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At the beginning of the third millennium, Guérin, éditeur is pleased to make available to
Quebec teachers the exercise book, Math 506, Science option, of the Mathematics 3000 collection.

This is an exercise book whose content, in accordance with the Quebec Education Program,
is geared towards skill development, especially the three disciplinary skills: “Solving a situational
problem®, “Using mathematical reasoning”, and “Communicating by using mathematical language”.

Fach book in the collection is divided into chapters that cover the various fields of
mathematics such as arithmetic, algebra, geometry, probabilities and statistics.

Each chapter begins with the Challenge section where the student is invited, alone or in a
team, to solve situational problems that have not been presented previously. The solution of each
situation requires a combination of rules or principles that the student may have learned or not. In
this section, the student is confronted with various situations that will provide him with the
motivation to seek inside the chapter the elements allowing him to solve them.

Each of the other sections of a chapter starts with learning activities where the student is led
step by step to the discovery of the concepts. Activities lead to highlighted sections summarizing the
essential material of the course, and supported by examples. The student will find, in these
highlights, complete references that will be useful throughout his learning process. The highlights
are followed by a series of graded exercises and problems that will allow the student to develop his
skills by solving situational problems, by using mathematical reasoning and by communicating using
mathematical language. Each time the situation allows it, the student will have to explain the steps
he ysed, justify his reasoning and finally communicate his answer in an appropriate manner.

Each chapter ends with an Evaluation section that will allow the student to ascertain if the
knowledge has been acquired and if the skills have been attained.

A detailed list of symbols and an index at the end of each book will allow the student to easily
finndeverything he needs during his learning,

This pedagogical tool, focused on skill development, is written in a clear and simple language
anidaims to be accessible to every student without sacrificing mathernatical rigor.
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cHBLLENGE 1

1.1 Powers with integer exponent
1.2 Binary system

4.3 Powers with rational or irrational
exponent

1.4 Square root of a real number

1.5 Factoring a polynomial

EVALUATION 1




owers with integer exponent

J\\QJBYI‘DW “ﬂ Rea% nnmhe?s‘_

a} Complete the following with the term “rational” or “isrational”.
1. Any real number that has an infinite repeating decimal representation is

rational.

2. Any real number that has an infinite non-repeating decimal representation is __irrational.

b} Place the following real numbers in the Venn diagram below.

-2;5;w; %; 3.14; 15; 1.6

e [}

@l

#

¢) We represent the set of rational numbers by € and the set of irrational numbers by Q".

Complete. 1. ONQ' = _2 2. QUL =

2

d} 1. If a is a natural number, what condition must be set on the number a such that Ja isa

rational number? a must be a perfect square number.

2. Complete the following using the appropriate symbol Q or (0.

Jlee @ 2y 7 e

o

* REAL NUMBERS .

niuribers, We have;

. Any redl numbor with amn mﬁmie repeating, decimal rf‘pre‘;ontatmn is raﬁmml
Any real number with an infinite non-repeating decimal representation is irrational.

o O represents the set of rational numbers, €' the set of irrationals and R the set of real

QU =R ONQ =0

R, represents the set of positive real numbers-
mdudmg1 zero. _
R_represents the set of negative real numbers”
including zero. o

e 1

R represents the set of non-zero real I]L'Il'l]bi rs'

b ¥

& 23 o A =
Lxery real number corresponds to a point on gy represents the set of natural numbers.

the number line, and every point on the iny = =1{0,1,2, ...}
number line corresponds to.a real number. Z represents "the set of integers.
' ! o __ 7Z=1{.,-2,-1,01,2 ..}
PRI 0"5;1'5{‘;? o ;ﬁg; b [ Wehavee NCZC O CR

¥
0.1

i Chapter 1 Arithmetic and algebraic expressions
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&) Consider the power a”. Complete.

1 siscalled: base 2. nis called: exponent
o LI + B G + B PN £
b} 1. What is the definition of a*? (n € N, n = 2) _ﬁ_:ﬁfﬁl@zﬁ_w,w “““ _
2. Complete. 1} al=_2__ at=_ 1 (a#0)
€} Calculate.
1,24 _16 AR | 3023 8 4 (-2 -8

d} Upder what conditions will the power a" be negative?  a<Ooendnisedd

e} Complete.

1. g" xai=__a""" e 2 amrat= 2T -
A a”
T T [ S
min mn

‘5. (gt = @ o
¥} 'What is the definition of a™ when a is non-zero? ____ @ Tan o
g}  Calculate.

g3 Es 1 A
N D )= S SR N s B S i e R

%

Deﬁmtions

BE - . . — .
_ @ =axax.xd (neNandn=2)| {a' =a A=1(a#0)| |a"=—s@#0)|
i n factors : ‘
2 : ?Lawa 0f LXpOI‘iLﬂTS ;
L Product o{ two powerq w1th the same baqe AEREE am x g = gt
2 Quou«ent of two powers with the same base oy o %ﬂ— =am" "
: _3 Pow&r ofa product _ . (ab)* = a"b"
5 4, Powm of a quo’ment o B [%} = —g%

B« C(alculate the following.

(2532 b 2 32 g (38 g 3t -81
b _};_ e
&) 37 R T ) E - R ) L ) B -

C S iin, éditeur Itée 9.4 powers with integer exponent
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1

8) (-3)2x (3P =08 =243y 23,0502 Z'=35 g

(-5 = 25

3 L 1
Z ¢=% 0§

e} %=

gj [(-2)7 = _(-2f°=256 p) (-23)2 = 26-64  j)

Simplify the following expressions using the laws of exponents.

a®

a) a’xat= _ a5 b} (@ =__

<)

406%47 f)

2 af
bt

d) [g-j»_ o) (289 =

Simplify the following expressions using the laws of exponents.

a} {3x%)? = Ix? by (=2x%") = 4yt c}
2 4x° Zx
73 ; 12x%y? =
d) [g;é—} jiases Jy @3 6362}14 et y? ~ f)
Simplify the following expressions using the laws of exponents.
a) (2a)(3a)’= 72¢° b} (2a%)° - (3ab?)? = 724707 ¢
—2a2 ) 4a? 222 Y {3427 ef -
d) [ 3 = Gh? e) {35-} "tzbZJ =_» §
Simplity the following expressions using the laws of exponents.
& af
8) 2a°x3a=_4q _b) a7 =_ F 9
G ~133 27a?
d) a3 x (3@ 2 = 22 €) {33%;] - )
95 2 )t 16a°
g} (-2a°b)' x (3a2b)? =" 24 h) (i;;ﬂ = ___ghe i}

Write the following expressions as a power of 2.

‘Using the laws of exponents, write the following as a single power and then evaluate it.

2 -2 _§_ ﬂ= 3

(-t
(232 = 25 = 64
— (23)2 —_ 2% = 64

5
o
&= a®

6a’b3

(3a2b) + (2a3b2) =

3 Py e
3x) _ s
2y
3
2
(Zx y) — 2%y
4x4y2
12a%? 2a
6atht — b
(2&‘ 3 L zﬁz—r B %
3k j b R
1212:2 B 243
da=>
(2a%71) - (-3a-1b?) = —6ab
{mzazzﬂ ]* [3&“2!7}2 2a°
3a 2a = -k

a) (245 x 163 _ go2 b} 162 x 8% x 40 __g20
41 %27 x16 23 | (23)" x(42)° 20
25 x8? (22)3x84

Compare the numbers A = (25)* x 5% and B = (252 x 125)2 x 57 after expressing each of these

numbers as a power of 5.
A=513.B =51 Since 14 > 13 then B > A.

Chapitre 1 Arithmetic and algebraic expressions

© Gueérin, editeur ltée



. Compare the numbers A = (274 x 43)? x § and B = —33 % {274 x 8%)? after expressing each of

these numbers as a power of 2.
A=21.8=2"1 Since I >~ then A> B.

. Simplify the following expressions using the laws of exponents. (a # 0)

a) (/EZ”' w a a3n b) aEn -1y aB -h a? +€_m C) aBn + 1 - aZn -1 _(is:a + 2
d} (QZH + 1 )2 agin+2 e) 'QE:;; an-4 "f} (dn +1 X al E)Z a’" ——
e anrt

B . Simplify the following expressions using the laws of exponents. (a # 0)

3
a) (arz+])3 5 (anfi)z LRS! b) _(ffiji)"; gin + 5
(1)
0 {an...;)3x(a2n+1)2 a?n -5 d) (anv—i)zx(annf o
PECEE. adntly p2e-l
T 2. Express (4204 x 24 -5) = 162" as a power of 2.
23

TE.fx = a® and y = 3a2, write the following expressions in terms of a.

a) 3x%y Saf by x%3 2712
¢y (2xPv)? 36a*? d) 4xy’ + 2xy 6a®
Z7a? T2 1 4o
&) B+ (2xy)? 3 o (2] “
g Xy 9a* hy Oxy? o

. The population of a city is given by P = (1.02)!, where P is expressed in millions of people and
t represents the number of years since 2005.

a) What will the population of this city be in 20107 Approximately 1 104 081 people.
b)Y What was the population of this city in 20007 Approximately 905 731 people.

W BB, In 2005, an employee of a company earned an annual salary of $30 000. This company gives
an annual 4 Y raise to its employees. The equation s = 30(1.04)" expresses the employee’s
salary s (in thousands of dollars) as a function of the number of years ¢ since 2005.

a} What was the employee’s salary in
1. 20047 $28 846 2. 20007 __$24 658

b} What will the employee’s salary be in
1. 201067 $36 500 2. 20157 $44 407

Ciuerin, editeur liée | 1.1 pPowers with integer exponent 7



a}

The numbers
16, 8,4, 2

F and Tare %
. powefs of 2.

b)

Raphael must empty 27 litres of water into a minimum number of containers.

1. If Raphael can only use 10 [ or 1 [ containers, how many containers of each kind will
he use? Two 10 litre containers and seven 1 litre containers.

If Raphael can only use 16 [, 8 [, 4, 2 [, or | [ containers, how many containers of each kind
will he use?

One 16 litre container, one 8 [itre container, one 2 litre container and one 1 litre container.

Any natural number can be decomposed into a sum of powers of any natural number greater

than 1.

For example, the number 31 can be decomposed into a sum of powers of 2.

31 =16 -+ 15 (The largest power of 2 going into 31 is 16 (24))
=16+ (8+7) {The largest power of 2 going into 15 is 8 (2%))
=16 +8+ (4 4+ 3) (The largest power of 2 going into 7 is 4 (27))
=16+8+4+4+(2+1) (Thelargest power of 2 going into 3 is 2 (21))
=2%4+23 4224+ 21 +2° Note that 1 =29,

Decompose the number 100 into

1. asum of powers of 2. 2. asum of powers of 3.
100 =64 + 36 100 = 81 + 19

= 64 + {32 + 4} =81 +(9 + 10)

=2% 4 25+ 22 =81 +9+9+1

=314+2x 32+ 30

8

leen a numb( 2% wmposc d 0]‘ d1g4t9 the value of a d1g1t dt‘pLHdS on its pmmeﬂ in ‘Lhc numbor
as well-as. thn irmeration svster.

vsrm BN EASE 2

The. dvcmmi sy%t( iy, or system in base 10, uses the 10 digits 0,1, 2,..., 9.

‘In thc de umal syst(m the value of a digit a in posm()n nedsT @i 10”

Ex. C omldcr inl the de uma} systent, the number 7445,
: Th( ﬂ)ﬂﬂng tablt gjzvgs the position and thc Value of each digit.
Digit 7 4 4 5 . - _
" ' the that the positions are b
Position 3 2 1 0 numberecf from right to Ieft 0,1, 2,
Yalue 7% 10% |4 x 102 {4 x 10" |5 x 100 — - ”

The decompaisition of the number 7445 into a sum of powers Of 10 is:
TA4S = 7 1034 4 x 107+ 4 x 101 +5 < 107,

Chapter T Arithmetic and algebraic expressions
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— The binary system, or system in base 2, uses the digits O and 1.
In the binary systemn, the value of a digit 4 in position nis: a x 2%
Ex.r Consider, in the binary system, the number 1101, written | 101..
The toliowing table gives the position and the value of each digit.

Bimit 1 ] G 1
Posigion 3 2 1 0
Yakue 1x23 1 1x22 | 0x2! 1 x 20

The decomnposition of the number 1 1012 into a sum of powers of 2 is:
1101, =1 x 224+ 1 x 224+ 0 x 20 41 x 20,

By doing the sum of these powers of 2, we get the equivalent to the number 1101, in the:
decimal system.

HOL =1 x84+ 1 x4+0x2+1x1=13
. 7 W W\\

. an ' h -

\ of 8 unils

1 gmu
f. a) Pxpand the following numbers into a sum of powers of 2.

g 0 group

1 group . y
of 2units |

\_ of 4 units j o\

of 1 unit

1. 27 = Ix2¥"+1x28+1x2'+1x2°
2. 22ﬂ701x24+1><22+1x21
3040 I x 25+ 1x2%4+ 120
4. 38 = Ix29+1 %2241 x2!
b} Write each of the preceding numbers in the binary systern.
1. 27 = 11011, 2077 — 1o 110,
349 — 110601, 4 38 = 160 110,

@. The following numbers are in the binary system. Write each number as a sum of powers of 2
and find the equivalent of each number in the decimal system.

aj 100,: I1x2+0x2'+0x20=4

b) ]0]2: Ix22+0x 21 41 x2°=5

¢ 1101,: Px 2841 %x224+0x214+1x20=13

d) 1010,: Ix29+0x22+1x21+0x2°=10

e} 11 1012:1><24+1><23+1><22+O><21+1><20=29

2. We must arrange 14 chocolate bars into a minimum of packages. Each package contains 1, 2, 4
or 8 bars. How many packages of each kind must we make?
1 packege of 8 bars, I package of 4 bars, 1 package of 2 bars.

© Guérin, éditeur ltée .2 Binary system g




. Find the minimum of quarters, nickels and pennies that are required to get an amount of
g P q g
a} 118 ¢. 4 quarters, 3 nickels and 3 pennies

ﬁ) 122 ¢. 4 quarters, 4 nickels and 2 pennies

c} 134 ¢. 5 guarters, 1 nickel and 4 pennies

d} 47 ¢. 1 quarter, 4 nickels and 2 pennies

$. Write each of the preceding amounts in the form of a sum of powers of 5.
a) 118 _4x57+3x51+3x5 b) 122 _ 4x 57 +4 x5 +2x 5
¢) 134 5 x5%2+1 x5 +4x5° dy 47 Ix 5 +4x 5 +2x 5

&. Write each of the preceding numbers in a system in base 5.
ay 118 _433; by 122 M2 ¢ 134 514 d) 47 1424

# - Write the first 10 natural numbers 0, 1, ..., 9 in the binary system.
0=0,1=1,2=10,;3=11;4=100,;5=101,;6=110, 7 =111,; § = 1000,; 9 = 1001,

Bz
i

s To convert a huniber from the decimal system into b ase 2, we perform many
successive divisions by 2 untﬂ we get a zero quotlé 1it.

Use the remainders, in the order indicated by the arrow, o'y write the number,
Ex.: Converting 13 from the decimal system into base 2.
We get: 13,, = 1101,,

Verification: 13, =1 x 2%+ 1 % 22 4+ 0 x 2! + 1 x 20 gl 3
e To convert a number from the decimal system into base 3, we proceed in the 163
same way by performing many successive divisions by 3. al2]3
Ex.: Converting 19 from the de cmml system into base 3. 510

We get: 19, = 201..
Vermcatmn “m = 2 X 3 4— 0 5 3] +1 %39

8. Convert the following numbers

1. into base 2. 2. into base 3. 3. into base 5.
a} 17 1. 16 601, 2. 1223 3. 325
b) 35 1. 100011, 2. 02z, 3 120,
C} 72 1. 1 001 000, 2. 22060, 3. 242,

8. Perform the following operations and express each answer in base 2.

a) 101,111, 1100, b} 101, - 11, = 10,
¢ 110, x 10, 1100 d) 1010, + 101, = 10,
e) 100, x 101, 1991 f} 1001, - 100, = _ 101,

10 Ehapter 1 Arithmetic and algebraic expressions © Guérin, éditeur Itée



a} Complete.

1. 464 =_ 8  because &% = 64 2. 3/-64 does not exist in R because -64 <0
3. 64 =_ %  because  47=64 4. ¥-64=_-4 _because {-4P = ~64
b) Complete g = b« b =a a o

¢} Under what conditions does %7 not exist in R?

When n is even and a is negative.

i ROOT OF A REAL NUMBER

GlV( na naturai number n and a real number a, the nth roet of the real number a, written ¥
is the unique real number b for which " = 4.

g =beb =g

Note that #a does not exist in R when n is even and a is negative.

1

' nis cailed the index, '
a is the radicand, and
Jisthe radical. |

By convention, we do not write thfj index 2. Thus, ¥a == /a.
Ex.: 416 = 2 because 24 = 16; 38 = 2 because 27 = &; 8 =-2 because (-2)* = -§
4-16 & R because the index 4 i¢ even and the radicand ~16 is négative,

9. Determine, if possible. af <L
a) +25_ 5 by J25_ @R ¢ ¥27__ 3 d J_z
e) BT 3§ YEBI_€” g J7P_7  n Y2 -2

2. Using a calculator, find the value of the following expressions {round your answer to the nearest

thousandth). .
a) M2 1414 by 3 1732 o Y2 126 4y I3 144z

%. True or false?

a} The equation x> = 25 has 2 real solutions 5 and 5. True

b} The equation x* = ~25 has no real solutions. True

¢} The equation x* = 8 has the number 2 as its gnly solution. True

d} The equation x* = -8 has the number -2 as 1tsw,9n£y solution. True
@. Simplify +/x? if

a) xis positive. __¥%% =x b) x is negative. __ ¥x% =-x

© Guérin, éditeur ftée -3 Powers with rational or irrational exponent 14




R
a} For any real number 4, and any non-zero natural number »n, we have: a® = ¥a .
Evaluate, if possible.

1 1
L1612 2. (6)¢ 2R 3 g5 2 4. (8F -2
1 m m
b} If g existsin R, then for any natural number m, we have: a® = (%/a_ ) .
Evaluate, if possible.
1. 163 64

e  Definitions

- For any real number a, and any non-zero natural ﬁtlmlaezr n, we have:
1 '

i
. . l )17 . ] N

Bxi: 164 =416 = 2; (-64)% = ¥-64 = -4; (-81) 4—~J 8¢ R

Thé power ar does not exist in R when n is even and a is negative.

o
— If ar exists in R, then for any natural number m, we have:

i3]
I

as =(¥a)"
Ex.: 165 = (§16) ~ 4 = 64; (-8} ~(¥8) = (=27 =

e Laws of exponents

The five laws of exponents also apply when the exponents m and n are rational numbers.

. 1 1 11 e 3 2 Az &
Ex. 1 a2 %43 =a? 3 =gb 2.4z 243 g? 3 gt
. R ’ 3 3 3
G 2 414 1
3 (a b)z = q2h?2 (%) _‘E—j 5 (a%) =a2
5. Calculate the following real numbers,
2
2) 257 _125 by (-27)5__9 ) 1615 _ 64
3 & 2 4 A
d) 972_ 27 e} 83 4 f} 42° _ 32
&. a if a% exists, show that (%/E)m = Rg™ (o) = (a#) = (@)™ = ofam
3
b} Calculate 43 in two different ways. 1. (2] -2:-8 2. AT =J64-8

12 Chapter 1 Arithmetic and algebraic expressions © Guérin, éditewr ltée



7. Apply the laws of exponents to simplify the following expressions.

E¥E)

2 1 _3 s
a) x3.x 2= _ xé b) (x2) 7= ___° L = x4
4 x_:(.
.E’ 3
L ?3; e ) 3 2 L 5 1
d) (xfzy r _— { %3 e} { } — By f) (x3y—l)3 .(xyz)z —  xFys3
1 1 2 4 4
22 {33 1 1 2 . 836 |3 4>y
o) [ [S) = et w eyt 2t g [P 5
. . 43X'J§ 2'1
Write the expression T as a power of 2. ¢
3 1
&. Write the expressio £ x 425 as a power of 5. 52
pression 4625 B

aLﬁ ak

T8. Given that a > 0, simplify the expression -2 .
' %[(:2— et

a) Calculate the following powers with rational exponents.
i
1.29.8 223 %F 3.4 2 42749 5501

b} Use a calculator to calculate the following powers with irrational exponent {round to the
nearest hundredth).

1. 242 2.67 2. 7% 8.82 3, 2% 0.1

?GWE% GF ﬁ PGSETWE RER& NHMBEﬁ

® Gj\cn a positive real numbfa a and a f m(m al or frrational number x,
LXlsts for any x.

the xth power of the number a; ertt(r.d %
. Ex.o Usinga-calculator, we ge t {rounded to the thnusandth}

(f) 29715 ol = 5.047.

e The ﬁ\f Lms of exponents also app]y whf:n thc expom nts are real numbers.

Bx.; 1 A= a Y (a = 0) 2 B auv(a0)
T 1. Given fix) = 3 x 4% Calculate.

a) 02 b)) B g o A3 ) f-3) 0375
T2, Given flx) = -2 x 9=, Caicuiate , ‘

a) fioy % b) i) 18 9 f- T d) S -

3. Given f(x) = 3% Use a calculator to determine (round to the nearest hundredth)

a) f[%) 1.73 b) f[%_i_} 0.58 g f¥2) 473 d) fir) 3154

© Guérin, éditeur ltée .2 Powers with rational or irrational exponent 1%



5
!

_@’,J“JJ ty J Prapemas @f waﬁlmis

a} Consider two real numbers a and b and the equality 1/:;; = b,
1. What conditions must we put on the real numbers g and b? e = 0and b= 0

2. Complete: Ja=be b -a

b} True or false?

4 % 25 = —JZ X ‘Jig True 2. 100 4160 True
V25 T s

/} 640 = Wﬁmé + J{S False 4, 11125 -J—_ 1/- Faise

¢} Justify the steps showing that Jab = +fa x Jg(a eR, ,be R+).
'Ja—g = (ab)% Definitiom % o x%

— a-"}lbé Laws of exponents: Power of a product

— J‘;‘Jg Definition: %x = xn

d} Justify the steps showing that J% = %(@ €R, andbe R:) )

]
F {a }2 Definition
T )
1
_ a2 Laws of exponents: Power of a quotient
=71
b2
— w/c: Definition
b

IlUUlbt o1 b such that b“ =i S
faek, andbe R JE = b & b = Ex.:. J.?E - ;) bea ause 52 _ 75
o Iftae Rt andb € [f@ W’E hcw it o :

\[;;ZJ;X[ N - : Exmnﬁx@

2 a PR e s
o o I A Ex.
V5 T (bﬁ’_ O) oo Jm

JatboAatb| @b=0) | Ex.: 4f64- +3 J‘“H/“
Ja—b=a b @ab=0y B :41_(;().@_:54:4100 ~ 61
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. a) Isthe square root of a positive number unique? Yes

b} Does the square root of a negative number exist in the set of real numbers?  No

¢} Can the square root of a number be negative? No
2. Calculate,
a) 25 xf64 40 b} 8 x+2 4 <) (Jg)h 5
5 z
) ]UD 4 @} % 5 {) ﬁ N -*Ji &

g) 481414 3 hy Jazs—wr 12 i J§:%_JI‘2‘ 4

#. The associative property of multiplication in the set R of real numbers enables you to establish
that:

a+lb x cfd = aclbd (b=0,d=0
m/genc\@:ﬁg b=0,c>0,d>0)
c

Perform the following operations using this property.

a) 3W2x+5 316 b) 2x543 __ 103 ¢ 32 x543  -1546
d) 1246443 32 o) 124722 642 ) 124202445 6 .

e raticand

Justify the steps which enable you to reduce the radicand.

J15=25x3_ 75-25x3
= 25 x +f3 __dab = Ja < b
— SJ_?: Evaluation of—{t;

. REDUCING THE mmcma

@ Let us 11 tistrate 1he pm(edure in the f(}liowmg e *campl

80 =416 x5 The radicandis written as the prociuct of 2 factors with one factor bemg
a perfect xqu&zf num‘b(> :

= 4 % \[- Evaluate thc b(]tldi’(‘ root of the squaﬁrc nu:mb( r iagtor

4

= The list of perfect square numbers less t}hm ?U{) arer .
0,1,4,9, 16,25, 36,49, 64, 81, 100,121, 144 1(}9 I%}

€. Write each of the following numbers in the form a~lb , where b is the smallest possible integer.

a) /32 4z b} 98 742 ) 180 645
d) 720___ 1245 e) 500 1045 ) 2440 410
g} 567 97 h} 1044 186 i) 24250 sii
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. The distributive property of multiplication over addition in the set R of real numbers enables you to
establish that: a+/b + cfb = (a+ c)«ﬂ; (b= Q). Perform the following operations using this property.

a) 245+ 445 645 by 742247 542 i}

¢} 5418 -62 942 _ o d) 3184448 7

e} 2445 — 2428 1 3420 + 3463 1245 + 547 §) 275 — 2/108 + 5448 — /27 4+ 3412 2143

g S-L h) 3420 - 2412 + 45 + 4427 843+948
&. Perform the following operations.

a) {25V 20 b) 345 x-243 ~6415

&) 443%2415 2445 d) 5418 —642 942

e} 23(543+5) 304215 £) {445 + 3)(445 - 3) 71

o) 32211 6+siE hy 243(243 -2 12- 246

) 5418 — 4450 -547 ) S8 —2427 + 2475 - 3f18_JZ+4ad3

i
a} 1. Given a rational number x. Show that (J; ) is rational.

z
(1,;)2 - [X:;’_} = x which is rational.

2. Consider the expression f?ﬁ“ where b € Q% Justify the steps which enable you to make the

denominator a rational nurnber.
JE We obtain an equivalent fraction by multiplying the numerator and denomi-
a a-

7 = JE Jb- nator by the same number b .

_ ch/g Multiply in the numerator and denominator
2
()
2z
- adb (46 = b. See 1.
b

b} Use the identity (a + b){a — b) = a® — b? to expand the following products.
1. (B+2)(5-2) 1 2. (FT+B)7-3)_4
3. (2-43)2+B3)_1 4. (23+1)(2B3-1)__11
¢} The expression (a — b) is called the conjugate of the expression (a + b).
1. What is the conjugate of (3 + 1.5)7 3-+2
2. Verify that the product of (3 442 ) by its conjugate is a rational number.
(344Z)(3-42)=32- (2] n9-2-7

d} Consider the expression —u

ot Justify the steps which enable you to make the denominator a rational
nun;lber. 7(J§W Ji) Multiply the numerator and denominator by the denominator’s
1{5—_1_& - (J§+J§)(J§—J2—) conjugate. We get an eguivalent fraction.
= M Apply the identity {a + bj{a - b} = a® - b®,
5 (42)
A0
= —7—(—{_5—3—1[-5—1 Reduce the dencminator.
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mmmmm THE ﬁENﬁMEN@?@ﬁ

Haimz; ﬁfzmw the denominator of an irrational expression consists of determining an equivalent
expression with a rational denominator,
There are 2 cases:

1. To rationalize the expression 55 we multiply the numerator and denominator by the

denorninator.

a8 1/_ a-@[b—:a@
o by

Fy: 2 243 243 243

o ﬁ’“ﬁ-ﬁm( )2" 3

. To rationalize the expression J- bt e WE multiply the numerator and denommamr by the

conjugate of the dfnommator

T R ]
N R A N o N o) (&) b-c

L EB B Ef_EB
T EE B e
2

Note that the _(i;t(m_jugate of (a + b) is (a — b) and that (a + b)(a — b) = a —bz

Ex.:

V. Rationalize the denominator of the following expressions.

31’5— '\/_1—5 1 +Z 2 245
aj T b J— 2z o« 3—5 ﬁ,ﬁm; p d) “?:J—Mﬁ ‘‘‘‘ i5
JE 16 N 5 + /10 B J3 -1
J_ 5 5 R
8. For cach of the following expressions,
1. find the conjugate expression. 2. multiply the expression by its conjugate.
a) 341 1. _A3-1 2. WE) -12-2
B) ¥5-2 1. _45+2 2. B -221
9 Bidi 1. B ) A 44—) P
d) 243-3  1._2/5:+3 2 (2d3) -8
©. Rationalize the denominator of the following expressions.
T 0% 3 15+ 48 3 3f5e3fs
N e —* D Eo : CEE 2
Bl o0 W2-2f3  30-12dE o 8
D EE O g —— 0 g —F
T €. Rationalize the numerator of the following expressions.
1 1 5
a) J§2+-1 J2-1 b) _;‘[_S—m'é;,;@ 2(45 - 42) ¢} ;ﬁ;ﬁ 7+ 243
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Fi-dx

% 1. Rationalize the numerator of the expression ——W;mew. (h+ 0)

m”&w(m_&)('ﬂl’{+h+”;) {x+h)-x ki
i

B s b+ dx) Blrihidn) Jeibedn

T 2. Rationalize the denominator of the following expressions.

1
a} ““‘*“*‘Wﬂx ,Jx-iﬂi—-J;
%+14-J_“ x—i%ﬁﬁxﬂ

e T )

b ——— 1
){ijlf}JZx%—E ........ -

2 -
C} x ““3_)5 i(x:,t()andxi:ﬁ) x—1+4x+1

] e -g/gc + ]

1 2. Consider the second degree equation x2 — 2x — 1 == 0 in the form ax? + bx + ¢ = (.

a} Determine the solutions x; and x, of this equation, __x; =1~ 12; x,=1+42

b} Verify the following properties.

b
l. x}+x2:{;‘“ x1+x2=2and-——;-=2
T
cx, = Xy Xy = (14 d2)I-HZ) =-1and ; =1
2. x Xy = 1%z a
T 4. The quadratic function f on the right has two zeros x, and x,. B 7 G S

Ifo, =2 — ﬁ,xz =2+ -J§ and f{1) = 2, determine
a} the rule of function f.

fix) = afx - x J{x - x5)

fteh =afx -2 + f3)ix-2-43)

fix) =a(x®-4dx + 1}

L) =2 = g =-1. Thus fixj=-x% +dx -1

b} maxf 3

5. For what values of x are the following expressions defined?

a) Jx—2 __xcl& b} Yx—2 xeR
) y2x—6 xe[B v dy {36 xelx 2]

x— ]

1
Q) T . xclz e ) xc ], 4]

#6. For what values of x are the following expressions defined?

a) -dxz“*Q X € Js, “3}U[3, +oaf b) /xzu.%ml xe R
o m x¢ [-1, 1] d) m x ¢ J-», 21U [8, +of

% 7. For what values of x are the following expressions defined?

By
a) 3’:” x € J=o, =2[ U [1, 4]

x? -1 x € Jroo, =3[ U [-1, 1] U ]3, +oof
b) o5
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Factor the following polynomials.

a) 15x" + 2003 — 1002 __ 5x%(3x® + dx ~ 2} b} 6x” — 2xy + Ox - 3y (Zx + 3)3x -~ y)
¢} 16x2 -9 (4x + 3)(4x - 3) dy 9?4+ 12x + 4 (3x + 2
e} x? — 8x + 15 {x - 3)x - 5} f) 2x? +7x+ 3 (2x + Dix + 3}
. FACTORING A POLYNOMIAL -
B i‘fééi:.m"ing a polyromial means writing the polynomial as a product of factors.
~® Removing a common factoris a method which can be used to factor a polynomial composed
‘of menomials which all have a common:factor. To factor, you rieed to apply the distributive
prope rt} of multiplication over adchtmn _
Factor Ex.: P(x) = 6x* 4 15x%° — 182
T Y e .
ab + ac = alb + ¢) = 3x*{(2x* + 5x — 6)
e S
expand
¢ Factoring by grouping is a method which enables you to factor polynomials by grouping the
terms which contain a u)mmon factor. You then remove the common factor in. each of the
groupings. _ .
Ex.rFactor the fol](mmg exptession using factoring by groupmg
B R Euv ~ &y* - Group the terms containing a common factor.
= 3x(30 — dy?) + 7%;( 3x = dy? J . = Remove the common factor in-each grouping.
o {;hc ------ A7y (3x + 7V) . = Remove the common {actm a 2nd time.
o Adifference of two syuares is fac tor abin ' ' .
a’? — b = (a+ bla — b) Ex.. 9x% = dy? = (3x 4 2v)(3x - 2y)
 Perfect Sc‘g;i%ji‘g ':t_r:iﬂ.omiﬂ}s are iac_mmbh | |
dat -+ 2ab+ b= (a +b)? | Ex. 4 4 12x 1}—9 :
- —2ab~$b2 (a—by | - 9 3)9(\/%2“)1/: | :
» The “'p_irﬁ;d; Jnd sum” method ena’olt s ywu_t factor a second deégree tmmmi 11
Letusillistrage. ’dux method by factoring P(x) W:2\(2 T+ 6. SRR
1. Identify the coefficients a, b and ¢ LLa=2b=7,¢=6
2. Find two integers m and n such that 2. { mn =17
m-n = ac — product of the end coefficients mmn=7
m+n=>b «— middle coefficient. m=4,n="73

3. Writerax? +hx +c=a® +mx+nx+c |3 28 +7x+6=2x2 +4x+3x+6
and factor by grouping. = 2x(x + 2) + 3(x + 2}
— (x+2)(2x 4 3)

© Guérin, éditeur ltée 1.% Factoring a polynomial
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fi. Factor the following polynomials.

a) 6):33/3 o 9x3y + 6%2}/2 3x2y(Zxp? - 3x + 2y} b)

¢} 2x7 + 3xy — 10x — 15y (2x + Syjlx - 5)
e} 16x ~ (x4 2)? (5% + 2(3x - 2)

g} 4x? — dx+ ] (2x - 1)
i} x%—8x+ 15 {x ~3)x~5)
k) 222~ Ox 4 4 (2x - ){x - 4)

. Factor the following polynomials completely.
a} Fac? o 50 Zxlx + 5}(x ~ 5}

¢} 4 — 4x? ~ 8x

Fxfzx + I}x ~ 2)

e} (x*—4)+ (x —2)? Zxtx-2)

25x% — 9? (5x + 3y)5x - 3y)
dy +xfrx 3 (2 + 1){x ~ 3}
£} (x4 12 — (2x0+3)2 _(3x 4 AYox - 2)
h} Ox? + 12xy + 42 (3x + 2uP?
J} 2% 7x+ 3 (2x ~ 1)(x - 3)

;} 3x2 4y — 4 {35 4+ Z)x ~ 2)

3x{2x ~ 1)

b} 12x% — 12x% + 3x
d} «* — 81
f) 282416

(% + 9)x + 3Yx ~ 3)

{(x + 2P{x - 27

e

ethod of completing the sguare

a} Fill in the missing term to obtain a perfect square trinomial and then factor.

2

ooyt 2 = =Y
2

. 25 5
i

5 e
3. xz ‘é“ EX —§— is s

b} Justily the steps which enable you to factor a trinomial of the form ax? + bx + c.

25 5

2.x°—5x+ 4 = [x 2}
2z

49 _7

4, xz—%er 36 [x 6]

o stems

Justifications

Px) = 2x% + 5x + 2

a=2,b=5¢=2

= 2[9524—%95—{—1}

Factor out the coefficient a = 2.

= Z{xz e ‘;‘x +... ”3_1 —...)
w2 [xz ) %x S8 % +1-—- %?J Complete the perfect sguare trinomial.
s;” o
=2 [x e i - Té Factor the perfect square trinomial.
i
-7 5,3 5 3 :
242 2.2 Factor the difference of fwo squares.
4 t 4 + 4 4

Simplify the expression.

Write as a product of two factors.

20 Chapter T Arithmetic and algebraic expressions
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FRCTORING A SECOND DEGREE TRINOMIAL:
METHOD OF COMPLETING THE SOUARE
Iha mie thod of Comph ting the square is ilustrated below by factoring P(x) = 2x% + 7x -+ 6.
Px) = 2x + T + _
= 2[%2 + —;—x + 3% « Factor out the coefficient a = 2.
= 2 (xz + %x + ?ﬂg] + 3 fféJ — Complete the perfect square 197 thsqaaref half '\
trinomial. \ of the coefficient 5 of
A . \ the middle term.
=2 [x + Z] T «- Factor the perfect square '
trinomial.
=2 {x + 1;{“ + ‘41‘}[95 + ;7;- - %” « Factor the difference of two squares.
= 2(x + 2)[ } — Simplify.
- {xF 2) 2%+ 3) -« Write as a pr ()duct of two bmomzals
& Factor the following second dagree trinomials by compILtmg—D thc square.
a} « — 10x+ 21 {x=-7}x-3) b} x* — 5x — 14 (x - 7Hx + 2)
¢} xf—Tx+ 12 _(x-3fx~4) d} x* — O9x + 20 {x - 5)x - 4}
e) 2x* + 7x+ 3 _{Zx+ I}x + 3) f) 3x?+5x-2 {3x - 1)ix + 2)
gj O6x” 4 x 2 (3x + 2N2x - 1) h} 10x% — 19x + 6 __(5x- 2)2x - 3}

a}) Justify the steps which enable you to write a second degree trinomial in standard form.

ax? + bx + ¢ = a|x* + —b~x 4 "g*} Factor out a.
a a
2 . b b2 c b . ,
= g X+ —X -+ — e Complete the perfect square frinomial.
a 4a a 4da?
_ b 4ac - b* Factor the fect squ tri ial
= aix + 5 + P ac per quare trinomial.
a .
, .
b A A= b? - dac
(i X i
[ + Za] 4g?

2
b} From the standard form a{[x + 5_%] - Zém

a’|

1

1. show that when A is positive, the trmomzal ax® + bx + ¢ is factorable into a product of two
Ist degree factors, that is to say ax® 4+ bx + ¢ = a(x — x,){x — x,) where x, and x, are the
roots of the trinomial.

R ey

e+ - 5-al

2a 4a? 2a 2o 2a 2aji
wa[x_ —b—-JEMx_ ~b+JE}
Za 2o
= af{x ~ x,}{(x - x,) where x; = ”b‘;aﬁ and x, = "b;j—u

Guérin, éditeur ltée 1.5 Factoring a polynomial 21




2. Explain why the trinomial ax? + bx + ¢ is not factorable in B when A is negative.

z i 2
a [x + %] - E%f‘ cannot be factored since the expression i[x + }%] -

sguares which cannot be factored in .

Ay

" is a sum of two
1]

3. Factor the trinomial ax® + bx + ¢ when A is zero.

- bz
axz+bx+cma[x+—— .
2q

‘FACTORING A SECOND DEGREE ‘a’wmsﬁy HE ROOTS METHOD -

"Thc semmi degree trmomxal ax” + bx + ¢ is factorable in B if and only 1f the d}sc riminant A is
positive or zero.

Az Oiax? + b+ c=alx — x}{x — x,) |, A =b* ~ dac

b -J:i d b ﬁ

where x, = e and Xy = = are the roots of the trinomial.
L L

A < J ax® + bx + ¢ cannot be factortd in k.|

- Ex.: Factor 2x° + 7x + 6
a=2,b=7c=06: A= 1';:-x1: f:-w?_, %, zm%.
2:¢7 4 Tok A 6 w0 2(x + 2);\% +§
Ex.: Factor4x? — 12x + 9,

. %
a;: A b ::'““‘12 == {} AN= (); x} = xz'_':zl,

2

4 - :»1,»5--45 954 [xm e

CExoa? +. % - 1 is not factorable in R since 13 < 0.
[ Indec C¥ a=1b= l c=1 and A = -3

€. Tor each of the following trinomials, indicate if the trinomial is factorable.

a) 2 +3x+1 e b} 262 —x— 6 Yes
A« —x+ 1 Ne d) 4a? — 28x 4 49 Y8
e) a2 f 21 e f) 4 12x+10 __"°

5. Factor the following trinomials using the roots method.

Z 3 5 4
a) 22 4 13x 4 15 XIS by 4 | 12x4 0 "

_4_[x - %}"’w (2x ~1)?

4x+ 2 -.U: Zsc —
Q) 432 + 4x — ] d) 4+ 43 e 2)x = 2] = (2 + 320~ 1)

e) X2+ D — 1 (x+1+ﬁ){x+1-—ﬁ) f) 2x2+4x~42(x+1+ )( +1—J§)

6(x- ;)(x..) ~ (2x ~1)(3x - 2) By 8 2x 1 s(x—%)( %) = (dx ~1)(2x + 1)

g} Gx? — 7x+ 2
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&. Simplify the following rational expressions after indicating the restrictions.
x% ~ 342
a)

G- Iix - 2} > {x + 3)x— 3}
te - 117 b) X 29 x-3Nx-5)
(x —1¥ x? ~8Bx 415
w2 ) A
(x—ﬁ)(xj{ i} e B {x+ 3, x # 5)
@x + Dix - 2) Zxix - 3)2
¢ =32 Gev i g dy 217418 G -3
2% 5x -3 2% —18x "
x-2 3
m[}(#“}f andx“#.?]
7« Solve the following equations.

w X3
x+3

a) 20 -9 —-5=0
o-f-2

dj %~ x=0

(0 # 0,5 % -3, %+ 3)

b} 9x% ~ 12x4+4=0

¢) 2+ 2x+3=0

&=
§=f-10 1}

e} ¥ +4dx+1=0

f)} 4’ +4x—-1=0

S={-2-43,-2+ 3}

€. Determine the sign of the following polynomials.
a] Plx)=2x -6

_____ 5=z}

b) Plx)=-2x2 + 10
b
VA 2= OV =
3 5
Pix)= Qifxc Jeoe, 3] Plx)= 0if x ¢ Jx, 5]
Plx}= 0 if x c [3, +f Plx)= 0 if x c [5, +f
€) Plx)=x? — Sx + 15 d) Plx)=-2x2 — 5%+ 3
+ 0 - \2, L - 0y \S, -
3 § -3 ;
P(x} = 0 if x c {3, 5] Pix)= 0 if x ] =, -3 U ggﬂt asf
P(x) = 0 if x € J==, 3] U [5, +[ P(x} > 0 if x c| -3, ;}
e} Plx)=x" - 4x f) Plx)=x" — 4x* + 4x
VLA VI VL S
-2 0 ) 0 2
Px) = 0 if x € o, 2] [0, 2] P(x} < 0 if x ¢ J=¢, 0]
P(x) = 0 if x c [-2, 0] U [2, +=[

P(x) = 0 if x € [0, +f
8. The polynomial R = —2 + 121 — 32 gives the net revenue R, in thousands of dollars, of a bakery
r months after opening (0 < t = 12). Determine and interpret the sign of this polynomial
The bokery makes a profit if t ¢ 14, 8.

0 b
- . + A4 N 3
The bakery has a deficit if t ¢ [0, 4f U ]8, 12], 4 8
© Guérin, éditeur Itée

12

.5 Factoring a polynomial 23



X 167 <2 % i .
T. Write as a power of 2, the expression: o 2%
Z. Simplify the tollowing expressions. ,
. A ; ) it
R e R ) T P R, &) (y 2 (Buty) ST
‘. : 2 . ,
A 55— e) JAxfy BNV f) ey i
21 T |
%. Reduce the radicand.

a) 77 647 _ b} Joeg 124z
&. Perforn the following operations.

S R R R b) (243 +343)(2di—34T) 6

L B. Rationalize the denominator

| 3 HIE s A Y

aj S — b} E 5ot T ECE e 8
&. For what values of x are the following ﬁ*Xpi'f%ssi(:)ns defined?
- 3
3. 31 o
Foom, 2V [, 4 f o

e :
d) e i R b
7 . Write the number 28 of the decimal system
a} in base 2. mf_f;}f}ﬁg__ k) i base 3. 1001, e €} inbase 5. 193 "
8. Convert the following nambers into the decimal system. -
a) 1010, . 0 by 211, 22 L€y 342 97

8. Factor the trinomial 2x? 4+ 7x + 6 by completing the square. -

2+ Tx v 6 mzlx“- -§x+5g+3m5—5’li

16 16 |
12 |
el 2l 1]
>+l "6
o7 a7 i
=2l g glxe -4

= 2fx + .2){): + g)
={x + Z}Zx + 3)

S S ) —
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« Factor the trinomial ¥2 + 7% — |
TR
| A Zim = D2 )00 1-42)

T 1. Factor the following polynomials completely,
& pletely
g_;g} 16 {x? + GMx + ZHx ~ 2}

b} xt — 18x2 - 81 _fx + 3x - 32

) (224 1) —4x2 P -1F
d} 2x:‘ J— ‘4%3‘ _{w Zx 2?{(}( + 1)2(}{— 1)2

- Simplify the following rational expressions after indicating the restrictions.

‘ 3«“—1 x # «3 and x # ~5 :{fii_ig x# Zandx+ 5
eci} x+ 5 L w5 .

T 2. Explain why the trinomial 2% 4+ x + 1 is not factorable in the set R.

A = ~3 is negative.

4. For what values of m is the trinomial mx? + (m + Dax -+ m factorable in [£?

£
'“w3m2+2m+1,z\ 0«>m€ ng”

5. For what values of m does the equation mx? -+ mx + 1 = 0 yield
s Feoo, Of 1 M, 4]

a} two distinet solutions? . ¢ 4w, OTUM, +f .
me= 4

me [0, 4f

b} only one solution?

¢} no solution?

16. The polynomial R = 217 — 18t -+ 36 gives the net revenue R in thouamds of dollars of a
restaurant ¢ months after the opening of a competing restavrant. (0 = ¢ =< 12)

Determine and interpret the signof this polynonial

The restourant coniinues to make a profit for the first 3 S,
AV i
& 12

w ol @

_months., The restadrent has a deﬁcit over the next 6
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