms of h, B
A c

The right triangle ABC on the right is inscribed in a circle with centre 0.
If mAC = 6 cm and mAH = 4.8 cm, calculate the area of the shaded
region to the nearest tenth.

mHC = 3.6 cm; mBC = 10 cm; radius = 5 cm.

Area of the circle = 25x cm?; Area of AABC = 24 cm?

Area of the shaded region = i%{;—‘” - 24% cm? = 15.3 cm?
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" Evalucition 6

. In the figure on the right, we have: b I
BC//FG, m /BAC = 80° and m ZACH = 120°. \B ) )
What is the measure of angle ABE? 140 ES e M

F

/N

In each of the following cases, indicate whether the given information is sufficient or not
to prove that the triangles are congruent. If yes, indicate the theorem of congruence that

BADANALD

Yes, ASA Yes, SAS Yes, §SS

- In each of the following cases, indicate whether the given information is sufficient or not
to prove that the triangles are similar. If yes, indicate the theorem of similarity that applies.

1.2 1
24
16 15
1.2
32

18
Yes, SAS
1 1.2
15 18 i E
14
21
Yes, SS8 Yes, AA
In the parallelogram ABCD on the right, diagonal AC is drawn. A D
Justify the steps showing that triangles ABC and CDA are
COngruent.
Hypothesis: — ABCD is a parallelogram. B ¢
Statement Justification
1.AC = AC Common side to both triangles.
2.AB = CD The opposite sides of a parallelogram are congruent.
3. AD = BC The opposite sides of a parallelogram are congruent.
4. AABC =~ ACDA Theorem of congruence SSS.
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5. The two trapezoids on the right are similar.
What is the perimeter of the large trapezoid?

54.1 cm

G. In the figure on the right, we have: BC//DE, mAB = 2.5 cm,
mAE = 4.5 cm, mAD = 3.6 cm. Justify the following steps in
finding the measure of AC.

Consider triangles ABC and AED.

&

Statement ‘ ‘ ~lustification
1. ZBAC = ZEAD Vertically opposite angles.
2. ZABC 2z ZAED Alternate-interior angles formed by the transversal line
BE through parallel lines BC and DE.
3. AABC ~ AAED Theorem of similarity AA.
4 mAB _ mAC The cort:esponding sides of two similar triangles are
" mAL  mAD proportional.
5 Z_§ _ mAC . mAC — 2 em 2 cm. Finding the missing term in a proportion.
4.5 3.6
7. In the figure on the right, we have: A
- DE//BC, mDE = 3 cm, mBC = 7 cm and mEC = 4 cm. x
Justify the following steps in finding the measure of AE. Df— E
cm
4cm
B 7cm C
; Statement 1 Justification .
1. AADE ~ AABC Any segment parallel to one side in a triangle
determines two similar triangles.
DE  mAL The corresponding sides of two similar triangles
2. 02 = are proportional.
mBC  mAC
3 3% 3 ]2=Txx—23 Finding the missing term in a proportion.
T T x+4 T DA
Side AE measures 3 cm.
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Triangle ABC is isosceles with main vertex A and the segments A
| ’ BD and CE are congruent. Justify the steps proving that triangle
- ADE is isosceles.
i Hypothesis: - AABC isosceles.
| - BD =CE. ,, )
[ Consider triangles ABD and ACE. D B ¢ E
[ 5 Statement ; Justification
[ 1. ZABC ~ ZACB The angles at the base of an isosceles triangle are congruent.
r@;,; 2. ZABD =~ ZACE The supplementary angles to two congruent angles are also congruent.
i 3. E_ﬁ ’:—C"E By hypothesis. ’
[ 4. AB o~ AC Triangle ABC is isosceles with main vertex A.
[ o 5. AABD ~ AACE Theorem of congruence SAS.
I . 6. AD >~ AF Corresponding elements are congruent.
[ f 7. AADE is isosceles.  Sides AD and AE are congruent (definition of an isosceles triangle).
: - In the figure on the right, triangles ABC and CBD are similar. A
H— Find the perimeter of triangle ABC, to the nearest hundredth.
[ _ 25.82 cm dem D
l — 4dcm
I - B C
| - In the figure on the right, rectangles ®, @ and ® are A B ¢
I ot similar. bem| @
e . . G H
[ - Determine the perimeter of rectangle ACDF. ©)
| - 77 cm Jem| @
| - F E D
I - ABC is a right triangle in A and AH is the altitude from vertex A
| A. Calculate the missing measures.
- b=18 c=24 h=144;m=192;n=108;a=3 c b
= \»«—k — Oy — . h
| h—108 b—18 c=135:m=81;n=14.4;a=225
e L m_h 0
| U h=18 n=24 a=375;b=3;c=225m=135 B H C
| =18 n—372 h=24;a=5:b=4;c=3 a
I — et 4—25 m—09 <€=15:h=12:b=2;n=16
|-
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