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At the beginning of the third millennium, Guérin, éditeur is pleased to make available to
Quebec teachers the exercise book, Math 504, Cultural, Social and Technical option, of the
Mathematics 3000 collection.

Tizs is an exercise book whose content, in accordance with the Quebec Education Program,
is geared towards skill development, especially the three disciplinary skills; “Solving a situational
problem”, “Using mathematical reasoning”, and “Communicating by using mathematical langnage”.

Each book in the collection is divided into chapters that cover the various fields of
mathematics such as arithmetic, algebra, geometry, probabilities and statistics.

Each chapter begins with the Challenge section where the student is invited, alone or in a
team, to solve situational problems that have not been presented previously. The solution of each
situation requires a combination of rules or principles that the student may have learned or not. In
this section, the student is confronted with various situations that will provide him with the
motivation to seek inside the chapter the elements allowing him to solve them.

Each of the other sections of a chapter starts with learning activities where the student is led
step by step to the discovery of the concepts. Activities lead to highlighted sections summarizing the
essential material of the course, and supported by examples. The student will find, in these
highlights, complete references that will be useful throughout his learning process. The highlights
are followed by a series of graded exercises and problems that will allow the student to develop his
skills by solving situational problems, by using mathematical reasoning and by communicating using
mathematical language. Each time the situation allows it, the student will have to explain the steps
he used, justify his reasoning and finally communicate his answer in an appropriate manner.

Each chapter ends with an Evaluation section that will allow the student to ascertain if the
knowledge has been acquired and if the skills have been attained.

A detailed list of symbols and an index at the end of each book will allow the student to easily
find everything he needs during his learning,

This pedagogical tool, focused on skill development, is written in a clear and simple language
and aims to be accessible to every student without sacrificing mathematical rigor.
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System of two-variable first degree
inequalities

Polygon of constraints

Optimization of a situation

TION 1







. During the summer, Adel grows strawberries
on his farm in the St-Laurent Lowlands, His
wife Dienise makes jam that she sells in her
general store: She fills 400 ml jars and 500 ml
1ars, .

- Ewery wee k she uses a max liﬂtiﬂ”i of:30 litres
of jatm

- She wznts oW produu at iwa’t %{) jars. per _
wee .Ig L

- She also wants Ln produce, wee ki ; dt']cas 20
jars but at st i(m\ 500 ml jars.

~ Moreover, she wants to pmduu wee kly-ag
least twenty 400 mk jars -

o :H@w rany jars of
L pmht if she sellse

G .:. x rmmber of 400 mi }ars_é
) v wumber oj 500 ml}ar«: :
;RT ::;:.x{)' _
v=0
400 500y 30 000
xeyeso
20 =y = 40
.20 '

_ ::&he ewill mawmwe her p?‘O _
 Forty 500 ml;ars (R o

; if she produces,

10

Vertfséé H=7x+ Gy
A{30, 20) $390
B(Zo, 30) $410
(20, 40) $500
25, 40) $535
E(50 30) $530

; .:.Fy, tweraiyfw 409
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vo-variable first degree equations

0Ty ) V_iaymg s@@ in a yard

Mr. Quinn would like to have sod installed in his rectangular yard. The length of the yard is 50 m
more than twice its width, The perimeter of the vard is equal to 340 m.

a) Establish an equation that translates this situation.
6x + E00 = 340 where x represents the width of the yard.

b} Determine the dimensions of the yard.
Length: 130 m and width: 40 m.

¢} Find the cost of the sod, knowing that it costs $0.80/m?. $4160

 ONE-VARIABLE ?ERST ﬁE@QEE E@lﬁﬁ'ﬁ@ﬁ

= A one-variah e f§§\¥ a?vgga L i;imliiﬂ% is an cq'__ ";; _

1 be Vnﬂcn A5

ax + b =0 ::'5."'5{ 7 0

jable first degree equation.

it one varishle x consists infi ndmw the mhw 0? i whu h
wequality. The value of o weobtain is called soly ‘%m” of u}(

Consider the two-variable first degree equation 2x — 5y = -10.
a) Do the coordinates of the point A(5,4) verify this equation?

Yes iy

wY

b} Find two other points B and C whose coordinates verify this
equation. _ B(0, 2}, C(-5, 0)

¢} Place points A, B and C in the Cartesian plane on the right. What is the position of these three
points? They are aligned.

d} What is the solution set of the equation 2x — 5y = ~10? Represent it in the Cartesian plane.

The solution set is a line.

4 @hﬂgﬁt@i’ % Optimization © Guérin, éditeur ltée



Evjéi;fa‘wgavcé(u‘r‘;?“h‘gﬁui‘nitssﬁ‘s

A furniture manufacture makes chairs and armchairs. The number 'y
of hours spent on finishing a chair is 3 hours and the number of -
hours spent finishing an armchair is 5 hours. In one week, the time
spent on finishing these two pieces of furniture is equal to 45
hours.

a} I x and y represent respectively the number of chairs and the
number of armchairs produced in one week, translate into a

two-variable equation the censtraint stating that the total
time spent during one week to make these two jtems is 45
hours.

3x + By =45

3

b} Construct a table of values satisfying the constraint established in a).

¥ 1 0 5 L1015
y | %26 30

¢} In this situation, the variables x and y take only positive values. Represent the solution set of the
equation established in a) in the 1st quadrant above,

"ﬂﬂ?@ VﬁﬁEAQLEFi%’E E%EGQEE 5@!3&?3@5‘@

e ‘wx o-variable f;m a%ﬁ’t*sa e tgmé;ms isan oc[uatmn *ihat can be wr;ttc Ty as;

?\; C,.OI“;.SI(;.( 1 t]u ¢ qudtloﬂ -%Y

E Table of Value

- The solution set. :
Crepre sm‘red by the wt (}f pmma ori the

me: on ‘thc right.

T. Determine if the coordinates of the point P(=2, 3) verify each of the following equations.

a) 3x -+ 4y =6 by 2x+vy=5 ¢ v="5x+7 d) §+%m1

Yes No No Yes

© Guaérin, éditeur Itée .9 Two-variabie first degree equations
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Represent graphically the solution set of each of the following equations.

a} 3x+4=10 b} x+y=2 G x+2y=23

3
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The management of a tennis club wishes to hire personnel for its summer season. It wants to
hire instructors and attendants. If x represents the number of instructors and v the number of
attendants, translate each of the following constraints into a two-variable first degree equation.

ay The total number of people hired is equal to 8. x+y=8
b} The number of instructors exceeds the number of attendants by 4. *=v + 4
¢} There are three times as many instructors as attendants. x =3y

d} The number of instructors increased by twice the number of attendants is equal to 10.
x+2y =10

€} The number of attendants is equal to one third the number of instructors decreased by 1.

y=~§§x-—1

&. A grocery store produces strawberry jam. It produces 250 ml jars and
500 ml jars. The total quantity of jam it wants to package is 6000 ml, 7

2} Define the variables in this situation.
x: number of 250 mli jars, y: number of 500 mi jars.

b} Translate this situation into a two-variable first degree equation.  *

250x + 500y = 6000 0y %

¢} Represent the solution set of the equation established in b) in the Cartesian plane on the
right.

d} Give a solution couple for this equation. What does it represent?
(16, 4). The grocery store can produce sixteen 250 ml jars and four 500 ml jars.

Chapter 1 Optimization @ Guérin, éditeur ltée



M. Addison would like to put a fence around a rectangular field whose length measures 6 m more
that three times its width. He has a maximum of 84 m of fencing.
a} Write an inequality that translates this situation.
x: length of the field; 2(3x + 6} + 2x = 84: 8x + 12 = 84

b} In which interval is the width of this field contained?
x = @ The width of the field is contained in the interval JO, 21

ACTTY!

Let a, b and ¢ be any three real numbers. Complete the following equivalences using the appropriate
symbol = or =,

T 2 Properties of the inequality refation

a) asbsatc = _b+ec

besa—c_ = beg

b} a=<
¢ 1.asbamde>0sac_=__ be
2. asbandc<0& ac__=__ b
d) 1. a<bandc>0e8 = %
I
2. asbande<led = -i—
c

GNE VAREAEE,E FBRﬁT ﬁi@REE !NEWMBW

one-variab § st dwaee Ei‘gé*(gih‘ﬁgii\, is am mujmﬁm th(zi: can be’ wmtuz ast

o A

ax+b=01 a J

Exoo Ba 4 92 {} is a. {}l”i( ~-variable first deg prec moqu 1I1ty.:-_ .

o Solving a first de gr( efine qudilty in one variable x COnis ts m imdmg. the set! of xnlui | s that

transforms the ineqis: Jm intoa true ine juality.

Hy,, Zx 1+ 3 = }5

1-3 e subtract 3 from both miu m‘ the ine qm}m
o TURp ol
-2y 4+ lj‘\'--Z_) Wc da\uck each side of the e qu&hty by =~

x = -6 We change the direction of the 1tuum]m hecause we divide ene h
' side by T}u negative number -2,

@ Guérin, éditeur ltée 1.2 Two-variable first degree inequalities 7




m@maraa'uaméfs?st ﬁegsﬁee mequam -

!’..2"

Consider the line Wﬂh equation: 2x + 5y — 10 = 0. Line ! divides the |: v
plane into 2 half-planes: the colored half-plane containing the origin 0 |
and the grey half—plane that doesn’t contain it. This line [ is called
boundary for each of the half-planes. In which half-plane is the set of
points verifying the following inequality located?

a) 2x + 5y - 10> 07 _Grey half-plane.
b} 2x+ 5y~ 10<0?

Coloved half-plane.

A financial centre employs regular staff and contract stafl. Each regular
employee receives a $20/hour salary and each contract employee receives
a $25/hour salary. The centre has a maximal budget of $2000 per week.

a} If x represents the number of working hours of a regular employee

and v represents the number of working hours of a contract
employee, translate this situation into two-variable first degree

20 x

inequality. _20x + 25y < 2000

b) Explain why the possible solutions for x and y must be in the 1st quadrant.

x and y represent respectively a number of working heours, which is positive.

¢} Draw the boundary line that divides the plane into two half-planes.

d} Color, in the Ist quadrant, the region of the plane that represents the solution set of the
inequality given in a).

e} Give two solution couples for this inequality.  Various answers.

YW@%?RR@EE.E ENEQUMSW QE?R&SENTRTE@N OF THE S@ﬁﬁ?iﬁ?& SET

Ihv sohﬂmn set of th"m e mrmi te iz;\% a?w mmgimim

lj.nt‘t' a4xX by .+ (}

Ex.: To determine thc solution setof ‘th incguality 2x - ?v 6= O
1 we draw the lnwi 2x W — 6 = 0, boundary of L}m hdii g‘nlcme:
we'seek,

mun half-

2. if the origin (}{(} 0} xerlfws thc Anequality, t?w 5
plane is the one that contains the origin. N
The boundary is drawn as a solid line to show that i?w pnmts on the b{nmdqr} are solutions,
as a dotted line otherwise, ' o
3. we color the solution half-plane..

2% 4 3y ~ 6 < 0 2% 4 3y~ B

>0
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T Represent graphically the solution set of the following inequalities.
a) —4x 4+ 5y —-10=0 b} x—-3y<0 <) yrx—2

L=

d} v=-1

» Determine if the coordinates of the point P(3, -2 verify each of the following inequalities.

a) Sx —4y > 10 b} x =<4y € x<2y+4 4

Yes No No )
d} Sx+2y+5=0 ] x<8 f) _§+%<1

Yes Yes ‘fes

& » /Tor each of the following situations,
— 1. identify the variables.
2. translate the situation into a two-variable first degree inequality.

a} The total number of boys and girls on a field trip is less than or equal to 150,
x: number of boys, yr number of girls; x + y = 150.

b} The perimeter of a rectangle is greater than 250 cm, _x: length, y: width; 2x + 2y > 250.

¢} Atasummer camp, counsellors are paid $9.50 an hour and sports instructors are paid $15
an hour. The budget for these employees’ salary is less than $9000.
x: number of counseliors, y: number of sports instructors; 9.50x + 15y < 9000,

d} At a food products company, salad dressing is packaged in 100 ml battles and 250 ml
bottles. The total amount of dressing packaged in bottles is at least equal to 50 litres.
_x: number of 160 ml bottles, v: number of 250 ml bottles; 100x + 250y = 50 000,

2} In a group of tourists, there are at most three times as many Francophones as there are
Anglophones.
x: number of Francophones, y: number of Anglophones; x = 3y.

Guérin, éditeur ltée .2 Two-variable first degree inequglities 9




&. To raise money for their graduation party, secondary 5 students sell shirts and caps. Each shirt
sells for $15 and each cap sells for $8. Translate each of the following constraints into a two-
variable first degree inequality, knowing that x represents the number of shirts sold and y
represents the number of caps sold.

a} The students want to raise at least $850. 15x + 8y = 850

b} They want to sell at most three times as many shirts as caps, x = 8y

¢} They sold more than 70 items. ___x +y > 70

d} They sold a maximum of 40 shirts. x < 40

e} They sold at least as many shirts as caps. Xy

At a fundraising concert to help homeless people, organizers sell adult tickets for $25 and
student tickets for $10. If x represents the number of adult tickets sold and v represents the
number of student tickets sold, use a two-variable first degree inequality to translate each of the
following statements and represent the solution set of the inequality in the Cartesian plane with
an appropriate choice of scale.

aj The organizers raised more than $4000. b} There were at least four times as many
adult tickets sold as student tickets.

25x + 10y > 4000 x = 4y

86 4+ 80
' 0

{ 80 x

80 x

¢} The number of tickets sold is less than 400. €} The number of adult tickets sold is greater
than or equal to 240.

x +y < 400 x = 240

Vi S

10 Eheapter T Optimization © Guérin, editeur ltée



&. Tor each of the following situations,
1. define the variables involved in the situation;
2. translate the situation into an inequality;
3. represent the situation in the Cartesian plane.
a} A garden has an area of 75 m2 Each fruit patch occupies 3m? vi
and each vegetable patch occupies 5 m2.

x: number of fruit patches,

v: number of vegetable patches;

3x + 5y = 75.

2¥

b} In Quebec’s logging industry, timber production exceeds pulp ¥A&
and paper production by at least 2%.
x: percentage of timber production,

y: percentage of pulp and paper production:

x=y+ 2.

o3

¢} Quebec’s tourist industry announces that there are at least 6 ¥4 -7
times as many tourists from Quebec as there are tourists from *
other parts of Canada.

x: number of tourists from Quebec,

y: number of tourists from other paris of Canada;

x= &y,

1

# . The manager of employees for a pharmaceutical company wishes to hire employees for the
research department and employees for management. Research employees are paid $40 an hour
and management employees are paid $16 an hour. If x represents the number of research
employees and y the number of management employees, translate each of the following graphs
into an inequality.

a)

b}

x> 10 3x + 5y = 120 v = 30

© Guérin, editeur ltée 1.2 Two-variable first degree inegualities 1




b)

d}

Represent, in the Cartesian plane on the right, the following o
systern of equations and determine the solution set of the system. 7y T

2+ 5y =1

x=2y4+5 _S=H3 -1y

Solve the following system using the addition method.

2x+3y =6

Sx 4y =1 S =3

Solve the following system using the substitution method.

3 [y=1
R

Solve the following system using the comparison method.
1 y=4x+8
13} =3x +5

5 ={-3, -4}}

12

A syster nﬁ twor-variable §’w«% {:Ea‘"x eeeguations isa

o jjgsm OF TIWO-VARIABLE Fim mm EQUATIONS

'-'&t( my that can be. \r\rltt( s

% -4 bly ﬂ'l
a,x -+ 5?237 Ly

wherc? X EII"Ed':}/:

e the Vvariables and a, b,, ¢, a,, by, ¢y
numbers. : -

Solving a'sy ste m --€zmp§§ﬁw§ methad s :
Solving ¢ ;ﬁraphlcallly a system of two first degree equations consists in “”\
representing graphically each of the equations and dete z‘mmmg he "+
set of couples th: at ve nf\f hoti’l equations simultaneously.

Ex.: The mfu?um det ot tha’ sy sta 1 {_’Sx; ¥2yv T - > 5§

Ehapter T Optimization © Guérin, editeur ltée



ddition method

the sysff S
I the. uthm & i 'fxtj'on wo substiinis the isolated vari: 151*
with the expression obtained.

Wecolve the el lmtum

'-Wv then, mi%%smw the
: '_“'u mom cn‘ the'! sy, {i,m and we: de duu thf

raluerobtained mto one of Lht\
value of the

i

bst&bhsh h(‘ wimzm? wz m‘ the av stom

1 systeny {3?&5 9

= We m%& e th( equation that we ()%tmnm} g
—~ We aééEwiinm {}je value ohtainét { ifto oneiof the e ;ﬂntuma

We efst&‘fv is} 1 Lh(’ m Ltions st il f}ft he &x %ic m

e Solving a svstem: A
The sddition method (also called réduction method) is illustrated in the following example,
Consider the ystenm: {/’{ + 5y 4 x 3 2 4 Sy = -4
Sx - 2y H” X —2 { 3x—2y =13
— We multiply both members of eich equation by a nonzero
real number in order to }mve opposite eoe theients for tize 6x 415y =-12
variable x {or the variable v {“6% + 4y =-26
We addd t}u ((};"rcxpondmg\ uda -s.of the equations in-order to.
obtain an equation-in only one variable! 19y = 38
~ We determine the value of this \fdrldbh* o y =2
- We, then, substituie the value ubtcuned mm one of th(_ 2x 4 5(-2) = -4
cquations of the systerr and we deduce the value of the x == 3
other viriable.
- We establish the solution set 8 of the system. S=1{(3,-2)}
@ ESOEV]J}; a sys’& F ‘*»%ff":exzﬁr o E?‘?i*%i‘ﬁhu

We w}? te onc of the variablés using one of the equs mom of

y:w2x+ 1
3x+4(-2x-+ 1) =
3x = 8x + 4 = -6
X == 2
3(2) + 4y = -0
Y = -3

5 =1 -3)}

— We< mém e b\f transitivity an anatum m emiv one variable,

ot the syste m’ and we deduce the uhu Uf the other v auab e

dx +2 = —3x + 9

x =]
yo=2x 141
y=3

)

€ Guérin, éditeur itée
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%o Solve the following systems using the appropriate method.

a} 395‘5‘23?:“5 b} x=3y -8 {,’} 3% -é—yzm»qh
2z
5 = {(1, ~4)}} = {{-Z, 2)} & = {{-3, 5}}
@} {y =—2x —3 @3 v = 4x ;_ ?} {4% + 3y = -28
Sx +y=-3 Ay =a+ 3x —2y =13
5 =100, 3)f s- %3 S = {-1.-8)]

@. In each of the following situations,
1. identify the variables;
2. write a system of two-variable first degree equations;
3. determine the solution of the system.
a) In a real estate project, there are three times as many condominiums as single-famnily
houses. There is a total of 240 homes. How many condominiums are there?

x: number of condominiums Jx = Jy
1x + y = 240

y: number of single-family houses

There are 180 condominiums.

b} Inawarehouse, there are 1250 boxes. Bach small box occupies a volume of 7 dm? and each
large box occupies a volume of 45 dm3. The total volume occupied by the boxes is
42 950 dm? How many boxes of each size are there?
x: number of small boxes [x +y = 1250
|7x + 45y = 42 950

v number of large boxes

There are 350 small boxes and 900 large boxes.

¢} Determine the area of a rectangle if its length is 5 m more than twice its widch and the
perimeter of the rectangle is equal to 37 m.
x: length [x=2p+5
12+ 2y = 37

v width

The area of the rectangle is equal to 63 m®.

d} A car rental agency offers two options. The 1st one consists in paying a $30 fixed amount
and a $0.08 amount per kilometre. The 2nd consists in paying a $20 fixed amount and a
$0.10 amount per kilometre. Determine the number of kilometres that we must travel so
that both options carry the same cost.

x: number of kilometres Ip = (.08x + 30
|y = 0.20x + 20

v: rental cost

The number of kilometres traveled so that the cost is the same is 500,

14 @ﬁ%ntmﬂ T Optimization : Guérin, éditeur ltée



inegualities

Consider the foliowing system of inequalities.

3x+v=5 (1)
2x—3y<7 (2}

a} Represent the solution set of inequality (1) in the
Cartesian plane on the right,

b} Represent the solution set of inequality {2) in the
Cartesian plane on the right.

¢} Color the region corresponding to the set of points that
verify both inequalities simultaneously.

This set of points is the solution set of the system.

A 2 At the restaurant

Ava and Richard are at a restaurant with their children. They order
dishes from the daily menu at $15 each and beverages at $3 each. y g v
Their budget allows them to spend a maximum of $20. They wish
to order at least 4 dishes.

a} ldentify the variables in this situation.

x: number of dishes, v: number of beverages

b} Write a system of two-variable first degree inequalities that 5
represents the constraints of this situation. ok

{15}«: +3y = 90

w2 Y

x= 4

¢} Represent this system in the Cartesian plane on the right and color the solution set of the
system.
d) Give all solutions couples of the system. _(4, 0), (4, 1) ... (4, 10). (5, 0}, (5, 1) ... (5, 5), (6, )

Guérin, éditeur ltée %.4 System of two-variabie first degree inequalities 15




SYSTEW OF TWWO-VARIABLE FIRST DEGREE INEGUALITIES

o Assvatem of twosvariable first degree inegualities is o system that can be written in the forny

e The solution ser of a of two-vs mabl f]ﬁ‘i degree ine (}le?ltlﬁ“a is obtained i@y dc termmmg the
intersection of the solution sets of each of the inequalitics of the systen:

Ex.. 1o mlva‘:’thﬁ syster: , We proreed i the i(}ﬂowm g way'!

g ]“Wn represe nt ih{ s{duimn [7’JWe rép. e»nt the wlu‘twn B]Wﬁ deduce rho Solu’ncm set

et of the in wq1mla‘ry ' set of the inequality: of the syStem.

g

xSy 130 w0 Dy

¥4

Any ﬂ{\mt bilopging to region A yerit ; G;ﬂ

o ;i
2 L[l}(tili,v Ll
111<N~qualzty (27 only:

1 1th(1 111<_..L.1u&11ty o

- ’m} pnmt I‘so%ongmff to rcuon Eu ver)

“>IET_L‘5:(’1'}.(_S the

%. Determine graphically the solution set of the following systems.

a) {—495 + 8 b) {y >-2x+3 <) {

;a‘

16 @E@ﬁﬁ&@ﬁ' 1 Optimization © Gueérin, éditeur Itée



2. In each of the following situations
1. identify the variables involved;
2. write a system that translates the constraints of the situation;
3. represent this system in the Cartesian plane and determine the solution set.

a} A rectangle has a height equal to at least three times its 5~
width. Its perimeter is less than 12 cm.

,—

x: length, y: widih.

x = 3y
Zx+ Zp< 12

b) In an aquarium, there are at least five more fishes as w4 7 e
there are plants. The total number of species is at most -
equal to 30,

x: number of fishes, y: number of plants.

xzy+5
x+y< 30

nY

¢} Ina 720 m? parking lot, each car occupies an
area of 6 m? and each bus an area of 18 m?2.
There are less than 50 vehicles

x: number of cars, y: number of buses

6x + 18y <720
x+y< 50

© Gueérin, éditeur ltée .4 System of two-variable first degree inequalities 17



olygon of constraints

SNCTIYITY 1) constraints of a situation

To raise funds for learning disabilities, members of an association organize a concert in a theater. They
want to allocate seats for donors and the rest of the seats are reserved for general admission. The
theater contains a maximum of 500 seats, In order to satisly the fundraising campaign requirements,
there must be three times as many seats for general admission than seats reserved for donors,
Organizers wish to have at least 50 seats reserved for donors and a maximum of 300 seats for general

admission.

a} Identify the variables in this situation.
x: number of seats reserved for donors.

y: number of seats for general admission,

b} What are the two inequalities that translate the fact
that, in a situation, the variables usually take positive or

zero values? x=0,y=0
¢} Translate each of the constraints of this situation into an
inequality. X +y <= 500 _
y = 3x
x = 50
v < 300 "0 T
G £
56 x

d} Represent each of the constraints in the Cartesian plane
on the right and color the region that satisfies all the constraints.
The region obtained is a closed polygon called polygon of constraints.

¢} Determine the vertices of the polygon of constraints.
A(50, 0), B(50. 150}, C{100, 300}, D(200, 300), E(500, 0}

P@WS@N @F msmmﬁs

;;‘é A ;mhf;uzg g}ﬁ ¢ #%E%%Fe%iﬁ"éﬁ is a conivex polygon, (npon or (.; ¥
Carsystem of inec ughnm tmmlatmg, in a situation, iho canst

n asituation, since the vartables usually take non nth;w )

values, the polygon of cons "'imtk is represented. in lht‘ st \ '

: quddmnt

“Ex.: The polygon bf@onstramt% m{rmpon&uw to the
The vertices of ‘thh pwl\,;ﬁn;i of constraints are: f"(Z 2] b("f “3) C [i Ll and Dy (4 2)

| the right. =0
v=0
x =T
5\)2:: BRI ;_':g.::- P T 1
2V B C e

wY

_l}..

solution set of thv fo]iuwmg system is represe ntmf on.
.
3}

vkl
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’S f RACRS "”) . Vertices o? th@ gwivgm's of constraints

LonSIder the ?ol]owmg systemn of inequalities and polygon of

constraints,
x=0
y==0
~3x + 2y =1
x+7y=15
4x + Sy =37
a} What system of equations allows you to find vertex A of
the polygon of constraints? ~3x+ 2y =1 0
x+ Fy=15
b} Solve this system using an appropriate method. __ A1, 2}
¢) Determine the polygon’s other 2 vertices. B(3, 5}, C(8, 1)

U&R? @ES @? THE @wm ﬁ$ @@?&S?Rﬁm’fﬁ

To (h termine the mnrdmmn ';i"':the vertices of a poly qon of Lomtmmts we solve, h)r e

j Vsrtc by ThL appraopriate sy ste: m (}i c( ua’uom

o activity

%. Determine the polygon of constraints corresponding to the solution set of each of the following
systems of inequalities and find the coordinates of the polygon’s vertices.

al y=a+4 2 B} 3x+ 2y =<6 ¢ v=s-—x+4
x+y=3 x = ] x — 2y =4
x — by =3 x - y=0 x =0
y=2

A(-3, -1), B(;%, %] 3,0 A1, 1), B{-x, %J c{%,%}

A(O’ _2)9 B(oy 2)! C(z, 2)4 D(47 Q)

& Guérin, éditeur leée
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@. Determine the polygon of constraints corresponding to the solution set of each of the following
systems of inequalities and find the coordinates of the polygon’s vertices,

a) x=0 b x=0
v=0 y = (

X +y=5 x—vy>3
x = 2y v =2x

< x+y<4

Y&

A S
0

A{D, 0), B2, 1}, €4, 1),
D5, 0)

A{0, 0), B(0, 2}, C(1, 3),
{7, 3), E(4, 6)

#. In each of the following cases, construct the polygon of constraints corresponding to the system
of inequalities and determine, algebraically, the polygon of constraints’ vertices.

a) 2x — 3y = -8 by yv=x+2 c} ys—]ﬁx+5

2w+ yv=14 —x = 2y x =4
3x 4+ 4y =5 x ~ 3y = —10 dx + Sy = 1
y=4dx 45

A(4, -3), B(-1, 1), C(0, 5},
D4, 3)

Al-2, 21 B4, 2), (2, 1
Af-1, 2), B(2, 4), C(3, -1} [3 3} ( ) €2, 4)
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. For each of the following situations,
1. identify the variables;
2. determine the system of inequalities that translates the constraints of the situation;
3. construct the polygon of constraints;
4. determine the vertices of the polygon of constraints.

a} A farmer grows tomatoes and potatoes on an area of yg
at most 40 hectares. The area allotted to tomatoes is
at most equal to 20 hectares. The area allotted to
potatoes is at most equal to twice the area allotted to
tomatoes.

x: number of hectares allotted to tomatoes.
y: number of hectares allotied to potatoes.
x=0

V= &

x = 20

x +y =< 40

y= 2y

A0, 0), B[

40 80

B, way], C(20, 20), D(20, 0)

b} A sports centre wishes to hire students for its summer camp. To meet the needs of its
members, the centre must hire at most 20 students, a
minimum of & girls, at most as many boys as girls and
a maximum of 8 boys.

x: number of girls

v: number of bovys

x=0

V= g

x+y= 20

x= 6

Y= x

Yy = &

A6, G), B(6, 6), C(8, 8), D12, 8), E(20, 0)
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nization of a situation

IRV ?wawwa?igbﬁe function

a) Ata theater, floor seats cost $12 and balcony seats cost $16. Let x represent the number of floor
seats sold and y the number of balcony seats sold.

Express the proceeds R of the theater as a function of the variables x and y. B = 12x + 16y

b} A company produces tables and chairs. The production costs are $150 pes table and $50 per
chair. Let x and y represent respectively the number of tables and the number of chairs
produced.

Express the production cost C as a function of the variables x and y. €= 150x + 50y

* GPTIMIZATION OF A FU

Omptimizing a function of tw x.and y consists in finding the couple (¢ ). which:™
depending on'context, maximizes.ot minimizes the function, o

In general, we'seek the couple (x y)which maximizes a revenice fuiiction or minimizes & cost
function: 7 R

72 Wiaximization of a revenue function

At the end of the season, the manager of a nursery garden Number AV £17000, 20000
wants to clear his inventory which contains 1500 flower boxes  of shrubs |~ Y i

Let x and v represent respectively the number of flower boxes Y
and the number of shrubs sold. - /Mi750, 1000) .

The constraints associated with the sale of the flower boxes f i
and shrubs are represented by the polygon of constraints on
the right. The revenue R (in $) generated by selling x flower
boxes and v shrubs is given by R = 3x + Sy,

: : P
a) The interior point M{750, 1000} of the polygon satisfies 0 250 f;ou[:a?gﬁ; é’sf
the constraints and corresponds to the sale of 750 flower
boxes and 1000 shrubs. What is the revenue R generated by this sale?

R=3x750+8x 1000 = $10 250

250 -+

| €150, 0

k) Evaluate, for each vertex of the polygon of constraints, the revenue associated with the sale.

ertices Revenuie: B = 3x + 8y

00,0 BE=3x0+8x0=%0

A {1000, 2000} 1 B =3 x 1000 + 8 x 2000 = $19 000
B {1500, 1500) | R =3 x 1500 + 8 x 1500 = $16 500
C (1500, &) R=3x 1500 + 8 x 0 = $4500
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¢} 1. Among the vertices 0, A, B and C, which one corresponds to the maximal revenue? A

What is this maximal revenue? $12 060

What is this minimal revenue? $0

dj 1. Choose a random point in the interior of the polygon of constraints. Evaluate the revenue
associated with the chosen point and verify that the revenue obtained is contained between
the minimal revenue and the maximal revenue computed in ¢).

Various answers.

2. What is the couple {x, v) verifying the constraints and which maximizes the revenue
function? The couple (1000, 2000)

Interpret your result, The manager of the nursery will maximize the revenue if he sells
_ADOG flower boxes and 2000 shrubs. His revenue will then be egual to £19 000,

ACTIVITY 33 minimization of a cost functior
A company produces square tables and round tables. Let x and y Number A
represent respectively the number of square tables and the ofround |-
number of round tables. The constraints associated with the tables | .
production of the tables are represented by the polygon of USRI SR SO0 S N
constraints on the right. ‘ i BN 250)

The cost C {in $) associated with the production of x square
tables and y round tables is given by C = 120x -+ 140y

a} Evaluate, for each vertex of the polygon of constraints, the (106, 100
cost associated to the production. 50
B} 1. Among the vertices A, B, C and D, which one 0 5y Number of
corresponds to the minimal cost? D__ What is this square tables
minimal cost? _$25 000 _ o
2. Among the vertices A, B, C and D, which one - Vertices - Cost: € = 120« + 140y
corresponds to the maximal cost? B A (100, 100) $26 000
What is this maximal cost? $53 000 B (150, 250) $53 000
¢j 1. Choose a random point in the interior of the [C (250, 150) $51 000
polygon of constraints and verify that the cost D (150, 50) $25 000

obtained is contained between the minimal cost
and the maximal cost established in b).

Various answers.

2. What is the couple (x, y), verifying the constraints, which minimizes the cost function?
The couple (150, 50)
Interpret your result. The company will minimize its cosis if it produces 150 square
tables and 50 round tables. The cost will then be equal to $25 000.
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At lunchtime, a cafeteria sells sandwiches and beverages.
Let x and y represent respectively the number of sand- of

4} The scanning line

Nuriber

wiches sold and the number of beverages sold. beverages). . ..M.,

The constraints associated with the sale of these items are
represented by the polygon of constraints on the right.

The revenue R (in §) generated by selling x sandwiches
and y beverages is given by R = 2x + y.

a} On Monday, the cafeteria's revenue was $150.

b)

d)

28

1. Name three possible couples (x, y) which result in

this $150 revenue and which satisfy the {90, 20f
. . . . 10— i b
constraints. For example: 40 sandwiches and : | x
70 beverages or 50 sandwiches and 50 beverages o 16 Number of
santwiches

or 60 sandwiches and 30 beverages.

2. The three couples obtained verify the equation of
the line m: 2x 4 y = 150. Draw line m and verify that it passes through the three points
obtained in 1.

On Tuesday, the cafeteria’s revenue was $180.
The couples which result in a revenue of $180 verify the equation of the line £ 2x + y = 180.
1. Draw line t.

2. Give a point on line t which satisfies the constraints and one point which does not satisfy the
constraints. {50, 88} satisfies the constraints, (10, 100} doesn’t satisfy the constrainis,

3. Explain why lines m and t are parallel. They have the same slope,

When we vary the revenue R in the equation 2x +y = R, the line 2x +y = R moves in the same
direction.

The line 2x +y = R is called scanning line.
The lines m: 2x +y = 150 and m: Zx + y = 180 are thus two positions for the scanning line.

On Wednesday, the cafeteria’s revenue was $200. Give the equation of the line w corresponding
to Wednesday's revenue and draw the scanning line corresponding to Wednesday.
w: 2x + y = 200

1. Draw the line [: 2x + y == 220 corresponding to a position of the scanning line. Can we find,
on this line [, a point (x, y) satisfying the constraints? Justify your answer.
No, because every point on the fine is outside the polygon of constraints.

2. Then, is a revenue of $220 possible? _No

. What is the point of the polygon of constraints through which the scanning line giving the
maximal revenue must pass? The vertex (60, 90)

—_—

2. What is the maximal revenue? $210

3. Draw in red the scanning line passing through the point found and then give the equation of
the line passing through the point found.
Zx+y=210
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optimized and:thu

OPTIMIZATION OF A FUNCTION UNDER CONSTRAINTS

Civen a polvgon of constraints and the function to be optimized F - ax + by b ¢, optimizing
the function F eonsists in- determining the points, if they oxist, of the polveon of constraints
whose coordinates maximize or minimize, depending on context, the function F

+

It the function to be optimized possesses a maximal or minimal valte, then: this value is
attained at,at [east, one of the vertices of the polveon of congtraints.

In practice, it is sufficient to evaluate the function to be optimized at each of the vertices of

the polygon’ el constraints to establish-the maxiral (or minimal) value of the function to be
deduce the couple which maximizes forminimizes) the funciic

R

The board of directors of a music competition hires paid staff and volunteers for its fundraising
campaign. The constraints associated with the hiring process are represented by the polygon of
constraints below.

The function I giving the costs {in $) associated with the hiring process is defined by

F = 120p + 50v where p and v represent respectively the number of paid staff and the number
of volunteers,

vertex of the polygon of constraints. volunteers |-
A2, Z) $340
B(3, 5) $610 o B
(6, 7} $1070
{6, 2) $920
E{4, 1) $530 A2, 21
[ S—— o
p
b} 1. Taking the constraints into account, what is ; P
D . . . . 0 1 Nurnber of
the minimal cost associated with the hiring oaid sttt

process for this fundraising campaign? $340

2. How many paid staffs and how many volunteers must the board hire in order to
minimize costs? 2 paid staffs and 2 volunteers,

The vertices of a polygon of constraints are represented on the
graph on the right.

The function to be optimized is defined by R = 2x + 4y — 12,
a) What is the couple which maximizes this function? {7, 5}

b} Verify your result using the scanning line.
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Z. To raise money for their graduation party, secondary 5 Numberof ¥~~~ e
students organize a car wash for cars and minivans, IERIVANS | e

The students charge $5 per car and $10 per minivan.

This event is organized with the following constraints.

— They can wash at most 100 vehicles.

— They must wash at least 50 vehicles in order to raise
enough money.

— They expect to wash at least four times as many cars as . - B N;“;Zf;
Iminivans. T
a} Identify the variables in this situation,

x: number of cars; v: number of minivans.

b} Translate the constraints into a system of inequalities.
x= 0
yv=0
x4y = JO0
x +y == 50
x = 4y

¢} Draw the polygon of constraints.

d} Establish the rule of the function to be optimized. Vertices |R < 5w + 10y

R =5x+ 10y A(50, 0) 250

. . B(44, 14 300

e} Evaluate the function to be optimized at each vertex of the Ciso 20i 600
| - of constraints. -

polygon of constramts D(100. 0) 500

f} How many cars and minivans must the students wash in order
t0 maximize the proﬁt? They must wash 80 cars and 20 minivans.

g} Verify your result by drawing the scanning line and by making it vary.

The jast point of the pofvgon of constraints through which the scanning line passes is the
point C{(80, 20).
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4. A cell phone company makes Nat model phones and Val Numbar of g~ == o

model phones,

The company expects a revenue of $40 per Nat phone
and $60 per Val phone.

To satisty production constraints, the company must
produce monthly,

— at most 400 cell phones;
- at least 150 Nat phones;

aj

b)

Val phonas k...

— at most 200 Val phones. BT NN
.
Identify the variables in this situation. O 50 N*:fg’ﬁﬁ;;’;
x: number of Nat phones: v: number of Vol phones.
Translate the constraints into a system of inequalities.
x=0
[
x+y= 400
x = 150
y <= 200
Draw the polygon of constraints.
Establish the rule of the function to be optimized. Vertices | R = 40x + 60y
B = 40x + 60y A(I50, 0) 6000
B{(i50, 200} 18 006
Evaluate the function to be optimized at each vertex of the C(200, 200} 20 000
polygon of constraints. (200, 0) 16 000

£

)

h)

© Guérin, éditeur ltée

How many cell phones of each model must the company
make in order to maximize its revenue?

It must make 200 Nai phones and 200 Vol phones.

After one week of production, the company decides to make at least 100 more Nat phones

than Val phones.

Translate this additional constraint into an inequality. x=y+ 100
Evaluate the ful’}CtﬁOﬂ to be optimized at.eaeh vertex of the Vertices R = 40% + 60y
new polygon of constraints then determine the number of
cell phones of each model the company must make in order [A(150, 0) 6000
to maximize its revenue. B'(150, 50) 9000
It must make 250 Nat phones and 150 Vol phones. C(250, 150) 19 000
Dy4oo, 0) 16 000

Did the maximal revenue increase or decrease as a result of
this additional constraint?

It decreased by $1000.

%.& Optimization of a situation
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SOLYING AN OPTIMIZATION PROBLEW

The following steps allow:us to solve an optimization problem.

1. Identty the variables, ©
2. Translate the constraints of the situation iito a system of mu;whtu e
3. Draw the polyzon of constraints. .
4. Détermine the mmdm‘rtvs of the ve ft;(.ﬁ‘& 01“ the polygon C)f constraints,
5. Establish the rule nf the function to be’ thi_r_n;mﬁdy _ _
6. %mimm the {Umtmn to't n optimized at e h vertex of th ;_g)('w'i_ gq}i1 of const
7. Dedu the vertex wiu - coordinates maximize (or minimi;

the function to b

yotimized .

%o A landscape architect was hired by a cultural centre to design
the exterior of the centre. The architect must observe the
following constraints.

~ The total area to be landscaped is at most 150 m2.

— She must allot, at most, 75 m?2 for a flower bed and at most
106 m? for shrubs.

— She must allot, at most, an area twice as large for flowers as

for shrubs.
Knowing that she charges $200 per m? for flowers and $125

per m? for shrubs, what area should she allot for each type of ot
plant in order to maximize her revenue? | 2

x: area aliotted for flowers

y: areq allotted for shrubs

HV

IR =200x+ 125 ¢

x= 0 " Vertices
v=0 A(G, 0)
x+y= 150 B(0, 100}
75 C(50, 100)
v = 100 75, 75)
E(75, 37.5)

o
iZ2 500
22 500
24 375
19 687.50

She must allot 75 m? for flowers and 75 m? for shrubs.

28 Chapter 1 Optimization
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3 Hon inigue ﬁpfﬂﬁ!ﬁﬁ §@Elﬂt§9ﬁ

The function R = 1.25x + 2.50y gives the revenue of  Numberof J 5 =7 7 77w o

a baker who sells x regular croissants and v chocolate  thocolate frwwm o
; croissants } .

Croissants, S

The polygon of constraints is represented on the right.

a) Evaluate the revenue at each vertex of the
polygon of constraints.

A:$7.50 B: 325 (. $25 D: $20 FE:$16.25

b} Verity that the revenue is maximal at the two

consecutive vertices B and C of the polygon of Topre g _

constraints. 5 ; Nember of
¢} Draw a few positions for the scanning line and reqular croissants

verify that the extreme position of the wandering line that verifies the constraints is the line BC,
d} What is the equation of line BC? 1.25x + 2.50y = 25

e} Isit true that any point on edge BC of the polygon of constraints whose coordinates are integers
corresponds to a sale that maximizes the revenue? __ True

£} Give the 4 solution couples that maximize the revenue. (4, 8); (6, 7); (8, 6) and (10, 5).

 NON UNIQUE OPTIMAL SOLUTION

If a ﬁm(tifm to b xpumzzcd attains its maximal (or mmlmal) value at W\ 0 mmcuzu» e vertices
Prand ¢ ofa poiyff(m}m‘ conktlamt% then this ium‘ﬂ(m' ttains ti’m same mdmmal [ﬁr mimmcﬂ)
value at each point of the edge. PQ of the polvgon.

¥

This situation occurs

‘hen the scanning line is pamﬂc to
edges m‘ the pol\vym ) o

one of the
onstraints,

F ‘sa o ’iL ttvm;

WarnderingLing

©. The polygon of constraints of an optimization problem is v £
represented on the graph on the right. :
The rule of the function to be optimized is: R = 3x + Gy
where x and y are integers.

How many couples maximize function R? 4
Name ‘{hem: (376}r (5r5)r (794)9 (9’3)

{6.1)
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1. Represent graphically the solition set of the following inequalities,

al Z2x + 5y 10 ;;'?} y = 2k 3 €l v by 3

M A. i’ml ery sells each day tresh brm& md b 3;.,110’{2 s

The pmv <>fa loaf of bread is $ 3. di}t tlml ofa fmg‘ucw
is $1.50. In"a, da\ the amount sold’ 1% dT 11_104,‘{ <*quai 0

§1200.
R pz”(“”r“{

: i% ‘y?nu&ub i Elu. Car u ~G1AT! ;WLiﬁk (IR

3x+ 1. :}i)g_z__ zzoa

Y

_ Wstmm 0% ine quahm‘

‘a} 2y =T
= :xv—3v> 5
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At a mu%i(“ camp, the main instraments taught are piario and Y
violin. The camp managers cxpect that there will be at least
twive as many campers plaving piano as campers plaving the

violin. In addition, they expect & maximurm ui’ 300 campers
plaving one of these WO MStraiments,

@} Represent this situation in the Cartesian plane;

x: number of campers! playing piano,

iy mumber of campers pi{;ymg the vigling;
X 2y ' '
"m v 300

B Represe nt im eath of the following sy
corre wpmxdmg te th{\ solution set of i}* :

b}

. <~

B e T ———— . I

Gueérin, éditeur Itée Evaluation 1 1




o A concert is performed at the Athletes Park to raise funds Y
for the light against AIDS. Oraanizers have installed 8000
seats. They estimate that there will be at feast 3000 vouths
under 18 and at most 4000 adults. _
They want 1o organize this cancert for at least 4000
spectators. P '
A vouth ticket sells for “51 and:an’ adult ticket sells for \atio4
$25. Expenses associated with th«; organization of ._:t_h;:y
concert are estimated at $20:000 g

‘What is the mdmmal net reves

te tlj;}a;t_' the:f orgaitdzers carf i
- obtain? :

o w:i_wjrz_her:itizﬂf_yéﬁthé; under 18

1600

R = 15x + 25y - 20 000

48 GOU
50 000
125 600
140 0G0

Lo v number of a_d;u!gs. e e T e

x- 0 A{4000, O)
y=0 . B(3000, 1600}
Clxay = 8000 C(360¢, 4600)
Cx -z000 D(4000, 4000)

b= 4000 E8000, 9)

The organizers can:pbta: maximal ne.t reves $140 000

a shop owner deciil
3] (\'fif} '\:A

uring the hockey plavo

Hlags and caps with the Montre liens logo.

He orders 6000 jtems and ¢ xpectstosell atleast ?(}Uf ﬂag;{ :
and atleast JOOU caps. Moregver, he expects to sell: d_TL least .
twice as many flags as caps. g o
If the net profit on a flagis $15
how many flags and caps must heisel
- his profit?, '

""!

rde P o maximize |

x: number off!ags _$ofd'

1600 -

100 000

0

e
1060 -

y: mumber of caps sbl&;

Vertices
x= 0 -

o A(3060, 1000)
LB B(3000, 1500)
x +y= 6600 C(4000, 2000)
x = 3000 D(5000, 1000}
v = 1000
x = 2y

The shop owner mé{zst:se” 5000 flags and}i}ﬂﬂ caps.

B=15x+12y

57 000

63 000

84 000

87 000
|
)
i
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The graduation committee at a school organizes a cookie and muffin sale to faise money
tor the graduation party. The two coordinators of the corrunitiee, Laura and Russ; offer the

following propositions to their members,

Laura’s proposition

Lo Price ;f a cookie: §2 )
@ Price of muffin: $3

Polygon of constraints

Russ’ proposition
s Price of a cookie: $2.50
e Price of a muffin: $2.50
Constraints

-+ The committee must sell
-~ a maximum of 320 items;
+ — at least 120 cookies;

- at most 160 mufting;

muffins.

—at most 4 times as many cookies as |

“Which proposition’sheuld the committee

-:_-_If;.gurg Vertices B =2+ 3y R:’u;s:;:
(120, 0) 240
(40, 80) 320 Xy
(80, 160} 640
{200, 120) 760
: (200, 0) 400

| Risss” proposition achieves, a.better profit. |

I

ccept inorder

Vertices | B = 2.50x + 2.50y
(120, 30) 375
(120,i160) 700
{160, 160) 800
(256, 64) 800
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