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CHALLENGE 1

. Writeasa prbduct of factors.

a) 6x2— 11lx— 10 (3x + 2)(2x -5)
b} 16x2—9 (4x + 3)(4x - 3)
<) 2x+3)2 - (5x — 1)? (7x + 2)(-3x + 4)

d) 154 - 9ac + 10ab — 6bc__(3a + 2b)(5a - 3¢)

- 2 el el . - N - .
2. Simplify the rational expression 2-=2X=3 ,fter indicating the restrictions on the
P p PR g
variable x.
2x - 3
2x -1

3a+2b 3a—2b
%. Calculate =22 — =¢ ,
3. Calculate 3020 3a+2b

& . The volume of the rectangular based prism on the right is |
given by V. = 12x3 — 8x% — 3x + 2. If the height of the ;
prism is equal to 2x — 1, determine the dimensions of the ! % — 1
prism'’s base. '

(2x + 1) and (3x - 2) e ?

5. Determine the set of all real numbers greater than their square.

All real numbers between 0 and 1.

©. A projectile is thrown upward from a cliff bordering a river. The height 4 (in m tres)
of the projectile from the wn‘rer level as a function of time t (in seconds) since it was
thrown is given by h = —12 + 10t + 11

@) At what point in time, during its descent, is the projectile at a height of 35 m?
At t = 6 seconds

b} At what point in time does the projectile enter the water?
At t = 11 seconds

© Guérin, ¢diteur ftée Cha”enge 1 3



Polynomials

ACTIVITY ] perimeter and area of 2 rectangle

x-2

a} Let P(x) represent the perimeter of the rectangle on the right.
1. Determine P(x). 10x + 2 2x + 3
2. What is the degree of P(x)? 1

B) Let A(x) represent the area of the rectangle.
1. Determine A(x). 6x* + 5x- 6
2. What is the degree of A(x)? 2
¢) Determine the perimeter and area of the rectangle when x = 2 ¢m,

1. after calculating the dimensions of the rectangle. Perimeter = 22 ¢m; Area = 28 cm?
2. by evaluating the polynomials P(x) and Alx). P(2) = 20; A(2) = 28

ACTIVIFY 2 Total area and volume of 2 prism

a) Let Alx) represent the total area of the prism on the right.

1. Determine A(x). 16x* + 8x - 2 : X1
2. What is the degree of A(x)? _2 b .

b) Let V{x) represent the volume of the prism. i 21
1. Determine V{x). P+ A -x-1 2ot

2. What is the degree of V(x)? 3

¢} Determine the total area and volume of the prism when x = 2 cm,
- . . . . = 2, =
1. after calculating the dimensions of the prism. _ Total area = 78 cm?; Volume = 45 cm?

2. by evaluating the polynomials A(x) and Vix). _A(2) =78 V(2) = 45

POLYNOMIALS

* A monomial in x is the product of a real number by a non-negative integer power of the
variable x.
Ex.: —3x? is a monomial with coefficient =3, variable x and exponent 2.
% Is not a monomial, since —;~ = 5x7!, the exponent -1 being negative.

* The degree of a monomial ax” is equal to the exponent n of the variable x.
Ex.: The degree of —3x2 is equal to 2.

¢ Certain monomials have more than ene variable. In that case, the degree of a monomial with
many variables is equal to the sum of the exponents of the variables.

Ex.: The degree of the monomial —3x°y* is equal to 3.

4 Chapter 1 Algebraic Expressions © Guérin, éditeur Itée
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* A polynomial in x is monomial in x or a sum of monomials in x.

Ex.: P(x)=3x> — 2x + 4 is a trinomial in x {sum of 3 monomials).

Q(x)= 5x% — 2x is a binomial in x (sum of 2 monomials).
Generally, we order the monomials of a polynomial in decreasing order of the powers of the
variable.
+ The degree of a polynomial, once reduced, is equal to the degree of the monomial with the
highest degree.
Ex.: P(x) = 3x% —=5x + 1 is a second degree polynomial.
P(x, v) :13x2y — 2xy + 5x — 2 is a polynomial of degree 2 in x, degree 1 in y, and degree
3 in total.

* bvaluating the polynomial P(x) = 2x3 + x2 — 8x — 4 for x = —3 consists of finding the
numerical value of the polynomial when the variable x is replaced by the value —3
We get: P(=3) = 2(=3)3 + (-3)2 = 8(-3) =4 = ~54 + 9 + 24 — 4 — _25.

» The zero or root of a polynomial is any value of the variable which makes the polynomial zero.
Thus, 2 is a zero of the polynomial P(x) = 2x3 + x2 — 8x — 4, since P(2) = 0.

©. Reduce each of the following expressions to a single monomial.

2} 20 - 5 1 T 4 b)) Ay — 6xly 4 xty %y
5 _, - ,
3 3.2 2. > 2 == x? iy 2 7 3 2 b 2 ‘-—Xyl
£} =X =xc—x¢ 12 O} XYt o =Xyt — =xy? 4
T4 3 : 37 Ty 6 Yy

2. Perform the following operations,

a) —3x% x 4x3 -12x° b} 2x2y3 X —3xy?- -6x3y°
5 1 : - - 4,3
¢ —17x% x =3x 51x° d) —7x%y x Sxiy? 35xty
5 2 o , 44,4 . -~ 4
e} 3x7y x —Sxy x —2xy?30xy ) 200 x —0.5x x —1.2y2 12¢%
1 _
3.5 2 2 10 —X“’y3 -3 .3 2 ] 9 X’I 6
oY 2xlyx Lyl x U L Sa2vix 2 =5 .2
gl FXyXSwixx 3 ) YISy xSy y

5. Perform the following operations.

N 2 2
a) (3xy)? 9;45, b)) (=2x0°)7 4x2y6 ¢ (=23 ~8xy?
B i Al S A e] 3xf(-2x)3 _ -24x 1 (=2x2)% x (3x7)? 36x1°

Perform the following operations, and indicate if the result is a monomial,

. » ; ; R 3,2
a) —12x* = 3x0  -4x% no by 18 = 124 2 ¥ ves
{ . 44,2 4, § 2.4 o~ -2 51
<) 18x0yt = 9xy? 553"‘ v*, ves dl =123 = 6xy 2x71y%, no
« - — 2, 7 3 y
e} (=532« l0xt_Z*"ves T = (202 4P ves
. Consider the prism on the right.
. ' ; 3x
a} Use a monomial to express: SR
1. the total areq; 94 2. thevolume, __60x* L=z : e
aX
[t x =2 cm, evaluate:
1. the total area; 376 cm? 2. thevolume, 480 cm?

O Gudrm, oditeur lree 1 - 1 POlvnomiaB 5
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5. Using the following algebraic expressions, identify which ones are polynomials, order them in
decreasing order of the powers of the variable and determine their degree.

al 2x + 3x2 — 1 Polynomial; 3x2 + 2x - 1, 2

%%

g}} 2x2 & ZJ; ) Not a polynomial.,
Polynomial; -é_y‘? -2y% - 442 + 3y +1:4

A 3y-220+ iyt a2

{j} x5y + 2 ~ Not a polynomial.

7. Reduce the following polynomials and determine their degree,
a) Plx) = 3x2 4+ 2y — S5x2 — 3y +] Plx) =-2x2~x + 1; degree: 2

;3} Plx, y) = 3x3'y _ nyz + 4x3y - x 2 P(x, y) = 7x3y - 3xy2; degree: 4

) Pla) =428 =522 4823 — 22 4 47 5 622 _ 12,3 P2) =4z - 5; degree: 1
o 3. 32,03 3 3.5 P(x)=zx3+~5—x2—zx;degree:3
d} Plx) = 5% + 5x 3% 5% +4x 5% 2 I3 p)
3. Evaluate the following polynomials.
a) Plx) =3x? + Sxforx = —2 P(-2) =2
b) Px) =x? = Sx +3forx=0 __ P0)=3 _ . .
¢} Plx) =3x"+2x - 5forx = —15 P-1.5) =-1.25
-3
) P(x):2x2~7x~15forx:——§- P( ZJ 0 o
3. Given the polynomial P(x, y) = 3x2y — 2xy* + xy — 2. Calculate
a} P(2,3) 4 . b) P(-3,1) 28
. ' 2 3
R —— - R

18, Giventhe olynomial P(x) = 2x2 — x — 6. Determine the zeros among the followin s real numbers.
p g grea ,

al v = 1 P~-1)=-3, therefore, -1 is not a zero. I P(2) =0, therefore, 2 is a zero.
a) x= —1 b} x= 2 T(2) =0, therefore, 2 is a zero.
3 3 .
= — ;i ==\ =0, therefore -2 is a zero.
¢ x=0 P(0) = -6, therefore, 0 is not a zero. dj x= _.% d 2} f 2
—

1. The following algebraic expressions are first degree binomials. Determine the zero of each of
these binomials,
y 2 , 5 1
a) Plx)=3x-2__ 3 o) Pvl=-2v+5 7 ) Pe)=-2z41_32
1 15
D=3t s 6 o) P=-Zeeq 6 gy ppyy R

12. From the top of a bridge, Eric throws a stone straight down toward the water. The formula
d(t) = 4,9 2 + 3t expresses the distance d(1), in metres, traveled by the stone as a function of
the elapsed time, in seconds, since it was thrown. [f the stone enters the water after 3 seconds,
what is the height of the bridge? B

53.1m

Neena buys x notebooks at $2.50 each and Vv pens at $1.75 each.

) Express, using a polynomial, the total cost of these purchases. f’ﬁ‘f’jffiiifi" .........
5} Determine the total cost if she buys 6 notebooks and 2 pens. ﬂf_?iﬂi‘?

Chapter 1 Algebraic Expressions © Guérin, éditeur ltée



T4, Given P(x) = 4x? — 5x + 1 and Q(x) = —x* + 4x.

a} Express, using a polynomial S{x), the sum of the polynomials P(x
J p :

) and Q(x)
b} Verity that S(=2) = P(=2) +

S(x)=3x2—x+1

- Q(-2). P-2) = 27, Q(-2) = -12, 5(-2) = 15. We have: 15 = 27 + -12).

%;%u leenp(x):3x2—2x+landQ - :7 2~3x

a) Express, using a polynomial D{x), the difference of the polynomials P(x

) and Q(x)

D(x) =x% +x + 1

%}} Verify that D(1) = P(1) — Q(]) P(1) =2, Q(1) =-1, D(1) = 3. We have: 3 =2 ~ (-1).
16. GivenP=3x2 = 2x+1,Q = —x* = 3x + 2and R = —2x + 5. Determine:
a) P+Q+R 2x2-7x + 8 B) P-Q+R 4x2 - x + 4
¢) p_QWR 4x? + 3x - 6 d -P+Q-R ~4x? + x - 4
17. Given P = x +1,Q= —~x2+ “X—3 cde = —x—~—(— Determine:
_ )
13 5.4 5.2.5..,7
a} P+Q+R -75——x1+6x+—2— }P~«Q+R ——6-x —2-x+6
Sxz2-23,,3 Sx24 3.2
C} P—QwR -—gx 6x+2 d} -P+Q—R 6x1+ x 3
1 2. Perform the following operations.
a) (4% — 8x+ 1) — (2x% = 3x + 5) 2x? - 5x - 4
B} (3x% — 2xy? + 3xy) + (2x% + 3x%y — Sxv) 552 + xy? - 2xy
¢} (3a%b — 5ab?) — (2a2b + 3ab?) a’b - 8ab?
d) (3x%y — 2xy + 4xy?) — (=3xy? + 4xy) + 2x%y 5x?y - 6xy + 7xv?
) 23 + X2 - 8x

ey (3x% — 5x%2 — 4x — 1)

— [} - 5x¢%) —

(x? — 4x + 1)]

72, Given A(x)/: 3x% — 2x + 1 and B{x) = 2x —~ 5.
a) Express, using a polynomial P{x), the product of the polynomials A(x) and B(x).

P(x) = 6x% - 19x® + 12x - 5

P(2) =-9; A(2) = 9; B(2) = -1. We have: -9 = 9 x -1.

b} Verify that P(2) = A(2) x B(2).

29, Determine the following products.

a) 3x%(2x - 5) 6x3 - 15x2
o) =2x%(3xv? + 5x%y) -6x3y2 - 10x%y
3 7{2 7\ - 6x4
ey 2x2 Zyx — 82
} X “3ﬁc Sx |

2 1. Determine the following products.
a) (x4 3)x - 2) ¥ rx-6

- b)(3a — 2b)
) ~6x* +19x- 10

(2 6a? -ab - 2b%

a -+
el (-2x

+ 5H3x —

© Guérin, éditeur tée

b) —3yly* — 2v) -3y% + 6y°

d) (2xy — 5x)(—3x%) -6x%1? + 1553y
) (4x% — 8x + 12) l”‘%xJ 2353 + 6x2 - 9x
By (x =353 —x) -x2 + 8x- 15
d) (5 = 2x)(3x — 4) -6x% + 23x- 20
f) (=5x = 3)(=2x+4)  10x"-14x-12

1.1 Polynomials

7
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8

Perform the following operations.
a) 5x(3x + 2y) — 3x(2x — 4y) 9x% + 22xy
0} (26 = 3y)(3x + 2y) + (5x — y)(2x + 3y) _16x* + 8xy - 92

¢} (Ba—2b)02a+b) — (2a + 3b)(3a — b) __b*- 8ab

d) (2a+3)3a-2)2a -5 1243 - 20a? - 37a + 30

e} (2x + + 3)(2x — 5)(3x — 4) 12x3 - 28x2 - 29x + 60
Simplify the following expressions.

al x—=INx+1)+x(x-1) _ 2 -x- 1

2) Bx+59)3x+5)) —x(2x+ 3y) + y(3 x ~ 2y) 7x? + 30xy + 23y?
<) ala —b) +bla+b) + (a+ b){a — b) 2a?

d) (4a + 3b)(4a — 3b) — (4a + b) (4a + 3b) ~16ab - 12b*

el mim+2) +3(m? - 2m — 1) — (m + 2)m - 2) ~4dm + 1

Use a polynomial to express the area of the following figures.

E 3x+5 b}
3x 1
2x 5

(”J

2x+4
6x? - 5x - 25 3x? + 5x-2
::} dx — 2 (f}
8x? - 16x + 6 Ix? + 6x

a}) Use a polynomial to express the total area A of the following o ———

PR t e

TIZIIL PIIsIIL ; ‘

,,,,,, A =22x% + 22x- 10 e x I

2="" -2

o} Use a polynomial to express the volume V of the prism.
V=6x3 + lez x -6

Evaluate the total area and volume when x = 2 cm. Total area: 122 cm?; Volume: = 84 cm?

[
ot

Chapter 1 Algebraic Expressions © Guerin, éditeur ltee
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Remarkable identities

A a
Aeryyrry 1 squaring a sum
Consider the square ABCD on the right with a side length of (a + b). ¢
The area of this square is equal to (a + b)2.
b
B
2} The square ABCD is split into four regions as shown on the right.
We, therefore, can calculate the area of square ABCD by adding the area a
of the four regions. What is the sum of the areas of the four regions?
a? + 2ab + b? a
) The equality (a + b)? = a? + 2ab + b? that is true for any real numbers a
and b is called an identity. ,
Verity this identity by expanding the product (a + b)(a + b).
(a +b){a +b)=a? +ab +ab + b? =a? + 2ab + b?
<) Show that (2x + 3)> = 4x% + 12x + 9 in three ways: Zx
1. by expanding the product (2x + 3)(2x + 3). 4 +12x + 9
2. by considering the figure on the right. 4% +12x +9 =
3. by using the identity: (a + b)> = 4% + 2ab + b2, 4% +12x+9
3

ATy 2 squaring a difference

253 YT = +
a7 Prove the identit

ity {@ — b)* = a’ — 2ab + b by expanding the product (a — b){a — b).
{a-b}{a~b)=a*-ab~ab + b? = a? - 2ab + b?

) Show that (3x — 2)2 = 9x2 — 12x + 4:
9x? - 12x + 4

1. by expanding the product (3x — 2)(3x — 2).
2. by using the identity: (a — b)2 = 4? — 2ab + b2, 9x? -~ 12x + 4

A TIvIryY 3 product of a sum and a difference

Expand the product {a + b){a — b) to prove the identity (a + b)(a — b) = a2 — b2,
(a + b){(a~b) =a?~-ab +ab ~b? = g2 - p2

3 Using this identity, determine the following products.

. 2x+3)(2x - 3) 4x%-9 2. Bx—4)3x+4) 9<2-16

O Gudrin, xf\ditvur"ltév 1 -2 Remarkable identities



REMARKABLE IDENTITIES

Square of a sum

(a+ b)Y =a2+2ab + b2

We say that a? + 2ab + b? is a perfect square trinomial,
Ex.: (2x + 5y)? = (2x)2 + 2(2x)(5y) + (5 v)?

= 4x% + 20xy + 25y2
Square of a difference

(a—b)=a2~2ab+ b
We say that a? — 2ab + b2 is a perfect square trinomial.
Yy { {

Ex.: (3x — 2y)? = (3x)? — 2(3x)(2y) + (2y)?
= Ox% — 12xy + 4y

Product of a sum and a difference

((l -+ b)(a - b) = az — [)2

The product of a sum by a difference is equal to a difference of two squares.
Ex.: (3x + 5y)(3x — 5y) = (3x)2 — (5y)2
= Ox? — 25y2

2} Calculate the following products using the distributive property.
1. (Bx +5)2 9% +30x+25 > (2x — 7)2 4x?-28x +49 3 (2x 4+ 5)(2x — 5) 4x%-25

&) Calculate the following products using the appropriate remarkable identity. ,
1. Bx +5)2 9x% +30x+25 > (2x — 7)7 4x%-28x+49 3 (2x 4+ 5)(2x — 5) 4x%-25

Z. Calculate the following products using the identity
a) (x+ 5)2 x? +10x + 25 by

a+b)2=a’+ 2ub+ b2
3, 4)2 952 + 24x + 16

(
(

éx2+7x+49

9 4 1 2442 4 4
x4 & Lxzyz y 4
16 T3V Ty

— 2ab + b2,
16a? - 8ab + b2

9x% + 24xy + 16y2

Ayi_x3s 9 2
B Vi

10 Chapter 1 Algebraic Expressions
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2. Expand using the appropriate identity.

el a

wd

P

a) (3x? —2y)?  9xI-12e?y+qp2 B) (2% 4 3y2)(223 — 3y2) x5 - 9y
) GBxt 222 98+ 12602 4 gyt d) (=322 + 5x)2 9x? - 30x3 + 25x2
@) (=2x =3y A+ 12+ 92 (5 = 3y)(5x2 +3y) 256 -9p2

Expand, and simplify the resulting expressions.

a) B+ 2y +2x—3y2 ,__&_M.ﬂiﬁf;_nﬁ_ﬁ~wmwwmm
) (Bx + 5v) — (3x — 5y)2 MM@MWMMMW
) (2x + 3)(4x? + 9)(2x — 3) M_‘,%Mmjff‘;;ﬁm%m“mmmm
d) 3x(2x =37 —2x(3x +22  -6x'-60x2+ PO
e) (x+ 1) = 1)x - 1) -2+ 1 -

D 2% 43P+ (2x- 32 + (2x +3)2x—3) _ 12:2+9 - -

gl (3% + 52— (3x - 5)2 + (3x + 5)(3x — 5)  9x%+60x-25

h) (4x + 3y)2 — (4x + 3y)4x — 3y)
(

dx — 1) — (3x + 5)2 7x? - 38x - 24

Use the remarkable identities to calculate mentally.
a} 101°_10 201 b) 992 9 801 ¢) 101 x 99 _ 9999
;‘ .

”\

represents Karen’s age, use a reduced polynomial to represent

Ifx
a} the square of Karen’s age 3 years from now: x*+6x+9 ‘
b) the square of Karen’s age 5 years ago; x? - 10x + 25

} the product of Karen’s age 4 years from now with her age 4 years ago; _x%-16

4

d} the difference between the square of Karen's age 1 year from now and the square of her
age | year ago; _4x

Complete the following trinomials to obtain a perfect square trinomial,

a) 2 +6x+_ 9 B) 47— 20x+ 25 g 9 L 12x 44
d) 9 _6x 41 e} 9x' 4+ 24x L |5 0 16— 24x 19
g) Oxt 4+ 12y 4P Rl 4% 11253 £ Oy 0 25x + 20x%F 4 44
Prove the following identities.

a) {a+bP =a’ + 302 + 3qb7 + 3 B) a = b =a% = 3a2% + 34p2 _ 3
& la+b)a? —ab+ b2) = 33 L3 ) a — b)a® + ab + by =ad — p3

© Guérin, éditeur Itee 1.2 Remarkable identities (k|



Polynomial division

ACTIVITyY | Dividing a polynomial by a monomial

The prism on the right has the volume Vix) = 1227 + 1022 - 2.
Determine the area of the base knowing that the height of the prism is
equal to 2x.

b} E\plam how to divide a polynomlal by a monomlal

DIVISION BY A MONOMIAL

monomial.

B(x) = 6x° is:

Qlx) =A(x) + B(x)
=(18x* — 9x3 4+ 12x2) = 652
=(18x" =+ 6x2) — (9% + 6x2) + (1242 = 6x?)
=32~ 3x 1 2.

* The quotient of two polynomials is not always a polynomial.
Ex.: (127 — 6x) + (3x2) = 4x — 25! which is not a polynomial.

* To divide a polynomial by a monomial, we divide cacl term of the polynomial by the

Ex.: The quotient Q(x) of the polynomial A(x) = 18x* — 953 & 12x% by the monomial

1. Perform the following divisions.

al (24 + 1203 — 18x%) = 62 e 2x-3
5} (36xTyt 4 27432 O?y?) + 9x2y - W +3xy-y -
G B F 24 b 6) 2 6 +i3x+v6
§ (3 6)2 =3 3x + 12 + 12x1
(0 + 2004 = 2x) = 492 -1

EUCLIDEAN DIVISION

* Consider the polynomials A(x) =

= Ox?
To divide A(x) (the dividend) b by B
determine the quotient Q(x) and the remainder R(x )

X+ 5% — 4 and B(x) = 3x — 2.
(x

When writing the division,
make sure A(x) and B(x)
are in decreasing order.
of the exponents,

12 Chapter 1 Algebraic Expressions

) (the divisor), we proceed in the followi ing manner to
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1° Divide the term in the dividend with the highest degree
(6x7) by the term in the divisor with the highest degree (3x).
o e et 0 3k~ 2o 1 5x 4
We get (2x) which represents the term in the quotient Qlx)
with the highest degree.

2°  Calculate the product between the divisor (3x — 2) and the 2x
Ist term 2x obtained in the first step. Align the resulting 3x — 2 [6x2 + 5x — 4

product (6% ~ 4x) under the dividend. Ged - dx
3° Calculate the first remainder by subtracting the product 2x
obtained in 2nd step (6x? — 4x) from the dividend. We then  3x — 2 [62 +5x — 4
get (Ux - 4). 6% — 4x
Ux — 4
Repeat the process... Zx 4 3 - quotient
Stop the division when the degree of the remainder is less ~ 3x — 2 [6x2 +5x — 4
than the degree of the divisor. 6x2 — dx
We, therefore, get the quotient Q(x) = 2x + 3 and the _9x—4
remainder R{x) = 2. 9% — 6

remainder ——gm 2

* The dividend Alx), the divisor B(x), the quotient Qx) and the remainder R(x) verify the
following Euclidean relation:

Alx) = B(x) - Qlx) ~ Rix) where  deg R{x) < deg B{x).

2. Determine the quotient Qlx) and the remainder R(x) in the division of A(x) = 2x2 + Sx — 3 by
Blx)=x— 1. Qfx)=2x+7; R(x)=4 (x-1)(2x +7) +4 = 2x2 + 5x - 3

. In each of the following cases, determine the quotient Q(x) and the remainder R(x) in the
division of A(x) by B(x).

al Alx) =2x —x - 6: B(x) = 2x + 3 Q(x) =x-2;R(x) =0
51 Al =37 - 2x + 1; Bix) =x~2 Qix) =3x + 4; R(x) = 9
GOAN) =20 37 L 20+ 4 Blx) =+ ] Q(x)=2x? +x + 1; R(x) = 3
PA) =20 - 2x 11 Blx) =x—1 Q(x)=x? +x-1; R(x) = 0
bA) =t - 1 Blx) = x + 1 Qx)=x*-x*+x-1;:R(x) = 0
Al =x7 +27; Blx) =x+3 Q(x) =x?-3x+9;R(x) = 0

ACTIVITY 7 Remainder in Euclidean division

ap Given P(x) = 3x% — 5x + 1.
. Caleulate P(2). 3 B i

- Verity that the remainder in the division of P(x) by {x — 2) is equal to P(2).
Calculate P(—2). 23

Verify that the remainder in the division of P(x) by (x + 2) is equal to P(-2).

Y

Ha Ny

© Guerin, ¢diteur leée 1.3 Polynomial division 13



51 Given P{x) = x? + 2x — 15.

A polynomial A(x) is divisible by a polynomial B(x) when the remainder in Euclidean division
of Afx) by B(x) is 0.

1. Show that P(x) is divisible by (x — 3).

2. Verity that P(3) = 0.

3. Show that P(x) is divisible by (x + 5).

4. Verity that P(-5) = 0.

REMAINDER THEOREM

» The remainder in the division of a polynomial P(x) by (x — a) is equal to P(a).

* A polynomial P(x) is divisible by a polynomial Q(x) if and only if the remainder in the division
of P{x) by Q(x) is equal to 0.
Consequently,

P(x) is divisible by (x — a)
=

Pla) =0

. Given P(x) = 223 + 3x2 — 4x — 1.
Determine the remainder in the division of P(x) by:
1. (x=2) 19 2. x+2) 3 3. (x=1)_0

Z. Given Plx) = 23 + 2x% — 5x — 6.

a} Show that P(x) is divisible by:
T.(x+3) P3)=0 2. {x—2) P(2)=0 3. x+1) PD=0

53 Show that P(x) is not divisible by:
1. (x—1) P)=0 2. (x+2) P20 3 (x-3) PB2O

The area of a parallelogram is A{x) = 10x? + 19x — 15,
The height is represented by the binomial 5x — 3. Use a polynomial to express the parallelo-

i 2 5
gram'’s base. Zx + 9

. The area of a rectangle is given by the polynomial A(x) = 6x% — 13x — 5.
The width is represented by the binomial 3x + 1. Use a polynomial to express the perimeter of
this rectangle.

10x -8
The following right prism has the volume V(x) = 2x% + 4x? — 10x — 12. ;
The dimensions of the prism'’s base are (2x + 6) and (x — 2). T
)
Determine the height of the prism. X+ 1 LA P
- X —
Use a polynomial to express the total area of the prism. 10x° + 18x - 16 2+ 6

. The area of a triangle is A{x) = x* + x — 6. The base is represented by the binomial 2x + 6. Use

a polynomial to express the height of this triangle.
x-2

14 Chapter 1 Algebraic Expressions © Guerin, éditeur leée



Factoring a polynomial

NIy ] Removing the common factor

a} The sum ab + ac has two terms ab and ac. Each term is a product of factors.
1. What is the common factor to both terms? _@
2. Write the sum ab -+ ac as a product of two factors. _a (b +¢)

5} The rectangle on the right has the area A = 6x* + 15x. If one of the
dimensions is 3x, find the other dimension.

A = 6x? 4+ 15x I?
(2x + 5)

3x

¢} The rectangle on the right has the area A = 10x? — 6x. What could the
dimensions of this rectangle be?
Varied answers. For example, 2x and (5x - 3)

A = 102 — bx ?

?

d) Given the polynomial P(x) = 6x° — 15x2. In each of the following statements, a common factor
to both terms of the polynomial P(x) has been removed. Complete the writing of P(x) as a
product of two factors.
1. 633 — 15x2 =3 (2 -5¢)

X (6x2 - 15x)

6x3 — 15x% =
6x3 — 15%2 = x2 (6x - 15)

2.
3.
4. 623 — 15x2 = 3x (2% - 5x)
5.

63 — 15x2 = 3x2 (2x-5)

REMOVING THE COMMON FACTOR

» Pactoring a polynomial means writing the polynomial as a product of factors.

s Removing o common factor is a method which can be used to factor a polynomial composed
of monomials which all have a common factor. To factor, vou need to apply the distributive

(RN S R WS LN Arifois Cix o dad

property of multiplication over addition.

tactor

—
ab + ac=alb +¢)
-~
expand

L B R Notice that the greatest common
Ex.: Factor: P(x) = 6x* + 15x3 — 18x? factor (3x?) to all three terms
. is factored out.

2{2x% + Sx — 6).

i

7. Find the greatest common factor of the following algebraic expressions.
. . Y S . . 4 .~ 4 7 ~ o 3
a1 18xh 2457 124 6x° b} 1832z 24 xhy3z 367y 6x%y’z

15:3(a + b)Y, 18x%(a + b)? 3@+ bP oy 242 (a — b); 3617y a — b)? 12x°yHa - bF

© Guérin, editeur ltée 1.4 Factoring a polynomial 15



% . Factor the following polynomials.

a) Sx—10_ 8x=2 b) 18x + 24y — 12z  6(3x+dy-22)
<) A 60 22x+3) d) 12x 4 2 — 563 x(12 + x-5<)

o) 12a%b + 18a%? 64262 +3b) R 3xt b -9  -3x%(x? - 2x + 3)

o) a?tab+a__oaxb+d N xt = 2y - x2(2 = xy = 1)

g‘} 243 V“ — 1()3(—};3 + 78«{3\/4 4x2y2(6x - 4y + 7xy?) }} leuvwv — 14X‘V‘ 22 78%“}/"’2 7x2y?2(3x - 2y + 4z)

% Factor the following polynomials.

a) 1223 — 1667 ae@x-d)  b) G rdxyt _ PevOvr®d
) 18xyzt - 12xy*2’ ﬁfﬂ?ﬁ:ﬁt dy 12x%y° - 1832 + 24x2y* 26x%y*(2y = 3x + 4)
) —14x3 4+ 21x% = 7x Tx(2x2-3x+ 1) ) _25m*n’ + SOm’n’ -25mini(m-2n)
g) 2xix + 1) +3vlx + 1) e+ @x+3y) by 2(x - 3) - xlx = 3) (x-3)2-x)

Z4. Factor the following polynomials.

a) xlx 4+ 2) + 5l + 2) x+2)(x+5 b} 3x—2)-xx 2) (x-28-9

< a (b L —db ) brefa=d d) x(3 — ) +v(3 -V (3 - v)(x +)

e} (e + 3)x +2) + e+ 3)x e 3Exs D) (xob oyl - 2) - e vl 2e - 3) (x + ix + 1)

a) (x+ v) - xlx + ) (LiV)LMLM h) (x— )2+ (x =Y+ y) 2x(x-y)

%, Factor the following polynomials.

a) xlx — 1) L3l —x) - Dx*3) b) xlx + 3) + 2(=x = 3) (x+3)x-2)

O k—5P-25-x) Bz¥Ez9 d) (2x £ 1)(2x — 1) + (1 = 2x)2 A= D)

e} (2x + 3y)lx+y) + (4x + Oy — y) _ (2x+3Ex-y) I
Cf) Lo+ 1)(2x + 6) = (= 2)Bx F 9) (xx3)x+8 e

A\ eIy 2 Factoring by grouping

a) The sum ac + ad + be + bd is composed of 4 terms. Each term
Can we find a common factor to all 4 of these terms? _Ne__ [ —

St

Justify the steps which enable you to factor the sum ac -+ ad + be + bd.
(be + bd) _ Addition is associative

po—
At

ac + ad + be + bd = {ac + ad) +

= alc +d) + blc+d) __Remove the common factor _ ,
= (¢ +dfa+b) _ Remove the common factor
¢ The rectangle on the right has an area of A = 6x° + 4x + 9xy + 6y
‘ = G + dx + Oy b .
What could the dimensions of this rectangle be? A= Bt + xSy By ?
(6x2 + dx) + (Ixy + 6y) = 2x(3x + 2) + 3y(3x +2)
(6xf +dx) + Oy ¥ OV 2 A R -

= (3x + 2)(2x + 3y)

The dimensions of the rectangle could be (3x + 2) and (Zx + 3y)

ac rhanter 1 Algebraic EXpFESSiOﬂS © Guérin, aditeur ltee
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FACTORING BY GROUPING

+ actoring by srouping is a method which enables you to factor polynomials by grouping the
terms which contain a common factor.
You then remove the common factor in each of the groupings:

ac + ad + be + bd = (ac + ad) + (bc + bd)
= alc + d) + blc + d)
= (c + d){a + b).

Ex.: Factor the following expression using factoring by grouping.

P(x) = 9x% — 12xy? 4+ 6xy — 8y? < Group the terms containing a common factor.

= 3x(3x — 4y?) + 2v(3x — 4y) « Remove the common factor in each grouping.

= (3x — 4y?)(3x + 2y) « Remove the common factor a 2nd time.

“. Factor the following polynomials.

a) X2 4 5wy + 3x + 15y (x +3)x + 5y) BY 232 4+ 3xy — 10x — 15y - 5)(2x + 3y) ‘
) 6a® — 154+ 2ab — 5b (a+BN2a=5) ) 62 Gy Oy 4 127 (2x-3WBx-4)
o) 10xy +2x+ 15y +3  @x+36v+ 1D 5 3 2y (< + Dix- 1)

7 . Factor the following polynomials.

a) 2x%y + 3x% + 10y + 15 (< + 502y + 3)

b} 15x%2 + 350 — 922 — 21 (3x* + 7)(5x°y* - 3)

o 2%+ Ax?y — 2x7 - dxy 2x(x - 1)(x + 2y)

d) 3ty = 9xF + bx?y — 18x° 3x?(x + 2)(y - 3)

e} 30xty — 10X + 15x%y — 5xhy? S¥%w@x+ U)S3x-y) .
) 2xt = 223 + 6x? — 6x 2x(x* + 3)(x - 1)

72 - . .
. Factor the following polynomials.

(n + h r')‘lv— )

ab ax —ay + bx — by + ox — ¢y

o) bax — 3ay + 10bx — 5by — 4x + 2y (3a + 5b - 2)(2x - y)

2 .l ; 2 ¢ 2 -
A @ = 2ab+acd — atb + 202 — b + a’c — 2bc+ & (@ -2b + )(a b+ec).

Ay ab(x? ) — xvla? + b7) (ax - by)(bx - ay)

© Guerin, ¢diteur frée 1.4 Factoring a polynomial 17



A\ eryITY 3 Difference of squares

The following remarkable identity enables you to factor a difference of squares.

ei‘?aﬂd

A la+bla-0b) =a b
7

factot

Difference of
squares

Product of a sum by a
difference

2} Factor the following differences of squares.

1. x% =25 _ (x + 5){x-5)

2. 4x7 — 9y? (2x + 3y)(2x - 3y)
30— 7 x +47)x - 47)
4, —x*+9 (3 +x{3-x)

5. (3x + 1)2 — 4l [(3x + 1) + 2x]J[(3x + 1) = 2x] = (5x + 1)}(x + 1)

The rectangle on the right has an area of A = 16x? — 9. What could be the
posaxb]e dimensions of this rectangle? A=16x —9
(dx + 3) and (4x - 3)

DIFFERENCE OF SQUARES

+ A difference of squares is an algebraic expression of the form a® — b=,
« Every difference of squares is factorable. You simply need to apply the remarkable identity:

a? - b* = la+ b{a - b)

Ex.: Factor:

o Ox? — 4y? = (3x)% — (2v)? &« Write'in the form a® — b%
= (3x + 2)(3x — 2v) ¢ Apply the remarkable identity.
o (2x+1)2=36=02x+1)?-62
—[2x + 1)+ 6][(2x + 1) - 6]
= (2x + 7){2x = 5)
o (3x+3)2 -~ (2x+1)? =[(Bx +5) + (2x+ D][{8x + 35) - (2x + 1)]
= (3x + O){x + 4)

e

~« A sum of squares is not factorable.

Factor the following differences of squares.

25 (x + 5)(x - 5) b 1t =9 (4x + 3)(4x - 3)
d0xT eyt (TxE6UTx-6y) gy 3pp o5y (656 -0
100 - 2 (10+xN10-x) %F‘\T Eaglxoy

TR X+4'5“x J_ X,j ‘i (x + 1)(x - 1)

18 Chaunter 1 Algebraic Expressions © Guernn, cditeur ftd
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Factor the following differences of squares.

2 Bx =11 -9 (3x + 2)(3x - 4) b} (x+1)2 -4 o (x +3)x-1)

205 16 _ (6x+5)2x+5) gy 252 (2 3)2 (7x-5)3x+5)

2} 16x7 = (3x + 20 (Ix+2)x-2) f] 362 - (2-x)2 (5x + 2)(7x-2)
(x+ 307 = (x5 _Bx+8)x-2) 4y (3 5y)7 — (2x — 3y)? (5x-8y)x-2y)
x + 5)2 -1 (2x + 11)(2x + 9) ;; 25(y — 3)2 . 9(2x + 1)2 (11x - 12)(—x— 18)

ACTIVITY 2} Perfect square trinomials

The following remarkable identities enable you to factor a perfect square trinomial.

expand

Square of a (a + b)? g;\;ab + b2
sum

Perfect square
trinomial

(a ~b)? =a%—2ab + b2
A S

Square of a
difference

factor

#; Use the remarkable identities to factor the following perfect square trinomials.

X2+ 6x+9_ (x+3F 2. X1~ 8x+ 16 (x-4p -
3. 47 4+ 20x +25_(x+52 40007 = 12y + 42 (Bx-2yP ]
5) The square on the right has an area of A = 9x2 — ]2 + 4.
AMhat je - " each <ide? 3x-2 ,
What is the length of each side?  3x-2 S A 1214
<) 1. Explain why 452 + 13x + 9 is not a prefect square trinomial.
A= (29%9 = (3P but 13x + 2(2x)(3) } _
2. Explain why 9x2 + 30x + 25 is a perfect square trinomial and factor it. ?

9x? = (3x)?: 25 = (5)? and 30x = 2(3x)(5). 9x% + 30x + 25 = (3x + 5)2.

PERFECT SQUARE TRINOMIALS

* A periect square trinomial is an algebraic expression of the form a2 + 2ab + b2 or a2 — 2ab + b2,
A trinomial is a perfect square when the middle term is equal to twice the product of the
square roots of the end terms.

* Lvery perfect square trinomial is factorable. You simply need to apply one of the remarkable
identities below, depending on the sign of the middle term.

a‘ + 2ab + b2 = (a + b2 L oor L a? = 2ab 4 b= (g — b)?
H

Ex.: Factor:

* AT+ 12x + 9 = (202 + 2(20)3) + 32« We write in the form: a® + 2ab + b2,
= (2x + 3)° © We apply the remarkable identity.

* 4xt = 12x + 9= (2x)2 - 2(2x)(3) + 32 < We write in the form: a? — 2ab + b2,
= (2x — 3)¢ < We apply the remarkable identity.

& Guerin, éditeur e 1.4 Factoring a polynomial 19



1 1. Factor the following perfect square trinomials.

a) x2+ 10x + 25 (x + 57 b} x2 — 14x + 49 (x-77
) Axt+ 12xy + 9y?  (2x+ 3up d} 257 = 20xy + 492 (5x-2yP
e) 9x' ~30x7 425 (B3 -5F 1) 25x% + 30x%3 4+ 9y6 _ (5x% + 3p3) .
‘ Ik (3,42
g) X-x+1 *- 7l h) Zx? x4 4 a**3
. 4 16 9
12, Explain why the followin trinomials are not perfect squares,
p 3 g p q

a) 4x2 + By +9 6x# 2 x 2x x 3 h) 4x% + 12x — 9 mzhe term -9 is negative.

¢} —4x? + 12x + 9 The term -4x2 is negative. d) 9x2 — 15x +25 I5x# 2 x 3xx 5

sl
W

Complete the trinomials to obtain perfect square trinomials and factor them.

J X4+ 6x |9 (x+3) b) 4x? —[12x]+ 9 (2x - 3)?
%

7

9x? + 30x +[ 25| (3x +5) d) [25¥% 4 20x + 4 (5x + 2)2

A%

Y

7
£

{

£

R

4t — 28x + [ 49 ] (2x-7p ) — 6x + 1 (3x - 1)

2

- (x+ 1) | A
1) x*+§x+. X3 . h) xz—q«fifl_ [" 7

-
"

L

1%, Complete the factoring of the trinomials of the form x2 + bx + ¢ (the coefficient of x? is equal
to 1).
a) X4+ Tx+12=(x_*3 y(x +4 ) by X~ 7x+10=(x -2 Y x 5 )
¢ X2+ 2x - 15 = (x 5 ) (x -3 D) d} xf —5x - 14 = (x 2 ) (x =7 )

f) X2 = 15x+36=(x_~12 ), -3 )

)
9) ¥ =8 —33=(x_ 1) +3 h) X +2x - 63=(x_*9 )(x -7 |

ACIJVJJ’J =5 Second degree trinomials ax? + bx + ¢

a) The rectangle on the right has an area of A — 12 + 10x + 16.

. : .. . \ . . A=x14+10x+16 |7
1. Explain why x2 + 10x + 16 is not a pertect square trinomial.

10 x # 2(x)4)

2. Find a method for factoring this trinomial. What could be the possible
dimensions of this rectangle?
X2 +10x + 16 = {(x + 2)(x + 8). Possible dimensions: (x + 2) and {(x +8)

5} The trinomial 2x2 + 9x + 20 is not a perfect square. Find a method for factoring this trinomial
and factor it.
2x% 4 9x + 10 = 2x% + 4x + 5x + 10

20 Chupter 1 Algebraic Expressions © Guérin, éditeur lroe
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SECOND DEGREE TRINOMIALS: ax? + bx + ¢

* The "product and sum" method enables you to factor a second degree trinomial.
Let us illustrate this method by factoring P(x) = 2x2 + 7x + 6.

1. Identify the coefficients a, b and c: lLa=2b=71¢c=6 |
2. Find two integers m and # such that 2. [mn =12

W=7

mn = ac — product of the end coefficients| m =4, n =3
m+n=>b « middle coefficient.

3. Writer ax? + bx + c= ax® + mx + nx + ¢/ 3. 2062 + Tx + 6 = 242 +4x 4+ 3x+ 6
and factor by grouping. = 2x(x + 2) + 3(x + 2)
=(x+ 2)(2x + 3)

7 5. Factor the following trinomials using the “product and sum” method.

a) 2+ 9x+ 4 (2x+ D(x+4) — b)) 6~ 19x+ 10 _(Bx-2)(2x-5
<) 4x?—5x —21_ (4x+7)x-3) _od) 5% - 32x— 21 _ (5x +3)x-7)

e} 12x% + 13x +3_(Bx + 1)(4x + 3) f) 1ox? —26x+3 _(Bx-1)2x-3)
g 6%+ 1lx— 10 Bx-2)2x+5) h) 8x? +2x— 15 (x+3)4x -5 _
Do+ 10x 4+ 24 (x+6)(x + 4) — ) = 1lx+30 _ (x-6)(x-5)

- Factor the following trinomials.

G} xf = 10x +21 _(x=-3)x-7) b} x* =5x—14 __ (x-7x+2)
O X =Tx+12  (=3x-4) d) ¥~ 9x+20 -5)x-4 _
el 20+ Tx+3 _(2x+Dx+3) ] 3x*+5x—-2_ (Bx-1)x+2) o
DO x =2 (2x-1)(3x +2) — h) 10~ 19x+ 6 (5x-2)2x-3) .
. Factor the following trinomials.

P+ 8x 15 L x+3x+s5) - b 815 &-3x-5)

JoxTE5x - 14 Cr7c-2) d) a2+ 9x 4 14 o (x*7x + 2) ]
O + 19+ 15 (@x*3)3x+5) 4 22 7y ]5  (2x+3)(x-5) o
o) 3 —x -4 (3x = d)(x + 1) VoSt 1Tx 46 (Gx=2)x-3) _

ACTIYITY 5 WMulti-step factoring

Explain the steps in factoring the following polynomials.

. N , - i ;
2 2xY - 18y = 2x(x* — 9) Remnove the common facior

= 2x(x + 3)(x — 3)“Difference of two squares
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%;g} 12x3 — 12x%2 + 3x = 3x(4x2 — dx + 1) Remove the common factor

— 3x(2x - 1) Perfect square trinomial
¢ 4x3 — 4x? — 8x = 4x(x? — x — 2) Remove the common factor
= 4x{x + 1){x — 2) Non-perfect square trinomial
{j} Xt~ 16 = (x2 + 4)(9«:2 — 4) Difference of two squares
= (x® + ) x + 2){x — 2) Difference of two squares
e) xt — 8x? + 16 = (x% — 4)2 Perfect square trinomial
— [(x + 2 — 2)]2 Difference of two squares
= (x 4+ 2)%(x — 2)2 Property (ab)? = a?b?

MULTI-STEP FACTORING

= 2x{x 4+ 3)(x — 3) ¢ difference of squares

Many steps are sometimes necessary to completely factor a polynomial.
Ex.: 2x% — 18x = 2x(x? — 9) ¢ remove the common factor

4x(2x + 3) 4+ 4x* — 9 = 4x(2x + 3) + (2x + 3)(2x — 3) ¢ difference of squares

= (2x + 3)[4x + (2x — 3}] ¢ remove the common factor

= (2x + 3){6x — 3) & reduce

=(2x + 3)-3(2x — 1) < remove the common factor

= 3(2x + 3}{2x - 1) < commutative property of
multiplication

18. Completely factor the following polynomials.

a) X0+ 3x7 +2x = Xx+ Dix+2)

b) x3 —2x% 4+ x = _ x(x-1)

¢ - 16x= _ x(x + 4)(x - 4)

d) xt w2yl 4] = {(x + 1P(x - 1)?

2} x* 1= (< + ID(x+ 1)(x~1)

18, Completely factor the following polynomials.

ab 6xt + 9% 4+ 3x7 = 3x2(x + 1)(2x + 1)
b} 3x3 - 12x = 3x(x + 2)(x - 2)

¢} 16xt — 8T+ 1 = (2x + 1)? (2x - 1)?
d) x*+6x-9= -(x - 3F

) (-1 +x—-1)7=_2x(x-1)

2@, The prism on the right has a volume of V = 2x3 + 6x2 + 4x.

What could the dimensions of this prism be?
2x3 + 6xF +4x =2x(x% + 3x + 2)

=2x(x + I}{(x + 2)

The dimensions are: 2x, {(x + 1) and (x + 2).

22 Chapter 1 Algebraic Expressions
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' . The area of a rectangle is expressed by the polynomial A(x) = 6x% + 17x + 12. What could be
the perimeter of this rectangle?

Perimeter: 10x + 14; possible dimensions: (3x + 4) and (2x + 3)

The area of a square is expressed by the polynomial 9x* + 12x + 4. What is the perimeter of
this square?
12x + 8

9% . The volume of a right rectangular prism is expressed by V(x) = x> + 2x? — x — 2. What could

the dimensions of the prism be?

(x +1), (x~-1) and (x + 2)

241, The total area of a cube is expressed by A(x) = 24x? + 24x + 6. What is the volume of this
cube?
8x3 + 12x2 + 6x + 1
?% . The volume of a right rectangular prism is expressed by V{x) = x? + 4x? + x — 6. If (x + 3)

represents the height of the prism, find two binomials that could express the dimensions of
the prism’s base.
(x + 2) and (x - 1)

A sum of two cubes and a difference of two cubes can be factored.

ko
oy ]
&

a) Show that
B+ b= (a + b)(a?. —ab + b:) Expand the right side.

1.
2 4 — b3 = (a — b)(a?. +ab + bE) Expand the right side.

b} Factor
1. x* + 64 (x + 2)(x2-2x +4)

5 Q3 27 (2x-3)(4x% + 6x + 9)

3. 2750 — 8}/3’ (3x - 2u)(9=2 + 6xy + 4v?)

© Guerin, editeur ltee 1.4 Factoring a polynomial 23




Rational expressions

ACTIVITY 1 Reducing a rational expression

a} A fraction is undefined when the denominator is zero. What conditions must the variable x

. . xP-8x+15 ‘
respect for the fraction L;—%f;—-: to be defined?

x#-3and x + 3

b) Given that the variable x respects the conditions established in a), justify the steps enabling you
to reduce the fraction.
x?~8x+15 —(x=5)(x~3) Factor the numerator and denominator.
x? -9 {(x+3}(x~3)

x=3 Divide the numerator and denominator by the common factor (x - 3).
x+3

RATIONAL EXPRESSIONS

* A rational expression is an algebraic expression of the form EE%%’ where P(x) is a polynomial
and Q(x) is a non-zero polynomial. Ax
Ex.: 52222+ 1. <2~ 5¢ 4 6 are rational expressions,
5« 7 2x—1
* A rational expression is defined for any value of the variable that does not make the
p 3
denominator zero.

Ex.: 3;“ Restriction: None
2 . .
giqi-—l Restriction: x = 0
JX

ic—;-:’i;—.‘l Restriction: x = —};
LX ~— P

¢ To simplify (or reduce) a rational expression, we proceed in the following manner:
. . 2 v -
Ex.: Simplify 22 -x~-2

x- - 4
1° State the restrictions: x = -2:x = 2.
2° Factor the numerator and denominator.
X x =2 = + DN -2

x4 (x+ 2)(x ~2)

3° Simplify, if possible, considering all restrictions.

X -x =2 =[x+ 1)x-2) _
x2— 4 x+2)(x~2)

P

X+
X -

24 Chapter 1 Algebraic Expressions © Guérin, éditeur ltoe
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1. For each of the following rational expressions, indicate the restrictions and simplify if possible.

5,} Sy2 711}— C{x = 0) ;,:}} 4x? — 6x gz:g (x> 0 and x = -2)
20x3 3x? 4+ b6x
5 ) 2~ +3 | -5
- >x+10y i—%%(x#Zy} {f} 2x* + bx 32—:—5—(‘:::: 0 and x =2
f 5x ~10y 6x? + 10x
by O+ % |x=0andx=%| o Xi3ce2 X (xx-2andx=1)
o] — ~; o
Y Ox? 4+ 6x ) x2dx—2
2x% —x —~ x-2 [ .3 -1 g x -3 _
g) 2oxo6 oy x=Gandx=-1) 0 oo =3 (x»-3)
2x* +5x+3 x-+6x+9

2. For each of the following rational expressions, indicate the restrictions and simplify if possible.

X2~ 5x X_ (x # 5 and x # -5) Xt -1 X241 s 1, x% 1and x # 0)
a} = x+5 %3) .
‘(’:“25 x3_x
o 229 2L e sandx» 5) gy Xr2eols X232 (x# 3and x = -3)
I x? —25 x? =9
- 3 -1 1\ 3 )
e) .-———-——————Z‘th”x’q ;xlr—l{\xz'z"a"d"z?) f) x145x+6 2 (x#-2and x # 1)
4t 1 v v =72
2 - x+2 | i 2 ) x~1 » .
a) w_:w(?_‘:_ii_—_(Lw o {szandxz 2} h} 1__;_2_{11 T (x+# 1andx # -1)
- 2x-—5x -3 x? -

Ay 2 Multiplying and dividing rational expressions

Explain the steps in the following operations
In each case, the variable does not take values which make the denominators zero.

A% P9 x-Bew2 (2 3)(x-3) (x-D)(x-2) Factor the numerators and denominators.
Tox? = 2x+1 x +3 (x ~1)? (x+3)
_ [+ 3)(x=3)x=1D{x-2) Apply the product rule: %X —CC? = g:; .

(x ~ 1} {x +3)

 {x=3){x~2) Reduce the fraction.
-1
EA PP 1 2 0t . At at -___E_;ﬂ‘ﬂ
by X 2x+1 . «x b_x —2x+1 x-3 Apply the rule: i85 <
: x? — 3x x~3 x*—3x x-1

x(x - 3)' (x—1)
(x - 1)*(x =3) Apply the rule: -Z—X;;~=§~C—,
x{x—3)x -1}

_x~1 Reduce the fraction.

© Guerin, editeur leee 1.5 Rational expressions
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MULTIPLYING AND DIVIDING RATIONAL EXPRESSIONS

: , L4 c_ ac a.c_a 4 ad
Apply the rules: 7 x 5 =77 and L o= X T=7"0

In each of the following operations, the variable does not take values which make the
denominators zero.

Ex.: x5+ 6 :x(/x~1)'(x+2)(x+3)
T ox+3 x? 1 (x+3) (x+Ux-1
x(x— 1) (x + 2)(x + 3)
x+3)x+ D{x-1)

x(x + 2)

x + 1

o x*=5% . x-5 ¥ -5 x-3
T2 o Bx+9 0 x—=3 xX2—6x+9 x-5

~
o
%
|
o
et
o
=
!
1|l

)
)

%. Perform the following multiplications, given that the variable does not take values which make
the denominators zero.

) 2x—4xx2+6x+9 .2_’.‘.122
: X+
T x+3 x?—4

7 ) x+1
by = 1y x-3 x+3

5 x+3

<} - x=-2
Tox—1  2xT-x-6
. PR - 2
. 2x?4+06x _ x?+8+16 2x+8
gé} X L - 5
x+4 Sx* +15x
x?+5x+6

xZ4x—6 _xT+3x+2 T

e} S — X" x?-9x+20
x*—4x -5 x7*—b0x+3
2x3~3x»2>< x—1

xc—1 2x + 1

7. Perform the following divisions, given that the variable does not take values which make the
denominators zero.

xo-l. x=l 3x+3

x+2 3x+06

Y
Lo

xz—x~2;x~f—l

X —x~6  x+2

5 3x-1
s -3 2x -
- 33\1 8x f—I—'"‘ 1 el
X" +x—-6 x—2
24 2x 2x3 = 2x X+5
— - x~1
X +5 x? 4+ 10x+25
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o 2x-6

¥ 4 5
-4 x4 T 5x 6
o4l 2 ¢

x° o Ox b x- -4

'}_A“":_X_A" x+2

x4 1 x+2

Aerryrry 3 Adding and subtracting rational expressions

1. Justify the steps in the following operations.

Gy ¢ ad | be

Reducing to a common denominator.

bood  bd bd

ad +be Addition of two fractions that have a common denominator.

o bd
Perform the following addition, given that x # -3 and x # 1.

Mt

2 3 2x-1 , 3(x+3)
x+3 x-—1 x+3)x-1) (x+3x~-1)
_  2x-2+3x+9
T o (x+3)x~-2)

. 5x+7
T ox+ 3)x - 1)

1. Justify the steps in the following operations.

4.0 =4 f_g_ Reducing to a common denominator.
b b b
o+ be Adding two fractions that have a common denominator.
=
2. Perform the following subtraction, given that x # -2,
5 . 5 _20x+2
{x + 2} =T (x+ 2) (x+2)
o 5-2(x+1)
T (x+ 2)
o I1-2x
x+ 2

Tustifv the steps in the following operations, given that x = -1, x # O and x # 1.

ISR — < — - . Factor the denominators

vl xt—x (x+D{x-1) x{x-1)
— 2x o Ser) Reduce to a common denominator.
{x+1) 1) x{(x+1) 1
\;‘\ :4}( -1 S ) Subtraction of two fractions that have a
. 2x=3{x+1) common denominator.
vix + 1}{x—1) B
_ - x -3 Reduce.
x{x+{x~1) )

1.5 Rational expressions
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ADDING AND SUBTRACTING RATIONAL EXPRESSIONS

1 2 .
~« - the denominators,

e i : : PR
“ind the oo 0 using the
ast number of factors. ‘

i
P
i
[ —

€k

to 2 common dt‘ﬂ()ﬂliﬂdt()f.

[ cach of the following operations, the variable does not take values which make the denominators

wing operations.
2y + 5x . N 3x -2
2y rox 3

Tk v

—— e 18xv

(:’?}3?%{\13\
. X = 10

x? - g

. - 5
RS B (x + 3)x+ 2

 Bx+ 9
(x ~ 2)x + 3)

s




Second degree equations

a\estyrry ] zero product

a} Solve the following Ist degree equations.
= (-2}

1. 2x— 6= _S=13 2. 3x+6=0

S
S

3 sy=0_ 19 4, 2x-3=0 H

b) Given the real numbers a and b such that ab = 0.
What can be said about the numbers a and b7 _ @ = Oorb=0

¢) For what values of x is the product {x — 2){x + 3) equal to zero? x=2o0rx=-3

ZERO PRODUCT PRINCIPLE

A product of factors is zero if and only if at least one of the factors is zero.

ab=0=a=00rb=0

Ex.: x =35 x+2)=0
o x—-5=0o0rx+2=20
& x=>5o0r X = —2

Thus, the product of the factors (x — 5) (x + 2) is zero if and only if x =5 or x = -2.

4. For which values of x are the following products zero?

1 -3 1 -2
a) (x — Dix+3) °or b) (2x — 1)(3x + 6) z "
¢} Slx+1) -1 d) 2x(x - 3) Oor5
12,5
) (et Dl 1) (x—4) 2Lord ) (2x+ DBx - 22 +5) 273772

- Aerlyiry 2 solving quadratic equations by factoring

&) Justify the steps which enable you to solve the quadratic equation x* - 8x + 15 = 0.

JJJJJ @2 —8x+15=0

& (x —3) (“C —5) = Factor the non-zero side.

S N

Apply the zero product principle.

)
sy —3=0o0rx—-5=0
X =

o v =3or 3 Solve each 1st degree equation.

Thus, S = {3’ 5}. Establish the solution set.

O Guérin, editeur ltée 1.8 Second degree equations
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&1 Justify the steps which enable you to solve the quadratic equation 2x? — 5x = 3.
2x> — 5x =3

e 22 = 5¢ -3 =0 Subtract 3 from each side.

e (2x + Nx-3)=0 Factor the non-zero side.

=2x+1=00rx—-3=0 Apply the zero product principle.

PN X = 1 or x =3 Solve each 1st degree equation.
2

Thus, S :{__:I)_’ 3} ) Establish the solution set.

SOLVING QUADRATIC EQUATIONS BY FACTORING

can be written in the form:ax?* + bx + ¢ =0, a # 0.

Ex.: 2x2+7x+3=0 (a=2b=7¢c=3)
3x2 — 5x =0 (a=3;b=-5¢=0)
X2 —4=0 (a=1,b=0;c=-4)

are quadratic equations.

» The zero product principle makes it possible to solve quadratic equations by factoring.

s We call a second degree equation or quadratic equation in the variable x any equation that

1. Write the equation in the general form: Ex.: Solve: x(5 — x) =6
ax* + bx +c=0. & XX -5%+6=0
2. Factor the non-zero side. & (x=2)x-3)=0
3. Apply the zero product principle. A x—=2=00rx-3=0
4. Solve each Ist degree equation. X =2orx=3
. S
5. Write the solution set. S=1{2,3)
2. Solve the following equations by factoring. ’
; - {0, 10 _ _lo,-5
4 2 lox=0_ S=1010 by 2%+ 5x =0 2
o S=l0,2 , S =13, 3]
21 3x® = 2x 3l dl x2-9=0
1 1]
o) 2 —s0=0 578 f 4 =1 M)
2. Solve the following equations by factoring.
a) 2 -2x—-15=0 S=53 5) xlx - 7)=-10__S=I25l
3
- $§={0,5 S= 1=
) ¥ =5x 0. 51 d) dxlx — 3) = -9 ‘{2} |
=1-3 2| .5 5]
=) x{bx + 5) =06 s 5 2'3%} i 16x? = 25 S Ry
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&

b sl

PO

Aeriyiry 3 fom = k

a} Solve the equations

1. x2=25_8=155 2. 2=7__ S={A47.47} 3 =]

n) What are the solutions to the equation x* = k when

1. k>0 S={4dk+k} 2 L=0  S={0

3. k< O.

FORM x2 = k

The equation x*> = k has the solution set in R
s S=0ifk<0.

« S—{0)ifk=0.

« S= vk VE|ifk>0.

. Solve the following equations referring to the preceding box.
q p
Do S35 sl

5. Write the following equations in the form x? = k and then solve them.

) ¥*=-4_5=9

a) x2—16=0

S ={-4,4) b) 2+9=0 $=0

) x*-2=0 s ={-42, 42| d) 2x2 - 18=0 _S=(323

e) 32— 15=0 _S={-¥5.45] f) 22+350=0_5-9
a3 4z

g} 4x* -=9=0 S”{ ?’?} h) 22 —-1=0 s~{ 2’ 2}

ANeTivrry 4 Formalx-m2 + k=0

a) Justify the steps in the solving of the equation (x = 3)? - 16 = 0.
(x — 3‘)2 —16=0 Add 16 to each side.

o= (x =32 =16 Apply the form x? = k.
PN x—3=-4orx-—3=4 Solve each 1st degree equation.
- x = -] or x =7 Establish the solution set.

Thus, S = [-1, 7).

-
“n

by Justify the steps in the solving of the equation 2{x + 1) — 18 = 0.
2x+1)2—~18=0 Add 18 to each side.

o= 20c+ 1)2 =18 Divide each side by 2.

N (x+1)2=9 Apply the form x% = k.

Py x+l=-30orx+t1=23 Solve each 1st degree equation.
o ¥ = —4 or x == 2 Establish the solution set.

Thus; S = (-4, 2}.

© Guerin, editeur leée
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1 Justify the steps enabling vou to conclude that the following equation has no solution.

3(x + 12 +12=0 Subtract 12 from each side.
e 3(x + 1 )2 — 12 Divide each side by 3.
s (x + 1)2 — 4 The square of a real number cannot be negative.
Thus S = O.

FORM alx-m2 + k=10

+  We use the following method consisting of isolating the variable to solve such an equation.
2x+1)2-10=0

= 2(x - 1)2 =10 Add 10 to each side.

& (x - 1) = Divide each side by 2.

& x—l:~—\@ or x —1=1v5 Apply the form x* = k.

& =1-5 or  x = 1 +V/5 Solve each lst degree equation.
Thus, S = 1 -5, 1+ \/D Establish the solution set S.

» Note that the equatlon alx — h)*> + k = 0 has no solution if a and k have the same sign.

%. Solve the following equations by isolating the variable.

IR AR EEEREEEE)

a) (x—3)P=16 S=r17
b} 2x+1)2=9 S=(-2 1}
o 2x=32-1=0 S=11,2
d) 2x+1)2=8=0 S ={-3, 1}
el 2x~-1)2+18=0__S=124

7. Show that the equation a(x — h)? + k = 0 has the solution set

?3?3?4?@?%?!*4?@‘.f-ks,?ghzwg!a&g!&\g‘a\g!a‘%@\g\g\g&g!g¥g\g\

a) S= h—«J Jh+ inc——->0
a(x—h)2+k=0 & alx-hf=-k < (x—h)2==-1(-
Wx-h_-nl.—.l.‘—_-og'g h_.+[: < x=h-~ -._nr)(..h«k{::k-:
1 1 a {a

by S={h}ifk=0.

The solutions obtained in a) are equal to h when k = 0.

A S

o

-k 4 R when -k - 0. Therefore, no real solutions exist.
a a

g S=0ifzk<0
o

SOLVING THE EQUATION a(x— 2 + k=10

The equation alx — h)? + k = 0O has the solution set
*S=|h- -ji h + -k} f->O
eSS = hifk=0.

!
o R
e S={ 1f“f< 0.
&
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Solv

e the following equations using the formulas stated in the theory box on page 32.

(x = 1) +9=0 S=0 B 2l =3P =0 S =1{3}

(2x ~ 5)2 =25 =0 S={0-5 G2 12— 14 =0 S={-1-47.-1+47]
; _15 _3] ) =

22x+ 12 +32=05712""7] 13k -2P+27=05"9

The

SOLVING QUADRATIC EQUATIONS: THE DISCRIMINANT METHOD

number;

A=Db2 - dac

lutions depend on the sizn of the discriminant A.

crimnnant, noted A (read delta), of the quadratic equation ax? + bx + ¢ = 0 is the real

A0 2 solutions X, = :}-7—:—1/;- and x, = B
2ul - 2u
A-0 I solution X = ~~;b—
: Zd
A< no real solution
3x2 — 1lx -4 =0 | X2 =6x-+9=0 Xt - x4+ 1=0
e a=3b=-11,c=-4 ca=1,b=-6,c=9 ca=1b=-1c=1
e A\ =D~ 4dac o A=D)b"— dac o A=}h — dac

(=11) — 4 % 3 x -4 A=(-0)0"—4x1x9 A=(1)0-4x1x1
- 169 A=0 A=-3

SO o AN | o T N PRV (R R Thus, S = O.
i ch 6 3 2(1 2 )
~1~:~/3”_H(~? 4 | Thus, S =3
- Zid Y

K

o . Using the sign of the discriminant, indicate the

i

2x* 4+ 3x = 2=0 A = 25; 2 solutions 27 - Sx+3=0 2

number ot solutions to the following equations.
49, 2 solutions

437 4+ 12x 4+ 9 = A =0: 1 solution G ext ey =1 =10 A =+~3; 0 solution
2 By =0 - A = 36; 2 solutions 2l -8 = () ) A = 64; 2 solutions
vy - 3) =2 A= 1; 2 solutions .y 2 I — | = () A = 0: 1 sclution
. Solve the equations of the preceding exercise using the discriminant method.
$= 2 1 o s=1 _3| s=1_3] S=0
S = {0, 6 L S={-22 . S={1,2] S =1}
Guerin, cditeur T 1.6 Second degree equations 33




44 . Solve the following equations using the most appropriate method.

5 22 —x—10=0 s-l2§ b) X2 -8y +15=0__> 1 o ]
el o osmem g -0 StEA
e} 2x% 4+ 5x = ,_ﬂ_ﬂ‘s_jk,’ —% . ) X —bx=-5__ 5= e i
g (x+1p=9_ S=r21 h) 3x2-9x+12=0_S=(24

) - 12— 12=08=L3) ) k1P 6=0 S=fl- f3.-1+45)

49 . Show that when the solutions to the quadratic equation ax? + bx + ¢ = 0 exist,

2} the sum of the solutions is equal to ~%. by the product of the solutions is equal to %
/ ¢ 12

b-d5 . -b+dn _-2b__b f-b-f‘l{-mﬂ}: b2 -A _ bZ - (b2-4ac) _ dac _c
“%a ' %2 _2a_ a T Za ) 2a | ¥ da da’ _a
43 - . "
178 . Solve the following equations.
s=1-42 s=|-5_3
a) (2x +1)?2={x- 3)2,_,,‘W~L_’_~3iw ,,,,,,,,,,,, B) 2x+3)(x—-2)=9 MLZEJ mmmmmm -
g xl+20-1=0_5 -4 -1+ 4Z) gy 3 g2 -3x=0 S0 LI

4 #5. The length of a rectangular field measures 5 m more than twice its width. If the total area is
equal to 250 m?, what is the perimeter of the field? _70m

42 The height h{t) of a projectile, measured from ground level, is given by h(t) = —t* + 8t, where
t represents the elapsed time in seconds since it was launched.

a) Can the projectile hit a target located at a height of 20 m?

5) At what instant does the projectile hit the ground? _Atf=99.
¢} At what instant, during the projectile’s ascent, is a target hit if it is located 15 m above the
ground? _Att= 3s.

%

12 The value v{1), in cents, of a share is given by vit) = 2t
aumber of weeks since the share’s purchase.
«) After how many weeks is the share worth 38 ¢7  AMterzwee®™ 0 —
b Can the share reach a value of 6 ¢ Justify your answer.

A mother is presently 5 years older than twice her daughter’s age. Ten years ago, the product
of the mother and daughter’s ages was equal to 125. What is the mother’s present age’
35 years old e e

The square and the rectangle on the right have the same x 2% -3
rea. What is the numerical value of the rectangle’s
perimeter’

- P T P R - | Al M M r - R .
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In a triangle, the height relative to its base is 2 cm less than that base. Determine this height if
the area of the triangle is equal to 12 ¢cm?2.
Height: 4 ¢cm ‘

*. The height of a cylinder measures 4 cm more than its radius. Find the height of this cylinder
“its total area’is equal to 140  cm?.

it

Height: 9 cm

. An isosceles triangle and a square have the same area.
What is the numerical value of the triangle’s perimeter?
27.7 u

X -+

x+2 x

s« Consider the figure on the right. The area of square EBGF A E B
. N 3 _~
is represented by the polynomial x> + 8x + 16.

If the area of rectangle ABCD is represented by the poly-
nomial 2x% + 13x — 7, what is the length of the rectangle?
2x - 1
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Second degree inequalities

Aerrylry 1 sign of a1st degree binomial
Frank rents a booth at a flea market to sell watches. The rental fees are $100 per day. Frank makes a
$20 profit per watch sold.

a) Determine the binomial P(x) which gives the day’s profit as a function of the number x of
watches sold. P(x) = 20x - 100

b} What must be the number x of watches sold for the day’s profit P(x) to be

1. zero. X=95 2. positive, X= 9 3. negative, X <%

¢} It is useful to show the sign of the binomial P(x) on the real number line.

Sign of P(x) = 20x — 100

We place O above 5

_ \9/ + Pix) to indicate that P{x)
1 ; is zero whenx = 5.
5 .

e Under the axis, we write the zero 5 which divides the real number line into two intervals
J==, 5[ and | 5, + =[.

e Above the axis, we write the sign of the binomial in each interval. Thus, the profit is strictly
negative fo x < 5, zero for x = 5 and strictly positive for x > 5.

4y Consider the binomial P(x) = -5x + 10.
1. What is the zero of P(x)? 2
2. In what interval is
Plx) > 02 _F=2 Plx) < 07 12+~

3. Show the sign of the binomial P(x) on the real number line.

Sign of P(x) = -5x + 10

+ \\/ - P

=2 2%

A\er Iy 2 sign of a second degree trinomial

The manager of a company has established that the production cost C(x) and the revenue R{x) from
selling a roll of fabric with a length of x metres is:
Clx)=5x+6

Determine the trinomial P(x) which gives the profit from selling a length of x metres of this roll
of fabric.
P(x}) = R{x} - C(x} = x? - 5x + 4

Rix) = x* + 10

What must be the length of fabric from this roll for the protfit P(x) to be zero?
Pix) =0 = x?-5x+4=0=x=1o0orx=4 The roll must have a length of 1 m or 4 m.

© Guérin, éditeur ltée
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The manager will have a gain or a loss depending on the sign of the trinomial P(x).

Since it is easier to study the sign of a product than that of a sum, factor the trinomial P(x).

P(x) =x?-5x +4 =(x~1)(x - 4)

The tollowing table shows the sign of P(x) = x2 - 5x + 4.

X = 1 4 o

* The zeros 1 and 4 of the trinomial P(x) divide the real number line in 3 intervals:

J===, [, ]1, 4] and 14, +-=¢[.

The product of the signs

x -1 — -+ + of the 1st line with the signs
of the 2nd line gives the sign of
X — 4 — - + the trinomial in each interval
e on the 3rd line.
x- — Sx+4 + — +

* In the interval ]-=, 1[, we notice that the factor (x — 1) is strictly negative, the factor (x - 4)

is strictly negative and therefore P(x) is strictly positive.

omplete the following statements
1

orifx= 4

1

or x = fm

C

1. the profitis zero if x =
2. the profit is positive if x =
3.

The preceding table shows that the sign of a polynomial does not change in each of the intervals

delimited by the zeros of the polynomial.

SIGN OF A SECOND DEGREE TRINOMIAL — NUMBER LINE METHOD

To determine the sign of the trinomial P(x) = x2 + x — 6.

1. We determine the zeros of the trinomial that we place on the real number line.

VA o
-3 2 *

The zeros of the trinomial thus delimit the 3 intervals J==, =3[, 1-3,2[and ] 2 + =[.

o

determine
of x randomly chosen from each interval.

* Since P(-4) = 6, we deduce that P(x) > 0 in ]~ , -3[.
* Since P(0) = -6, we deduce that P(x) < 0in |3, 2[
* Since P(3) = 6, we deduce that P(x) > 0in ]2, + [
| S S ST
3 ) *

Thus, Plx) = 0ifx & J=# =3] U [2, +=[ and P(x) < 0 if x € [-3, 2].

Since the sign of the trinomial does not change (see activity 2) in each of these intervals, we

siwin of the trinomial in euch interval by evaluating the trinomial for a value

G Guerin, aditour ltee 1.7 Second degree inequalities
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1. Determine, using the number line method, the sign of the following trinomials.

a} Plx) =x* = 8x+ 15 b) Plx) = —=x*+5x—6
SRR SR,
3 5 2 3
2} Plx) = 2x* — 5x -3 d) Plx) = -2x> +7x-3
SO, SO
_% 3 % 3
e} Plx)=x>~6x+9 f) Plx) = —4x? + 4x — 1
+ \?/ + . ~ \(:)/ - N
3 :

2. The profit P(x), in millions of dollars, of a company depends on the number x of units sold in
the month. This profit is given by P(x) = =0.5x% + 40x — 750. Determine the interval in which
the number of units sold must be for the company’s profit to be strictly positive.

x € ]30, 50[

A\ eIy Y 35 sign of a trinomial that has no zeros

2

a) 1. Explain why the trinomial P(x}) = x* — x + 1 has no zeros. A=-3

2. Since the trinomial x2 — x + 1 has no zeros, the real number line is therefore considered as
one single interval in which the sign of the trinomial x* — x + 1 does not change.

Determine the sign of this trinomial.
+ Plx} The trinomial is therefore strictly positive for all x.

.
o

X

b} Determine the sign of P(x) = —x? 4+ 2x — 3
_ Plx)

X

" A=-8; P(0) = -3 The trinomial is therefore stri’cily
negative for all x.

Nerryrry 4L second degree inequalities

a) Solving the second degree inequality x* — 6x + 8 < 0 involves finding the values of x for which
the trinomial P{x) = x? — 6x + 8 is strictly negative.
1. Study the sign of the trinomial P(x) = x* — 6x + 8.
. — 0 + P
Y-y
4

s

x)

X

2. Deduce the solution set S. S=12 4

ny Referring to the sign of the trinomial P(x) = x> — 6x + 8 studied in question a), solve
1> ~b6x+8=0. _S=24 2. X~ 6x+8>0 S=Fn2lu]d ]
S=]x,2]0l4d, ++[

3.x% - 6y + 8 =0,

38 Lhapter 1 Algebraic Expressions © Guerin, cditeur leée
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SOLVING A SECOND DEGREE INEQUALITY — NUMBER LINE METHOD
# Solving the inequality x* + x — 6 < 0 consists of finding the values of x for which the trinomial

x? + x - 6 is strictly negative. . .

1. We study the sign of the trinomial using a number Y T Ny

line. -3 2
2. We deduce the solution set of the inequality. S =132
¢ Note that

x? 4+ x — 6 = 0 has the solution set S = [-3, 2].

x? + x — 6 > 0 has the solution set S = -0, =3[ U ]2, +[.

x* 4+ x — 6 = 0 has the solution set S = |-, 3] U [2, +o¢][.

2. Solve the following inequalities.
leee, S31U1 2, 4] 1 4]

a) 22— x—6>0_ 2 E b) 62+ llx—4=0 23

o x*+x-3>0__R d} x*—-5x<0 10, 5(
Solve the following inequalities.

al x*=<x [0, 1] b} x2 =16 J-=, -4] U 4, + =[

o) xlx—=3)+3>x = AIVI3 44 gy y(x—2) >3 Fr-1[U]3 +o

. The hypotenuse of the right triangle measures less than 5 cm. If side AB c
measures 1 cm more than side AC, find the possible measures for side AC. 5cm
The side AC must measure more than 3 cm.
B A

%. The product of two consecutive numbers is at most equal to 12. In what interval is the smaller
number located? (=%, 3]

# = From the top of a seaside cliff, a stone is thrown upward. The polynomial h{t) = -2+ 12t + 10

represents the height & (in m) of the stone relative to sea level as a function of elapsed time t in

seconds. Between what instants is the height of the stone over 26 m relative to the sea level?
Between the instanis t = 2s and t = 4s.

The value V(x), in dollars, of a share x months after its purchase is given by V(x) = -0. 1x* + x + 1.90.
Determine the interval of time for which the value of the share is greater or equal to $3.50.
x € [2, 8]. Between 2 and 8 months after its purchase.

e

- For which values of m does the equation x> + mx + m = 0 have
m < ]—TL, O[U ]47 +’([

a1 two solutions?

) one unique solution? M =0orm=4

no solution? _ m < JO, 4f

O Guérin, cditeur lede 1.7 Second degree inequalities 39




“Evaluation 1 -

1. Expand the following expressions using the appropriate identity.
a) (3 + 2x)? 9x* + 123 + b2 b)) (2x0 — 3y2)2_ 4x0 - 1237 + 9y

<) (3a% + 2b)(3a? — 2b) _9a* - 4b? d) (2x+ 1)(2x — 1)(4x? + 1) _16x7 - 1

2. A rectangular base prism has the volume V(x) = 4x> + 6x? — 16x — 24. The dimensions of
the prism’s base are (2x + 3) and (x — 2). Determine the height of this prism. _2x + 4

2. Factor the following polynomials.
a) 12a’b* — 18a%b*
b) (2x + 3Mx — 2) — (2x + 3)2x + 1)
¢} (2x+ 1)2 + (2x + D){x = 5)
d) 6a’ — 4ac + 9ab — 6bc
2) 16x* — 25y°

6a?b*(2a - 3b?)

(2x + 3){-x -3)

(2x + 1)(3x-4)

(2a + 3b){(3a - 2¢)
(4x2 + 5y)(dx? ~ 5y)

4. Factor the following trinomials.

a) x242x—15 (x - 3)x +5) B) 2x2 —x-6 (2x + 3)(x - 2)

Q) 9x% — 30y + 25y (3% W d) dxt b 1625 + 1622 7 x+ 2P

5. Factor the following expressions.
a) 163:2«(23«:——1)2 {(6x - 1)(2x + 1) 53} x* — 18x2 + 81 {(x +3)  (x-3F

<) x* - 81

(x + 3)(x ~3)x% +9) d) 6x 3 4x2 — 2 2x(3x + D(x-1)

&. Simplify the following ratlonagl expressions after indicating the restrictions on the variable.

(x + 1) =16 popna 3 x # -5 and x # -3

&
} x4+ Sx + 15
P 2x + 3 » ;
b) 2xy + 10x % 3y + 15 P yv#*-5andy# 5
y* - 25
. Sub—6a+8b-12 a+2 b#3
[ 2
: 4b -6
A 2x° %fr;—iu x-1, x#0;x+# -3
2x° + bx

F. Perform the following operations given that variables satisty the restrictions.

N x+ 2
X . 2x - 6 Xre
é} - + Y ~ == x-3
X =2 x* — bx + 9
ran - 1
3y X+ 10x + 25 N 3 o
()] — : -
7Y‘ 9y — 5 3x + 15
CoAxT 12 40 T 3 2x -3
2} T— - — = x
’ 3x° = 35x 3x = 5
- x(y + 1)
ijz x o — X — R —
P2y -2 w1

© Gueérin, editeur ltée
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18. The square and the rectangle on the right have the

x+1

. Solve the following equations.
é -y )
a) 2x-Dx-3)=0 S=133 b) x2=x §=10.1j
| 3 3] -~
Q 42-9-0 S=l%3 d) 2+1=0 $-0
e} (x-3)2-4=0 §={1, 5] f) 2c—1)2-8=0 S=13 -1
8. Solve the following equations.
sigd -4
a) 2 -9x-5=0 2 b) 4x? ~6x+9=0 2
) X2=2x+3=0 S=0 d) x+1x+2)=6_S=1-41)
1 =10, -1. -
&) (2x+37=(x_272 S=[3-5] f) 203 + 622 + dx = 0 S=10.-1,- 2]

x—1

same area. Determine the perimeter of the rectangle.
(x + 1P =(x~1)(x + 5)

x =3 = Perimeter of the rectangle = 20 units

11, Solve the following inequalities.
]—:cq O] U [1! +3c:[

a) X’ =x =9

x+5

]~xv -3] U [3’ w[

) ¥ +3x-4=0_]=-4]U[1, +=[

e) x*—6x+9<0 {3

-x+1=0

months after its purchase.

a) What is the share’s purchase value?  $4

b) x?
d) x?+5x—-6=0123]
f) x°

b} If the value of the share is greater than $9, in what interval mu

elapsed months since the share’s purchase be? 11, 5[

12. Determine the interval in which the variable x must he located

2x + 1

for the area of the rectangle on the right to be greater than
18 u??

x &€ J4, +x[

© Gueérin, éditeur ltce

2. The polynomial Plx) = = 4+ 6x + 4 enables you to calculate the price P(x) of a share x
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4. Consider the rectangles ABCD and DEFG represented on 5

the right. Knowing that mAE = mCG = 5 units and that the A E D

polynomial 6x? 4+ 5x —25 represents the area of rectangle

ABCD, determine the polynomial which represents the

area of rectangle DEFG. : G
6x2 + 5x - 25 = (3x - 5)}(2x + 5) 5
Dimensions of DEFG: (3x - 10) and 2x I
Area of rectangle DEFG = 6x? - 20x B c

15. The polynomial 2x3 + 11x2 + 15x represents the volume of a rectangular base prism. The
dimensions of the prism’s base are x and (x + 3).

What binomial represents the height of the prism?_2x +5

#®. Consider the rectangle ABFE and the square CDEF on the A E D
right. Segment AE measures 2 units more than segment ED.

What is the numerical value of the area of rectangle ABFE
if the area of rectangle ABCD is equal to 40 cm??

* mED = x; mAE = x + 2; Area of ABCD = x(2x + 2) = 2x? + 2x B

2x? + 2x = 40 = x = 4 = Area of ABFE = 24 cm?

17. The dimensions of the rectangle ABCD on the right are A G D
3x and (x + 2). The quadrilateral AEFG is a square with
an area of 16 cm?. The area of the shaded region is equal
to (2x% + 6x) cm?. What is the numerical value of the ¢
area of rectangle ABCD?

3x(x +2)=2x2 +6x + 16> x =4 B 3x C

x+ 2

Area of rectangle ABCD = 12 x 6 = 72 cm?

% 8. The polynomial h(t) = =2 + 6t + 6 enables you to calculate the height h{t), in metres, of
an object t seconds after it is launched. Between what instants after its launch does the
object reach a height greater than 14 m?

Between the instants t = 2s and t = 4s.

19, The given right triangle and rectangle
have the same area.

10 cm
What is the numerical value of the (x)cm 3em
rectangle’s length?
x = 6; length = 8 cm (Zx — 4) om 7
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