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@&. Two perpendicular forces applicd 1o an object give a resultant force of 30 N. If the
resultant has an orientation of 60°, determine, rounded to the nearest unit, the norms
of the two forces,

B[ cos 60° = 30 cos 60° =I5 N

] sin 60° = 30 sin 60° = 26 N

2. Amelia and Ben are pulling on an object. They apply respectively foress of 100 N and
80 N, with respective orientation of 40° and 120° Claudio claims he is able, by
himself, to cause the seme effect on the object.
Uetermine the torce (magnitude and orientation) that
Claudio must apply to the object. :

Icl° = 807 + 1007 - 2 « 86 « 100 cos 100° - 19178.4

lel = 1385, sine _sinl00 . o o 0.5689
&0 1385

a = J34.7
Claudio applies o force of 138.7 N with orientation

Ve =747
" L . . l
&. Caleulate the acute angle formed by the lines Lrv="2x+Tand L v =5x-3
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eometric vectors

“}i! \_/J - ! mnc@g@@ @f s:ecmv

l our dI"LhElLDIOgISt‘» Alex, Bndget Ceha and Dennis are LOI}dU{.UHg
an archaeological excavation. They leave the research centre
located at point 0. Alex moves 20 m eastwards and Bridget moves
15 m southwards. Each motion is represented by a directed arrow
with length proportional to the distance traveled.

a; Represent, using an arrow, the following motions. C
1. Celia moves 30 m westwards.
2. Dennis moves 20 m northwards,

b} Alex and Dennis travel the same distance. Explain why,
however, the arrows representing Alex’s and Dennis’ motions

210m

are not the same,
They don’t move in the same direction.

Some observations can be described by a single number, like the number of passengers on a train, while
describing the motion of the train requires 2 cka?aclensrzcs namely the divection of the motion and its

magnitude (speed of the train).

V&ﬁ‘i’@ﬂ ﬂﬁ&ﬁ gmm ;

e A number that can, by 1tse]f describe a quantity is called a scalar.,
' Ex The age, he z;,ht Wc1g§1‘{ of a person are sc alars

calle .1’ :\e(‘(l(ar

a vector mdmatm& the dlI”GCUOI] and magnitude of the motiorn,

® The two. Lham(,ta ristics, chrec,tzon and magmtude Tequir (*(i to describe an obs(rvatzon are

Ex.: lhc observation of . moving train, 'th(‘ blowmg, wind orthe flow of a river is described by

T. For each of the following observations, indicate if it can be described by a scalar or a vector.

a} Temperature Scalar b} Speed of a plane Vector
¢} Volume of a solid __ Scalar d} Earth’s gravity Vector
e} Mass of an atom Scalar f} Motion of a boat Vector
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ITY 2 Description of a geometric vector

a) The arrow on the right is the geometric representation of vector AB.
This vector is written AB.
~ A is called the origin and B is called the endpoint of the vector.

~ The arrow gives the direction of the vector,
— The norm of the vector corresponds to the length of the line

segment AB.

1. Draw vector BA.

2. What is the origin of vector BA? B

3. What is the endpoint of vector BA? A

4. Is it true that AB and BA have opposite directions?
Yes

5. Do vectors AB and BA have the same norm? Yes

b} Consider vector AA represented on the right, having its origin equal to its endpoint.

What is the norm of vector AA ? 0

This vector, written 0, is called zero vector.

¢} To describe vector AB on the right, we proceed in two steps.

Ist step:
We measure the norm or length of vector AB.

. e A [ nd | [ [A—
The norm of vector AB is written |AB|. Here, we have A8l = 3 em.

2nd step:

We draw the horizontal half-line oriented eastwards and passing

Horizontal half-line

East

through the origin A of the vector, then we measure the directed angle (counterclockwise
direction) having initial side the horizontal half-line and terminal side the vector AB.

This directed angle, written 8-z, gives the orientation of vector AB and thus defines the
g ] AR g

direction of AB. Here, we have eﬁ = 45°,

Vector AB is described by giving its norm, Hﬁ—\_ﬁ”, and its orientation, eKﬁ-

1. Describe vector CD represented on the right.

Vector I has norm 2 cm and orientation Ué—ﬁ = 135°.

2. Represent vector EF having norm 2.5 ¢m and orientation 60°.

© Guidrin, éditeur ltée
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d}

Vector AB on the right has a norm of 2 cm and an orientation
9;5 = 60°.
This vector is located 307 East of North.
It is written AB: 2 cm [N 30° E].
Vector AC on the right has norm 1.5 cm and orientation
0 =210%
Vector AC is written AC: 1.5 cm [W 30° §] or AC: 1.5 em
[S 60°W].
1. Interpret the notation AC: 1.5 cm W 30° S

Vector AC, with norm 1.5 cm, is 30° South of West.

Nerth

07 =210/ 65 = 60°

West

East

South

2. Interpret the notation AC: 1.5 an [S 60° W].
Yector AL, with norm 1.5 cm, is 60° West of South.

270

mA geometrm VeCtor is C]( scrlbed by

its direction, :

its norm {or length).

Ex.: On the figure on the right,

— vectors AB and CD do not have the same
direction. S

~ vectors AB and EF Have same the direction.

~ vectors AB and GH have opposite directions.

Vector AB with origin'A and endpoint B cin bé written using a letter

U, V. .. with an arrow dbL)VE‘ it.

% and AB are two ducft reit notatlons representmg the same geometric

vector

Vector AB on the rig ht, with norm 2 cm, ha,s an orientation of 60°.

- The 1orm OF Vcctor ABis written “

= The erientation of vector AB is written. Gﬁ

This Augjc dzrmted in the counterclockwise direction, has for A
“initial side the horuon{(ﬁ half-line dnectf‘ci eaatwards and ter-

rnnmi side the vector AR,

' BAB 5'a°
”‘m*:«:_ - g FR gt
Horizontal

The orientatiofn b of avector AB gives the direction of this vector:

We l‘mve—: 0° = UM <7 360°

Chapter 6 Vectors
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e The vector AA , with origin and endpoint A, is called zero vector. It is

[ 13

written O .

e

We have:

1()” = 0. The zero vector has every direction.

. . ) P
o A vector # is called unit vector if ‘iu“ = 1.

Ex.: Vectors Rﬁ, K(f, AD and AE on the right all
have the same norm, 2 cm, but different orien-
tations. We have:

eXﬁ == 30°, G—A—é = 150°, ﬂm =210° and 8'};3:: =300°,

e We usually describe a vector by giving its norm and a
rotation angle spanning two consecutive cardinal

points.
Ex.. ~ Vector AB on the right, with norm 2 cm, is oriented 60° East of North.

We write: 2 an [N 60° E/.

-

@. Lines !, [, I, and [, on the right are parallel.
Compare each vector on the right with vector AB according =
to direction and norm. ' '
Same divection Divection opposite Same norm ;
as AB to AB s AR ’
CD No No No
EF No Yes No
GH Yes No No
1 Yes No Yes
KL No Yes Yes
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Z. Represent the following vectors.
a} AB of norm 2 cm and orientation 45°
b} AC of norm 3 cm and orientation 120°,
¢} AD of norm 2 cm and orientation 180°.
d} AE of norm 1.5 cm and orientation 225°.

e} AF of norm 2.5 em and orientation 330°.

. Represent the following vectors.
a) AB:1.5cm [N 30°W].
b} AC:2cm [S30° W],
¢} AD:3cm [W].
dj AE:2cm [E30° 9],
e) AF: 1.5 cm N 30° EJ.

5. Represent the following situations.

boat is 10 knots and the speed of the current is 15 knots.

a} A boat crosses a river perpendicularly. The speed of the |- bi e

b : speed of boat, € : current speed. —

b} A plane is moving at 400 km/h 30° West of North and the
wind blows at 100 km/h 45° in the East of North. Fij

B speed of plane; i : wind speed.

00 km/h

NETIVITY 35 Comparison of vectors

a) Lines{, [, and [; on the right are parallel.

Two vectors are called collinear or parallel when they have
the same direction or opposite directions.

1. Which vectors are collinear with vector AR? / B /D" ;
. : 3

CD and EF ¢
2. Which vector collinear with AB has the same direction as : .
ARB? [#)) = / TH
3. Which vector collinear with AB has the direction oppo- ~F G

sitetoAB? _EF
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Consider lines [}, L, [, and [, such that [, 7, L7, and [, L L.
Two vectors are called perpendicular or orthogonal when they
have perpendicular directions.

D'\ h

8
H € / l
\ kA A 2

1. Find the vectors orthogonal to vector AB.___ €D and GH 6 /
T . : E
2. Find the vectors orthogonal to vector CD.  AB and EF F
3. What can be said of vectors AB and EF? -
L
They are collinear with opposite directions, A,
4. What can be said of vectors CD) and GI1? __ They are collinear with same direction.
¢} Lines !, [, and [; on the right are parallel. \
. ) l -
1. Two vectors are called equal or equipollent if they have same g b
direction and same norm. Which vector, among the vectors on / / 13
the right, is equal to vector AB? o A iy / E
2. Two vectors are opposite if they have opposite directions and |+ / H A L
same norm. Which vector, among the vectors on the right, is ) /I " I
. — - -8
opposite to vector AB 7_ EF e K
: @M?ﬁi@iﬁﬂm @F yEC‘F@RS

' Ex._i

the sanie direction or opposl‘{e directions. We write: /7.
Ex.: Vectors A.B_,_ CIDand I
We have: 7\TI%// CD/EF.

EF on the right are collinear,

Twovectors 7 and % arecalled orthogonal if they have perpendi-
cular directions. We wnte ul v

| iors*A‘B dnd CD on the ri Yht are 01‘(}‘10;,0;1&1
We havom AB LCD.

Two vectors 7 and 7 are called oquai or equipolent if thcy havc_::;

th e same direction and: the: same norin.

Wg W rﬂc Tz 1,

o hﬁw* AEr-w’BA

o vectors i ar‘ld U are c,allc d collinear or parallel if thi y have

Guérin, éditeur ltée
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&. Two vectors AB and CD are opposite. Compare [‘KBE and H(——Zﬁ” VY e

#. Consider parallelogram ABCD on the right, A 0

a} Complete: o
1. AB= D¢ 2. AD = __BC

b) What can be said of vectors
. ABand CD? AB=-CD 2. ADand CB? AB=-CB 3. ADand DA? AD=-DA

B C

B. Consider rectangle ABCD on the right. Answer true or false.

a) AB L AD _ True b) AD/BC ___ True A D
c} mﬁ:f) —BC _ True d} AB=— 65 True . .
e) AC=BD _ Fatse f Iacl=BD] _rue

a} If AB is a vector of length 2 cm and orientation 60°, describe BA.

BA is a vector of fength 2 cm and orientation 240°

b) LetCD:3 cm [N 30° E], define DC. _ DC: 3 em [S 30° W]

©. Consider a line segment AB and its midpoint M.
What can be said of vectors

a} Eﬁ and ﬁﬁ ? They are equal.

§3) l\ﬁ:’i and &mémﬁ? They are opposite.

T %.a) Two vectors AB and CD are equal. Compare

1. norms “E—}é” and “(“ff)” |AB| = lcB)

. . B =
. 3 ons §— e AB - 'Ch
Z. orientations HAB and GCD ,,,,,

b} Two vectors EF and GH are opposite. Compare

1. norms ”f}":” and ”6?1“ lEF| = ﬁé}?” _____
bsy = O + 180°

. orientati e S
2. orientations GEF and E)GH

;- CUIVITY 4L representative of 2 geometric vector

a} Consider the set @ of rational numbers,
1. What is tht dtﬁmtion of a ratmna] mimber? A number x is rational if it can be written

2. The fraction L is a representative of the rational number 0.5.

2
How many represcntatives does the rational number 0.5 have? __ An infinite number.
. _1_2_3 4 5
3. Complete: 0.5 = 2 =I=5 870~

4. How many fractions are the_re with denominator equal to 100 representing the rational

number 0.57 _ Only one, 100
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b} By analogy with the set @ of rational numbers, consider the set
'U of geometric vectors. e
Let i be the geometric vector on the right. B o
1. How many arrows can represent #7 _ An infinite number. y / N
2. Draw 3 arrows representing the geometric vector . -
3. Given a point A, how many arrows with origin A represent / |

vector # 7 Only one. . / 5

4. Draw the representative of vector # having its origin at point A. A

A g omct;f“u vector g has an mfmzte numbvr 01‘ repr esentatives,
Ex.: ﬁxE, (,..D, EF are3 representatives of vector i on the right.

¢ Given a geometiic vector # and @ point A, there exists only
one arrow with origin A representing vector .

e Every arrow 1'(.‘;31'%3&:;@111;3. only one vector but & vector can be
represented by an infinite number.of arrows,

Speaking loosely, we identify a vector with the arrow
representing it, in the same way we identify a rational
number with the fraction representing it.

B 2. Consider vectors 3 and ¥ on the right.
a} Starting from point A, draw
the vector AB representing #.
2. the vector AC representing .

3. the vector BD representing ¥.

b} What is the representative of vector # having origin C?
Vecior CD .

€} Vector - is the opposite of vector %, Find two representatives of vector ~
BA and DC
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Stdl ting from pom‘L A Davzd travels m east until he rea hes point B then
travels 4 m north until he reaches point C.

The first motion is represented hy vector AB and the second motion is repre-
sented by vector BC.

The result of these two motions is equivalent to a single motion represented
by vector AC.

Vector AC is called vector sum or resultant of vectors AB and RC . We write:

AB+ BC =AC,
a) Find the norm of vector AC. [AC|=5m

. o TR 4o =53.0 tan1]]
b} Find the orientation 8= of vector AC. Ac 3

& 'There are two methods for adding two vectors #and v .

Tr1 :"13;} methnd
‘wtar’fmg from any pmnt Adiry the pidne

L we draw vector AB reprCS( ntmg vector’

2. we draw ve ctor BC represe nting vector ¥

pas——

3. we dr‘m V€ C'CGI AC u_pruentmg vector 7 4 7.

- Parailelogmm method
~ Starting from any pomt Ain the plang,

1. we draw vector AB reprf senting vector .

e dm‘v\ ector AL re prvwntmg vector 7.

A g

we ioc

ate the pomt E) such that ABDClis.a paraﬂelm,mm

: 'w e dmw xeator AD representing vector # 47,

e To add two, vectors, we ase
~ the triangle 1rmthod if the origin of one vector corresponds to the éndpoint of the other.
thc amlla iogmm me thod if both vectors have the same origin.
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%o In each of the following cases, represent starting from point A the sum @+ o using the given
method.

a} ‘Triangle method. b} Parallelogram method.

@. An object is acted upon by two perpendicular forces of 30 N [E] and 40 N [N].
Determine the resultant force F acting on this object.

Ay
[Ej 30’

tan D = 0= 53.7°

e

2
F i = 307 + 402 = 2500;

F. .50 N[N 36.9° EJ

—

E

=50N

B. Two perpendicular forces F and E, are applied to an object. The resultant
R of these two forces has norm 200 N and orientation 60°. Find the norm
of each of the forces applied to the object. A

w1l
!

|F =Rl cos 60° = 200 cos 60° = 100 N. 6

17| = Bl sin 60° = 200 sin 60° = 173.2 N. ‘

2 Chasles’ relation

a) Consider the sum of vectors PQ and QR where the endpoint O of R
the first vector is the origin of the second vector.

Complete: ﬁm@ +OR = PR

b} Consider the sum of vectors PQ, QR and RS where the endpoint of ]
the first vector is the origin of the second one and the endpoint of
the second one is the origin of the third one.

Complete: Pd+ (ﬁ LRSS = P8
[ SVIPVRRI R SV
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¢} Consider any two vectors AB and BC where the endpoint B of the first vector is the origin B of
the second vector,

Complete: AB | BC = _AC

. CHASLES' RELATION

| Iéé‘;uény. points A, B and C, we have:

AB-+BC=AC

The sum of 2 vectors with the endpoint of the first one equal to the origin of the second one is a
vector whose origin is the origin of the first vector and whose endpoint is the endpoint of the
second vector. '

. Consider triangle ABC on the right.

a} Locate e
1. Point D knowing that AD = AB+ AC.
2. Point E knowing that BE = BA + BC.
3. Point F knowing that CF=CA +CE.
b} What can be said of triangles ABC, BCD, ACE and ABF?

They are congruent.

%. Consider parallelogram ABCE and triangle CDE.
a) Justily the steps to simplify the sum AB+CD.
KE+E~5$€6%-E§ AB and EC are equal.
=FD Chasles’ relation.

b} Simplify the sum AE + CD.
AE + CD = BC + CD = BD

®. Consider tiangle ABC and line segment MN joining the midpoints of
sides AB and AC.
a} Expml_a£1 W_}}L
1. BM=MA. Vectors BM and MA have same direction and
same length (M is the midpoint ofﬂ).
2. Kﬁ = ﬁmé Vectors AN and NC _have same direction and
same length (N is the midpoint ofm )2

b) Simplify the sum BM + NC.
B + NC = MA + AN = MN
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Ty 4;3:_?;@9;&&3@5 of vé;ctm* addition

aj 1. Given two vectors i and 7, verify that i+ v =7 + 7.

v
[

2. Refer to the parallelogram on the right to show that:
Hty=7p-+1 B+9=AB+BC=AC=AD+DC =9+

b} 1. Given three vectors %, ¥ and i, verify that (f+D)+ i = 0+ (T + D).

i

53

BT TN S R

2. Use Chasles’ relation to show that (X§+§6)+@:E+(§6+86)
(AB + BC) + €D = AC + CD = AD
_AH +(BC + CD) = AB + BD = AD

¢} Justify the steps showing that:
1. AB+0 = AE
AB+0=AB+BE BB-0

e

= AR Chasles’ relation.
2.0+ AB=0
0+AB=AA-+AB _AA=0
= E Chasles’ relation.

d) 1. What can be said of vectors AB and BA? __ They are opposite.

2. ‘What can be said of the sum AB + BA? Justify your answer.

AE + BA = AA Chasles’ relation.
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- PROPERTIES OF VECTOR ADDITION
- h":.ﬁle ;a.dditi(m of vectors is commutative. | . B+T=0+ %
~ The addition of vectors is associative. G+ 7))+ =1+ {T+ )
~ { is the neutral element for the addition of vectors. 4+ 0=nand O+ =7
~ For any vector #, there exists an oppuosite vector ~3 such that: | @ -+ (~#) = §and (=) + il = 0
%« Quadrilateral] ABCD on the right is a parallelogram. Simplify B £
a) AB+BC AC b} AD+DB AB
¢ AD+DC+CB_AE__ d) AC+CD+DA 6 & D
e) AB+CD 0 f) AD+CB+DC AB
g) AC+BD+CB__AD__ h) CB+AB+BD+DC AB

o

4} Vector subitraction

Subtracting a vector ¥ from a vector # consists in adding vector # to the
opposite of ¥
%D =i+ (~7)
a} Given vectors # and 7 on the right, represent vector # ~ 7.
b} Justify the steps of the following subtraction.

CD - ED = CB + (FD) A-8=8+ 68

— Eﬁ + ﬁiﬁi DE is the opposite of ED.
- 6}: Chasles’ relation,

U=+ (=)

~ For any vectors % and 7, we have:

-

Thus, AB — CE= KB T (—@E) Subtraction rule.
m@+i§mé BC is the opposite'of-éﬁ.
i ‘ATEE ' . Chasles’ rela‘{io'n::.

8. Consider vectors # and ¥ on the right.
Construct the vectors

a) W =u+v b) W=7

—

Q) =71 d) w,=-% 7

280 Chapter & Vectors
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Consider vectors #, 7 and iy and point A.

Draw vector AB knowing that AB=7—7 4+

Consider parallelogram ABCD and vectors # and ¥ represented by
AB and BC respectively. Express, as a function of # and %, the vector

a) AC_#+8__ h) BD.B-& ¢ DB_ii-B

9. Simplify the following expressions.

a) AB—CB+CD AD b) BC-ED-DC __ BE
¢} BC-BA-DC __AD d) BA—CB+AB ___ BC
e} CD+BC-BD _0 f) AD-BD-AE __0

a} An object located at 0 is subjected to a force F of 3 N oriented
northwards and a force E, of 4 N oriented eastwards,
. o ) o - — 1
1, Draw the force F resultant of the sum of forces F and E. .1 40
- 0
2. Calculate the norm of F. T é
4 Y4 T4 . e et et rr o B
B =IF] +[F] = 3% + 42 = 25 = JE] = 5 newtons. :
3. Calculate the orientation of F.
tan e"ﬁ' = [Glﬁlgl = % = 9-;,- = tan?! % = 36.9°. F has orientation 36.9° (or vector F
2
is at 53.1° East of North).
b} Consider triangle ABC on he right. A
_ sinf%:sinﬁwsinc
1. State the sine law. e b c . b

2. State the cosine law.
a? = b% + ¢ - 2he cos A. B

b% = g2 + ¢ - 2ac cos B.

cZ = ag? + b? - 2ab cos C.
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¢} Consider vector AB of length 4 cm and orientation 15°,
vector AC of length 3 cm and orientation 60° and vector
A representing the sum of vectors AR and AC.

1. Explain why ZBAC measures 45°.
m S BAC = Gﬁ - 8K§ = 607 - 15° = 45°,

2. Explain why ZABD measures 135°.

ABDC is a parallelogram and consecutive angles in a

A—v
iEAB” =4 m, GAB = 153

parallelogram are supplementary. i,
IAC] =3 cm, 032 = 60°

3. Consider triangle ABD and use the cosine law to
calculate “X]S“

QAWEHZ = ||ﬁ!§[i2 + ”@5“2 - 2/ AB||BD| cos B

= 6.48 cm.

ABI = 47 + 32 - 2 (4)(3) cos 135° = 21.97 - |AD

4. Consider triangle ABD and use the sine law to calculate m ZBAD.

Fg;i = ﬁg’_n‘?j; S0 235 L 1A . Gin A = 0.3274 = m ZBAD = 19.1°.

- . . - =G I12.3° = 34.1°.
5. Deduce the orientation of vector ADD. 4D b + 19

6. Describe vector AD, sum of vectors AB and AC.

AD has norm 6.48 cm and orientation 34.1°

mm | AN Qmmmmm ?HE sm W@?‘W‘ |

We se the sine iaw and tho cosine law to &t*te Tmine thc Sum vector.

e Sine law

sin A smBm smC
@ b c

¢ Cosine law

a?=b* -+ 2 — 2bccos A
e b2 =g 4 ¢ — 2accos B
o ¢? =g+ b2 — 2abcos C

Ex.: Let us d'f-"teri'nﬁwe the norm and orientation of vector ADf
AD=AB+ AC - |
”ABL 2, 9;&}3 4SD’ ez 3’ QX(-: = 1 20° and e}iﬁ; 459,

Loom ZBAC s =02 = 120° +45° = 75°

2oom LABD == 1( 5° bmause angles BAC and AbD are two consecutive angles of the
parailvlo;mm ABDC -
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e
e

We get: AD]

A« BT

ol -2

% cos 1082,

Srw
it

~16.10 and so [AD]| = 4.01.

4.. We applv the sine law to triangle ABRD to find o
== > sin o 07226 = o= 46.3°

Eol A

: ,3;[
5. We deduce Hﬂﬁ»}.

B:5= 025 + o = 45° + 46.3° = 91.3°

Thus, veéctor AD has norm 4.01 and orientation 91.3°,

T2Z. A boat is traveling north at a speed of 25 knots. A current of 10 knots
and orientation 150° acts on the boat.

a) Represent the situation.

b} Determine the actual speed of the boat and its orientation.

Bl = b1 + e’ - 28] < el x cos 120° = 975 = IRl = 21.2 knots.

sin o« _ sin 120° . _ » . _ . . -
16 = sp5- = sine=02776 = = 16.1° = U; =90° + 16.1° = 106.1°.

The actual speed of the boai is 31.2 knots. The boat is traveling at 16.1° West of North.

T3. An object is subjected to two forces F and L.
F has an intensity of 3 newtons and an orientation of 30°.
I, has an intensity of 2 newtons and an orientation of 60°.

Find the force F that must be applied to the object in order to
cancel the effect of forces F, and F,.

e

F=—§where§%ﬁ+f’;.

IR = 32 + 22 - 2(3)(2) cos 150° = 23.4 — |&] = 4.8 N.

sin o _ sin 150°

2z 4.8

s sine =0.2083 o = 12.0°.

R has norm 4.8 N and orientation 42°.

F has norm 4.8 N and orientation 222°. (Gﬁ + 180° = GF)

4. Rafael travels 2 km on foot 30° East of North then 1 km 30° West of
North. Determine the length and the orientation of the resulting

motion.

I“\T@; (1st motion), ﬁ;ﬁ; {Znd motion)}.

M= ﬁ} + M; (resulting motion}

st

7" = 12 + 22 - 2(1)(2) cos 120° = 7 = [jf] = 2.646 km.

sino sin 120° . _ o B _ e _ .
N WY = sino = 03273 =0 = JR.¥° = GM =60° + o = 79.1°,

Bafael travels 2.646 km with ovientation 79.1°,

© Guérin, éditeur ltée 6.2 Operations on geometric vectors 283




T%. Nomi and Karen are pulling an object. The forces i:‘;: and ?; applied
to the object are, respectively, of 150 N and 200 N with orientations
60° and 135°,

a) What is the intensity of the resultant force R, sum of the two

. — "---47
forces E,;and E, -

B[ - 1502 + 2007 - 2(150)(200) cos 105° = 78029 = [E| < 279.3 N.

b} Find the orientation of the resultant force R.

sina _ stn 1057 | Gine = 0.6916 = o~ 43.8° - 0. =43.8° + 60° = 103.8°.

200 279.3

18. Vectors # and ¥ on the right form an angle of 120° and

have norm il = 3.6 and [7] = 4 respectively. Calculate
the norm, rounded to the nearest tenth of a unit, of

a}y u+v

i+ 5 =[] + [ - 2[5 [8]cos 60° = 14.56 = Ji + 5| = 2.8,

by 5y G5 =[g] +[5] - 2]5] [ cos 120° - 43.36 = [ii - 5| = 6.6.
)

7. Determine the measure, rounded to the nearest tenth of a unit, of the angle § between # and T if

a) lal=3.6wl=41lu+v]=45 B) lal=4.2:ls=32—-2l=623

o

BN

v

e -4 o e df ffre . . e e ff e

&+ 51" =" + 51 ~ 2} 5| cos 0 I ~ 8] = ]+ 5] - 2] 5] cos 0
20.25 = 29,77 - 29.52 cos 0 39.69 = 27.88 - 26.88 cos O
cost) = 0.3225 = 0 = 71.2° cos ) =-0.4392 = 0 = 116.1°

T&. A force of 20 N and another force of 30 N applied to the same object
yield a resultant of 40 N. What is, rounded to the nearest tenth of a unit,
the angle between the two forces?

407 = 307 + 207 - 2(30)(20} cos & = cos o =-0.25 = o = 104.5°

b =180 - =755

9. Valerie travels 3 km North on a sailboat, She then changes her route by
turning 60° westwards and traveling 2 km. Determine at what distance
Valerie is from her starting point and how she is oriented at the end of
her trip.

tal’ < 32 + 22 - 203)(2) cos 120° = 19 = [ = 4.36 km.

i in 120°
e S'Z_gﬁ = sin a = 0.3974 = o = 23.4°.

B
[X]

Valerie is 4.36 kkm from the starting point, 23.4° West of North.
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Vil f.( %) "Mu!tspiamtims of a vector by ;agefaig number

Consider a vector # and a point 0.
a} 1. Draw the vector OA if OA = 3. (Note: 3 =# +u-+1i).

2. Compare vectors # and 3 according to
1) directionn: Yhev have the same direction.
7

Z) norm. 134 = 3@l
ey B
b) 1. Draw the vector OB if 0B = -2#. (Note: ~2# = ~ii + —ii ).
Z. Compare vectors # and —2# according to
1) direction; They have opposite directions.
2) norm. I-2il = 2|al
¢} Let kbe areal number, (k # 0).
1. Complete by indicating the sign of k, vectors # and ki have
[} the same direction. k>0 . 2) opposite directions. k<0 .
2. Compare o] == |ac] il
d) Determine the value of the real number k if k#=0. k=20
wsummmm @F & aim@ B ﬂﬁm wmm

e T he produd 01‘ 2 non-zero vector # by a real numbﬁ 'r k is a vector
written k. Fhus :

kX i = kii

- kit and @ have same direction if k> 0,
ki and @ have opposite divections if & < 0,
- leal - i

¢ Notethat: 0 x & = 0 1><u-— 4 (=1) X % == i

X \/( ctors i and kil are calle d L@]Imear or parallel,

° 'Tw 0 vectors # and 7 are Lasﬂmvar if and only if there exists nonzere: rw] number b such that

»»»»» ku

/v < Elk e R7 = kil
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#8. Consider vector # and point A on the right. Draw the
a) Kﬁif}zﬁx%ﬁ, b) Eifﬁt%ﬁ § L‘\\D . R
¢ ADif AD=(-)x@  d} AE if AE=-2% - \

2 %. Consider vectors OA and OB in the plane on the
right.
a} Draw the vector
1. OA’if OA’=30A .
2. OB'if OB' =2 0B,
3. 0Cif 0C=30A +20B.
b} Draw the vector 0D if 0D = -3 0A + 2 0B.
¢} Draw the vector OF if OF = —2 0A — OB.
d} Draw the vector OF if OF = 30A — 2 OB.

22. Consider 2 vectors i and ¥ and a point 0. Locate the o B

a} xAxiféﬁ;&;E3a-
b} Bif OB = 2.
¢) Cif 0C =35+ 2.

@ 3. Consider 2 vectors # and ¥ and a point 0. Locate the B '
following points, i B B

a) Aif0A=7+727.
b) Bif OB =27+ 27.
¢} Cif 0C=-it—2v.
d} Dif 0D = 3@ 27,

Z4&. Consider vectors @, b, ¢ and d on the right.

a) 1. Does there exist a real number k such that
b=hkid? Yes b=28

2. What can be said of vectors @ and b ?

They are collinear.

286 ﬁﬁ‘&ﬁﬁ&teﬁ‘ é Vectors © Guérin, éditeur ltée




b} Does there exist real number k such that & = ka ? If so, what can we conclude?

Yes, € =-1.54. d and & are coilinear.

¢} Does there exist a real number k such that d = k@ ? If so, what can we conclude?

No, because @ and d are not parallel.

25. Consider a vector # and a real number k. Complete:
a) k# Oand kii=0 = @=0 Bb) fi=0and kif=0= k=0 €) ki=0¢ k=0oru=0

26. Let 7 be a vector such that [ = 6. Find the norm of

a) 3w 18 by-sm30. qg-lgs  dqfz2z e F 1
2 3 =l
a} Lonqdcr vector # on the right i
1. Verily that 2(3#)= (2% 3) 1. e SE
- ' 2(3)
2. Itaand b are two real numbers, is it true that a(bit) = (ab)ii ? Yes | 5

b} Which real number is the neutral element when we multiply a vector

by a real number? Justify your answer. Isince Ixi=g
¢} Consider vectors # and ¥ on the right.
1. Compare 2(ii+ U) and 28+ 27, _2(d +5)= 24+ 25

2. It ais any real number, is it true that a{#i+ %)= afi+ a7 Yes _

d} Consider vector % on the right.
1. Verify that (3+ 2)#= 31+ 2%.

2. ¥ aand b are two real numbers, is it true that (a + b)Z=afi+bu? |- RE
23
Vs e

 PROPERTIES OF MUITIPLICATION OF A VECTOR imf AREALNUMBER

s :;‘. (

,ormdcr two vectors i and 7 v and wwo-real numbers g and'b. _
Mulnphc ation of a vector. by are al 11umbc «t has the tollowing propu‘tms _
- Aw;cmus ity L : o ( ) (ab)u
~ 11s the neutral element: : _ ix =1
- I)ist?‘ib’ﬂtivity over the suny of \{eéto-rs: | a( u+ v)? aii + av
- E}ist_{;’a%utivity over the sum <;)'f real numbers: [ (a + b) aii-+ b
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27 . Reduce the following expressions.

a) 2u-6u__ 8¢ b}y ~2(5%) ~10% <} 5h-7%.. 729

d) 32u+3v) 69+95 e 32m-239.0_  f) -(z-7p) -i+2s

Reduce the following expressions.

a) -2%-+30+55—4p 3u-© b) ~(il+ 27)+ 27— D) - 4v

¢ 32i-v)-(2u-3v) 48 dy -202%-39)-3(E+20) 78

29. Justify the steps to reduce: 2AB — 2DC + 2BC — 2BD.

Gieps Sustifications

2AB - 2DC + 2BC — 2BD

= 2AB - 2CD + 2BC + 2DB -PG =GP

= 2AB + 2BC + 2CD + 2DB Addition is commutative.
= Z(Kﬁ + Zﬁa + 2(@—5 + 25]?;) Double factorization.

= 2AC + 2CB Chasles’ relation.

= Z(KE + Eﬁ) Factorization.

= 2AB Chasles’ relation.

0. Reduce the following expression. SAC + BC — 2AC — 4BC + BE — 2CE + 2BE — CE.

3AC - 3BC + 3BF - 3CE = 3AC + 3CB + 3BE + 3EC

= 3(AC + CB) + 3(BE + EC) = 3AB + 3BC = 3(AE + BC) = 3AC
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Conslder Vectors ui and i, .

Any expression of the form ¢, + ¢,i; where ¢, and ¢, are real
numbers is called linear combination of vectors % and u;.

a) Explain why a linear combination of vectors always yields a

b)

vector., The product of a real number with a vector is a vecton

Therefore, ¢,u;, and c,u, are vectors. The sum of 2 vectors is a

vecior, $0 ¢l + C,u, is a vector,

Represent the vector  knowing that @ = 31, — 2u;.

Express vector ¥ on the right as a linear combination of the
vectors 4 and .

o= 3y + 25,

A vector i iisa Imoar mmbmau(m ()f tlac Wctors il
: 1%

(Jm u a sequence of vectors 1, iy, ..., %, any-expression of the for

¢ u§ + sty F ., b ¢ Uy where ¢ R is a limear combination of the vectors Uj, iy, -

Notv that &E]mcal mmhnmtmn of vectors is'a VeCTor,

+ 2i; is a linear combma‘uon

\’Vc haw-

; 3u1 i

exist real IllHﬂbi 15 €5 C '

m

........

Consider vectors 7, #, and #z; on the right. Represent the follo-
wing linear combinations.

a) 20+

b) @ -7
< w -+

d} %+ +
€) 2 + 3u; — 31
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2. Consider vectors if;, ; and i, on the right.
a} Express vector ¢ as a linear combination of the vectors
1w and gy 3U 2,

2. i and @ _2up - 2ug

b} Can we express vector ¥ as a linear combination of T
i, and 7 ? No

%. Consider the vectors on the right. Express each of the BT

following vectors as a linear combination of vectors and ¥. | e e
2
a) w 2i by W 15#+30 I
o I b
o JETN 45 dy w; -u+20 » .
. —i.bu T 28 - 25 s ),
e) 7 .54 f) i Za -~ 20 : b
g} Tj{t; _3ﬁ h) ﬁg _ ﬁ — 3!‘5 . e 5 ﬁ-—é

f. Consider the points of the right. Express each of the

following vectors as a linear combination of vectors Tand ¥. | . .po
a) AB _2i+9 b} BA -28 - '

(‘,) E it d) E-:"K A Ae R o3

o) AD 2i-s f) DR -zass I

g) BD -20 hy CD  -2a-3o

Consider in a plane the vectors i}, %, and #; and the vector ¥,
a) Verify that

1. B=% + i+ 2. B="5%, - ] + 3

b} Is the expression of ¥ as a linear combination of vectors
P e : .y NO
i), %, and #; unique’

€} Express vector ¥ as a linear combination of vectors %, and .
o= - + 2u,

d} Is the expression of ¥ as a linear combination of vectors
s — . bl y
W, and 7, unique’ es

e} Can we say that for any vector ¥ in that plane, there exist two

unique real numbers @ and b such that ¥ =aw, + bu,? Yes
g 1 2

If s0, we say that vectors i, and &, form a vector basis of the plane.
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“ VECTOR BASIS

T a plane, two vectors 3 and @ that are not parallel (not collinear)
form a vector basis.

The two vectors ¥ and @ of this basis can generate any vector ¥ in
the plane, rmeaning that given any vector ¥ in the plane, there exist

two unique real numbers ¢; and ¢, such that:

V= Oy, +62u2

The real numbers ¢; and ¢, are called compenents of vector ¥

relative to the basis {u—;, 7 }

Ex.: Vector ¥ above can be written in a unique way as a linear combination of the basis vectors

]

u _a.nd iy

W< have: 7= 2y + 35‘; .

. True or false?

a} Three vectors in the plane can form a vector basis. __ False
b} Two vectors in the plane always form a vector basis, False
<} Two vectors that are not parallel always form a vector basis. True

d) If % and %; form a vector basis of the plane then any vector % in the plane can be written

in a unique way as a linear combination of the vectors %, and ;. __ True

€. Consider the vectors on the right.
a}) Explain why %, % and %, do not form a vector basis.

Three vectors cannot form a vector basis of ¢ plane.

b} Explain why #@ and u; do not form a vector basis.
Vectors @, and ii; are paraliel.

¢} Explain why %] and &, form a vector basis.

if; and u, are 2 vectors that are not paraflel.

7. Consider the vectors on the right.
a} Express vector ¥ as a linear combination of the vectors in the vector basis.
U

1. {f@a;} = 24, - Ty
2. {“ﬁ;!a;} = 4] + 2u,
3. {ﬁéﬁ;} b = -2y - 2u;

b} Do the components of vector ¥ relative to a basis depend on
the basis? Yes
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% Orthogonal hasis - Orthonormal basis

a} Explain why two orthogonal vectors in a plane form a vector basis
of the plane. [ -
Two orthogonal vectors are not parallel. o MZL
b} A basis is orthogonal when the two vectors of the basis are | ... . _ 7,
orthogonal. 1f, in addition, the vectors are unit vectors then the | 1z % o
orthogonal basis is called orthonormal. L I

{5} and {5, 7}

1. Find, in the plane on the right, the two orthogonal bases.

. . , T, 0
Z. Which one of the two bases is orthonormal? { roE }

¢} Express vector w as a linear combination of the vectors of the basis.

= = W= 2u; +H, e W= 30, + Zv,
IR RLEL 2 2 (o) e

ORTHQQ@E\EM gﬂSES @ﬁ'ﬁ%@%@ﬁmm EAS§§

¢ Avector delb with orthogonal vectors is called orthogm:m If in addition, the vectors are Uit
vectors, then the basis is called orthonormal.

e The Cartesian plane usually. uses an orthonormal basis. We
denote by 7 and j the vectors of an orthonormal basis.

We have: 1 17; [il=1 and ”1!;1.

Ex.: Vector %, in the orthomorimal basis {mf, ;} on the right, is
written: # = 37 + 27.

. Consider the Cartesian plane on the right.

. . . * -
a) Express, as a linear combination of vectors { and 7, the
vector

Zi+]

1. gz, -3i+4j

-2i - 3j

[l T

2
3. g 2Zi-2j 4,

#)] Dcterminc

Ml s 2 B B 3 kl_2fZ2 a4 j] 4E8

8. Consider the Cartesian plane on the right. Represent, starting _ VI
from the origin 0, the vector A

3) d=3i+2]. . <
d) Ei ~27 43

Il

&l
Rt
=

f
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,&Xf
Consider the geometric vector # located in the Cartesian plane on vk
the right. e

a) Write vector ¥ as a linear combination of vectors ¢ and .
5= 37 + 2j

-i
=
;o

b} 1. Is it true that to any geometric vector i located in the
Cartesian plane corresponds a unique couple (a, b} such that o] R

Gm i 1 b where acRand bel? T R AU SIS

2. The couple (a, b} defines algebraically the vector 7. What is

the couple defining vector 77 (3, 2)

¢} 1. Draw vector OM, representative with origin O of vector 7.
2. Verify that the coordinates of point M are equal to the components of vector # .

RLGEBRAIC VECTORS
¢ Consider the Cariégifém' ple}ne- and the orthonormal basis {Tib, ;} .' 4
An algebraic vector % in the Cartesian plane is defined by a couple _; et
(@, b) where a ¢ R and b ¢ R We write: # = (a, b), & B
o Wehave the equivalence: - B M b)
Eiz(a bysi=ai +bj . i
' of & . o %

ais Laﬂa d h(}rwonlal ca}mpmwm and b ver tical component,

o If OM is the rc‘pz‘owﬂtatlw* wnh ergﬁm 0-of the vector i, then the.c oordmau s'(a; b of point.

- Mcorrespond. to the components (a, b} of vector .

Fx. Consxdcr ‘1]’1( vcrtor U={-3,2)

- ‘v’Vo have u = u3z + Zg vk

i, L el . : .
- OM is the’ rcpresmtdtm with origin O of vector %" | . M :\ i1y

: o yi
We hav@ M( ““““ 23 ' o N Ll

» The zero \utur (} is da ﬁm dby 0=(0,0). - : T

e Vectors fi=— ((,z b) and 7 = (:, d) are equal if and only if the
cor rw&p(mdmg (,camp(mmts of the two vectors are equal.

ﬁﬂif’@a candb d
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. Consider, in the Cartesian plane on the right, point A(3, 2). Draw
the representative with origin A of each of the following vectors.

a) a{ - (*2, 1) b) ;2 = (31 2) () E%. = (21 —3)
d) wu,=(-2,-4) e} u;=(2,0) ) ug=(0,-4)

Z. Represent vector # (-1, 2) by an arrow with origin

a} A(3,1) b) B(2,-1) ) 0(0,0)

%. Determine the orientation of the following vectors.

- RY

v

B ]
H
i——

d=(30)_0 ) b) b=(0,2) .90 ¢ ¢=(2,2) 45  dy d=(-2,0) 180°
e) 31, «/5) 60°  f) F=(-1,-\3)220°g) F=(-1,-1)225° h) J=(3,4) 531"
) {=(-3,-4)233.1° j) j=(-3,4) 126.9° k) k=(3,-4) 306.9° 1) [=(3,-3) 315
Cons;du vector A_B on th(, rlght thh origin A(2 i and mdpomt B
B(5,3). RS
a) 1. Write vector AB as a linear combination of vectors 7 and i )
AB =31 + 2§ — }' :
2. What are the components of vector AB? {3, 2) ol 7 ‘32
b) Verify that o

1. the horizontal component of vector AB is equal to the difference of the x-coordinates:

(XB mx/\)' Xp~-X,=5-2=3

2. the vertical component of vector AB is equal to the difference of the y-coordinates:

(yﬂ‘y,\)- Vg~V =3l =2

Cﬂﬁ.ﬂjlm‘lﬁﬁ THE CQMPGNEN?S @F ﬁ !FECTG&

* (mcn ‘m o pomts f\ "v v and Bix, 3, thc,_-y_

AB:(" WxA’yB —'yA)

‘the y~coordinate oi’ the origin,

284 EChapter & vectors

tof AB has components: -

o Note that the hcmmntdl component of 2 yettor is Equ] to the difference « between' the
x-coordinate of the endpoint and the x-coordinate of the origin and that the vertical
comporient of a vector is equal to the difference between the y-coordinate of the endpoint and
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Ex.: Consider the points A(Z, 1), B(4, 4), C(4, -1}, D(-2, -1} 7]
and Fi-1, 3. R e L Bl 4
We have: ' E 3)% o /

AB=(1-24-1)=(2,3) o 1\<"ﬁ\2fn- y
AC = (4-2,-1=1)=(2,-2) '

/"’"{j H Y

4 t

AE =(-1-2,3—1)=(-3,2)

@. Consider points A(1, -2), B(~2, 5) and C(~3, ~1). Find the components of
b} AC (41 ¢ BC L6 ¢ CB (L6

%. Consider A(~1,2) and B{x, v). Find the coordinates of B if AR — (2,-3).
AB =(x+1,v-2)= x=1andy=-1; B(1, -1}

&. Consider points A(0, 3), B(4, 6}, C(-2, -3} and D(7, 2).
a} Find P(x, v if CP = AR. CP =(x+2,v+3); AB = (4, 3) = P(2, 0}
B} Find Q(x,v) f OC=CD. Q@€ =(-2-x,-3-y); CD = (9, 5} = Q-11, -8)

#. Consider points A(~1, 2), B(3, 4) and C(2,-3).
a) Find the point D{x,y) if AB=CD. __AB =(4,2); D =(x~ 2,y + 3} = D(6, -1)
b} What can be said of the quadrilateral ABDC? Justify your answer.

ABDC is g parallelogram since AB = CD}.

¢} Verify that AC=BD. _AC =(3,-5); BD = (3, -5)

a} 1. Consider the vector # = (2, 1). Calculate il __ldl =5 &

2. Consider the vector i = (a, b). Establish a formula to calculate )
i il = Ja?+ b2 - \ |
b} Consider the vector AB such that A(-1, 3) and B(2, -1). — <
1. Calculate the components of AR AB=(3,-4) A i iy
2. Caleulate [AB] . |48l = 5

. o)

B(Z,‘:I ] -

¢} Let AB be a vector such that A(x V) and B{xy, v, ). Establish a formula to calculate the

norm of AR. |aB] = NN TN

" NORW OF AN ALGEBRAIC VECTOR
.:“' Efﬁw (a, b), then | = m L

o IfAfx,,v,) and B(xl;\ ; yl’;'} ,then “@J = -J(xB =X, o+ (yy — v A)2
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Ex.: Consider A(1, 3} and B(3, ~1). We have:

[ABl- J27 557 = JAT16 =420 .

@. Consider A(-1, 2} and B(3, 4). Calculate
a) IABl _y70 by IBAl _JZ8

g laal

. Given any three points A, B and C, answer true or false.

True

a) |AB|=[BAl True b) [AB+BC|=IABl+BC Farse
¢ |AB-CH=IAC] 7rue dy |AE+BC - CAl=0

Coml(ﬁu“ points A1, 2), B(3, 5) and C(6, ?)
a} 1. Calculate the componem‘s of
1) AB (23} _
2. What is the sum vector AB -+ BC ?

3. Verify that

1} the horizontal component of the sum vector is equal to the L2

i

sum of the horizontal components. 5=2+3

2) the vertical component of the sum vector is equal to the sum of the vertical components.

1=3+2
b} If &=(a,b)and ¥=(c,d), what are the components of the sum #i +7? _ @i+8=(a+cb+d)
¢} 1. What is the difference vector AC —BC?__4B
2. Verify that
1) the horizontal component of the difference vector is equal to the difference of the
horizontal components. __2=5-3
2} the vertical component of the difference vector is equal to the difference of the vertical
COMpOonents. 3=1-(-2)
d} If % =(a,b)and #={(c,d), what are the components of the difference 7i— 77 #-0=fa-¢c b-d}

Let % = (2, 1) be the vector represented on the right.
1. Draw the vector ¥ = 2.

2. What are the components of 7 {4, 2)

f)y 1. If@={(a,b), find the components of the vector # if ¥ = ki (k< R).
U = (ka, kb)

Vi _ ’

2. ¥ ii=(a,b)and ¥ =(c,d), under what conditions are vectors # and # parallel?

If there exisis a real number k such thot ¢ = ka and d = kb.

296 Ehapter & vectors
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" OPERATIONS BETWEEN ALGEBRAIC VECTORS -

Criven vectors @ == (g, b) and v = (¢, d), we have:

la+d—(a+cbd)
lﬁui}:(a—c,b—d)i

[kt = (ka, kb)) (ke

T©. Consider the vectors i = (=3, 4), 7=(2,-3) and @ = (1, - 2). Calculate

a} -2u.. (6.-8) by si+v-w___ (23 & -w 1, 2)
d) |-3al 18 e} 21437 (0, -1) f) 3u-20+w (12, 16)
g) fu-+v] 42 hy la-vesw] 3. i) om (9, 6)
T . Consider the points A(-1,2), B(1,3), C(2,-3) and D(3, -4). Calculate
a) 2AB (4, 2) b) AB+AC__ (5-9 ¢ AD-BC (3, 0)
d) 3AB-2AC_(©.13) &) |PAB-4CD| 6§ [AB+BC-DC| 248

T 2. 1o cach of the following cases, indicate if vectors % and # are parallel. If so, justity your answer,
a) #=(-12)and 7= (3,-6) ¥s, 9=-3F b} 7i=(2,-3)and 5 = (4,-5) No

. 2.
Q) T=(6,-9)and i=(4,-6) ¥*F=3% ) (0 Hands=(2,0)_
EE T

=(2,0)and 5= (-4,0) _Yes, 8=-28  §} g==(1,2)and 5 =(-1,-2)  Yes b=~

T 3. Determine the unit vectors among the following vectors.
m[34M_{11]~W[1J§
U e ’ =TT _2_

15 "5 g =S > , uy = (1,0}, us = (cos §, sin 6)

Uy, Uy, i, and u; are unit vectors,

U4. a) Consider 1=(3, 4}, verify that H?;H is a unit vector,

& .3 4] y3" (af _
Wéﬁ”fs’g]’ "s“} "’(5} .

b) Letii=(a,b)be a nonzero vector. Show that E*_EH is a unit vector.

il = Jaz 7, a b
]uli a< + i £4a2+bz’4a2+b2}

5. Consider 7= (a, b). Show that [kzll = l&|- |5l (keR).

Mkciil| = [kt a, B = |(ka, kb)| = flka)? + (kB)}Z = Ji?{a? + bZ)

= JkF -« JaZ7 ¥ b7 = k| |2l

2+ b Zmi az [ ~IGZ+E,2=J§-%1

a } +
Ja? b2 | “q{at e’ P ab? Yaf<b?

.Jaz + b

!S:i

=
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16. Consider =3, 4).
a} 1. Find the unit vector % having the same direction as 7.

2. Find the vector v;, with norm equal to 2, having the same direction as 7.
6 8]
|57 5)
b} 1. Find the unit vector #, having the direction opposite to #.
— e (-3 «z]

i, =-u1=i—‘~§,w§

U, = 2%, =

17 . Determine the direction and the norm of each of the following vectors.

a) & =(~1,-1) 45" West of South; l&] =2
b) b = (0,2)___ North; [B]=2

¢ 7 =(23) 56.3° North of East; |&l= 413
d} J=(-2,2) 45 West of North; |d| = 24Z

e) 7= (11 _ ﬁ) 60° South of East; 16l =4

8. Find the components of the vectors opposite to the following vectors.

a) a(-1,2) (1,-2) by 5(2,-3) (23 ¢} #(2,3)_-2.-3)
T9. [n cach of the following cases, find the components of vector 7.
a) #=(-12),0=02 and g+ v=5_. ° "5
by #=(2-3),w=(3,-Dand i~ %= b =(1-2)
¢} W=(4,-2)and W = -27 5 =(21)
d) #=02,-1,w=020and 5=3+25 _ °=C%2
b =(2 2

e} m={(1,2),W=(-1-2)and = 26 — 37

2. Write each of the following vectors as a linear combination of vectors 7 and 7.
a) ABif A(-1,2) and B(3,~1) _AB=41-3]
by CD ifC(2,-3)and D(-3,1) _ CP=-5i+4j
¢} EFif E(0,2) and F(~1,0)__ EF=-i-2j
d) GHifG(2,~4)and H(2,1) _ CH =07 +5]

2 % . Consider vectors ) = (1, 2) and u, = (2, 4).

a} Do vectors i and %, form a vector basis? Justify your answer.

No, because u; and &, ere collinear.

b} Is it possible to write any vector # of the plane as linear combination of vectors % and 7, ?

No
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& . Consider vectors % = (1,2)and %; U, = (-1,1).

a) Do vectors I and 7, form a basis? Justify vour answer.
i i, yy

Yes, because they are not paraliel.

) Is it possible to write any vector i of the plane as linear combination of vectors % and #, 7

Yes

¢} Express vector # =(1,8) asa linear combination of vectors & and %, .

o= 3u; + Zu,

# % . Consider vectors W = (-1, 2) and i, = (3,2) in the plane.
a} Explain why vectors u and #, form a vector basis of the plane.

Vectors @i, and §, are not parallel.

b} Find the components of vector 7 if = 3 + 2%, . 6=(3,10)
¢} Write vector i = (1, 6) as a linear combination of vectors % and ;.

w = Zu; + i,

. Consider, in the Cartesian plane, the basis formed by the vectors Zﬁ*m(Z, 1) and it = (-1,2).
Express each of the following vectors as a linear combination of vectors % and &, .
a) w=(4,7)_ F=3 25,

5:(_7 43 b e 20 + 3,

W= (5,0) W= -y

A line segment AB and its midpoint M are represented on the right. .
a) 1. What can be said of vectors MA and MB? _They are opposite. /
2. Complete: MA + MB= 0 A
b) Complete using the appropriate real number.
. AB= lAM 2. AM=[{]AB

mmmm OF A liNE szmmf —-

[ hc iollo mngﬁ pmp(mmom are Cqumdc nt.
1. M is the mldpnun of Ab :

2_.,.:1\/1}& MBLU T N .

5. AB=2AM.
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28, Let Alx x4, V4) and Blx, v,) be the endpoints of a line segment AB. Let M be the midpoint of
line segment AB.

Xy TXp Yoty
22

Show that the coordinates of M are:

M midpoint of AB « AM = MB
(K = Xa Vg~ Vo) = (55 = Xy, Vg = Uyl
E Ky Xy = Xp =Xy and Yy -y, =Yg - Yy

o Zxy; = x4 +xp and 2y, =y, -y

=S Xy = -*—-x";x‘3 and y, = ———y“;y"
A
26. et A(3,4), B(~1,0) and C(5, 2) be the vertices of a triangle ABC,
Let M and N denote the midpoints of sides AB and AC. Verify the " \

following theorem: The line segment joining the midpoints of 2 sides of
a triangle measures half the length of the 3rd side and is parallel to the

3rd side. B c
M(1, 2}, N{4, 3}, MN = (3, 1); BC = (6, 2). We have: BC = 2MN
= BC // MN and “ﬁé” = 2|Mnl

Dividing point of a fine segmem

Cons;der the line segment AR on the right having endpomts A(l 2) and yhooo
B(7,5). T

a) Locate the point P such that AP = %Kﬁ :

b} Determine the coordinates of P.
P(x, p); AP =(x-1,y-2); AB = (6, 3) 1+

o
34 :

AP=27B = (x-1.y-2)=2(6.3)
(x--xry”'?)m(49 2)
hence x-1=4and y-2 =2
x =5 and v=4
Thus, P(5, 4).

| mwm mm oF A HNE smmm'

PointP on the ﬂght divides the line se g_z_nmt AR

—in @32 ratio or E from A

O

— ina 2:3 ratio or % from B. _ﬁﬁ- -

We can also say that Pis IOLa‘LE d at >, of thc lmc segment AB from pomtA oF at 3 Qf line segment

AIa from B.

This Qit'uation is translated: bm tbc v LCt()l’ equality:
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Ex.: Consider A(1, 4) and B(7, 1).

Ployii AP ={x ~ 1,y —4); AR = (6,-3) Y
AP =28B v 1y )= 2(6,)

(x —~1,v— ”;) e {4’ _2) -

We deducethat x— =4 and y 4 =-2 14

x=5 and y=2 o

Thus, we obtain P(5, 2). o

27 . Consider A(-2, 1) and B(2, 9). Find the coordinates of points P and Q if

a8) AP—SAR P, 7) by BO=2RBA Q1 3)
} AP=:AB } BQ L BA
®8. Consider A{-1,5) and B(5, 2). Find the following points.
a) P ifﬁ:%ﬁmﬁ P(1, 4) b) Q g.fKQ’z-_?,;Kfﬁ Q3. 3)
I — RIZ,Z e i g
¢) RifAR = 1AE 23 d) SifBS=3BA slo.3]
Z29. Consider triangle ABC on the right whose vertices are A{(-5, ), B(-2, 2) A
and C(4, 4).
a} Determine the coordinates of point M, if AM is the median
relative to side BC. _M(1, 3) G
b} Determine the coordinates of the centre of gravity G of the g b C

=

triangle knowing that G divides each median in a 2:1 ratio from
the corresponding vertex.
AG=2AM; (x + 5, y-6) = 2(6,~3); G(-1, 4).

¢} Verify the following property: If G is the centre of gravity of a triangle ABC then
EA’+6§M§“&$6‘ E—A; m(4’ "'2); @ =(1! 2); GMAE:’ =("5’ O)‘ We hﬂUe:gA?+é§+é{6=6

28. Consider the line [ passing through points A(-1,2}
and B{5, -1).
a) Find the coordinates of points P,, P, P., P, and
P knowing that

1. ““}3]’ = m.g_“g“g P.(-5, 4)

-

2. BP,= %“jg"}{ Py(-3, 3)
3. AP, =1AB __ PV

4. AP, = %”A*%’ Py(3, 0)
PA7, -2)

— » 1.............‘,
5. BF, = —EBA
b) lLocate points P, P, P, P, and P on line [

© Guérin, éditeur ltée 6.4 Algebraic vectors 304




Scalar product

*\f(“ il \\j ‘Y Jﬁsﬁmﬁmn e% ﬁﬁﬁ ssaﬂar mms@t

\\\\\\

Thc scalar produu of two vectors 7 amd 7 written #- 7 is defmcd by #

oy

i 7 =l x [I5] % cos 6 where 6 ¢ [0, ’Tté is the angle formed by vectors # and 7. 80°

=

a} Calculate the scalar product of vectors @ and 7 on the right if i =
4-0 =4% 8 % cos 60° = 8,

b} Explain why the scalar product of any two vectors 7 and 7 is a real number and not a vector.

lghek BleR, cost ¢ R. The product of 3 real numbers is a real number.

¢} What can be said about the angle 0 between two vectors if

1. 5.7 > 07 cosd >0 =8 is acute.
2. 5.7 « 07 cos <0 =1 is obtuse.
3, 5.7 = 07 cosb =0l is right.

d} Complete:

1.5 =0= H=0orb=0oru L )
2. =00rp=0orfili=u.0= 0
e} #and¥ being two nonzero vectors, complete:
1. i-T=0« iand§ are perpendicular.
2. n-T=0« iiandd are not perpendicular
f} A force F of 10 newtons is applied to an object 0, which then moves 5 m in ;
direction d. peid
d

in physxca the work W performed by this force is defined by the scalar product
W = F.d where force Fisin newtons, the displacement d is in metres and work W is in joules.
Calculate the work W, W= 10 x5 x cos 30° = 43.3 joules.

- fsﬁfc@im'iéénﬁ?wﬁ .

e 3*10 ‘sm!dr pmdmt of two. vec,torx i and v wnttcm i, is the real number -

':é::dcfmcd by

u-v “uéi X Nv” X COS 8

-

ﬁ-?}':O &l

-.Px Ve(tora tand T Form a 3(} amglo anid havo norms i) = 4 and ”v”w 3.
Wa have: 75 = 4 % 3 % cos 30° - @J‘ _
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%. Calculate the following scalar products.
a) i-7 0 by 7.7 1 ¢ jj 1

Let # be a vector such that gl = 5. Calculate 3-7. 25

. Calculate, in each case, 7.7 if

a) lul=3, lpl=2 b} =3, lvl=2 ¢} lil=4,pl=3
Xise i 120°
it 342 i-6=0 G 5=-6

= Ji @

G - = il x il » cos 0° = " = Jal = Ji &

Show that, for any vector %, we have;

%. Show that the scalar product is commutative.

Let us show that G-D=0 -1

We have: # - 8 = [g] < 5] x cos 0
=5} x l5ll < cos 6 {Multiplication in R is commutative.}
=0 U

scalar product in the Cartesian piane

a} Consider vectors @ = (a,, b)); ¥ ={a,, b,) and il — ¥ represented by the
arrows m,ﬁﬁand BA respectively. Justify the steps showing that

—

i-V=aa, +bb,

Steps Justifications
2 2 2
1. H?tz"“ E"“ = ”ﬁ“ -+ ]gﬁll - 2”?7”“5” cos Cosine law applied to AOAB.
2. el cos o= 1 [lalf -+ 1o - o We isolate a5l cos 0.
R D2 e i R
Yy 5 “[1{“ + HU” e “u e U“ F Definition of the scalar product.

4. Reduce the right hand side of the last equality to show that 7. 7 = aa, +bb,.

R | 2 2{

m vw-é—_(af+bf)+(a§+b§)w(a1~az) - (b~ b,) |
ﬁ-"6=~éu[af+bf+a§+b§-af+2a,a2—ng-bf—bgq-szbz}
TR %[2@&2 + 2bb, |

#-0=aa, + bb,
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bY Coensider vectors 7 = (1 J“) and 7 _( 1, ﬁ)
1. Calculate - 7. __ 2
2. Determine, using the definition of the scalar product, the cosine of the angle § formed by
vectors 7 and ¥
2 _1
o8 = il 22 " 2
3. What is the angle 6 formed by vectors 7 and 57 ___60°
| gmm’e @mmm i E“E%& mmm PLANE
o Let i={a, b,) and ve=(a,, b)), we have
i-U=aa, +bb,
¢ Let 0 be the angle formed by vectors @ and # , we have:
cos = 2V
lallz|
Ex.: Let fi==(4,1) and ¥ =(2, 3). We have:
U-v = "i X 2 + 1">f' 3=T1
r }?
€05 0 = Tyl = T
§ . | L na
hG.ITlCG 0 = cos g 42.3
8. Calculate the scalar product 7 7 in each of the following cases.
i=(2,3)and 7=(4,-1)__§ b} =3 -2jand¥=-2{+] -8
7. Determine, in each case, whether vectors # and ¥ are perpendicular.
a} #=(2,-3)and ¥=(3,2) __Yes b)Y #i=2{+5/and =71 -3}
. Find, in each of the following cases, the value of @ if vectors # and 7 are perpendicular.
a) d=(a+1,2)and ¥ =(-3,a-2) b} #i=(a+2-1)and D=(a—2,5)
a=~7 a==-3ora=3
&. Consider points A(1, 3), B(2, 5}, C(2, 2) and D(4, 1).
Show that the lines AB and CD are perpendicular.
It is sufficient to show that AE . CD =0. AB = (1, 2), CD = {2, ~1).
We have: AB- CD = 0,
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 Properties o the scalar prosiuct

a) Consider vectors g = (1, Z), T = (Zf i) and i = (3, 2)-
1. Verify that #- 7 =7 - ii.

w-v=4;0 a=4

2. Verify that 2830 = (2x3)#%- 7.
2¢-B0 =2, 4) {6, 3)=24; (2x3)u b=6{4)=24

3. Verify that @ (7 + @) =77+ - .
g-{o+wi=f1 2} (5, 3)=11; ¢ b+u - w=4+7F=11

o) Consider vectors @ = (a;, b)), 7 = (a,, b,) and w = (ay, b,).
1. Show that #-7=7-4.

g-8 =ay,a, +b,b, Definition of the scalar product.

w @y, + hob Multiplication in R is commutative.
2ty 271 P

o

- i Definition of the scalar product.

o}

rii - 80 = (ra;rb,} - (sa,sh,)  Multiplication of o vector by a real number.

= rSa,;a, + rsbhb, Definition of the scalar product.
= rsfa,a, + b b,) Factorization.
= {rs)ii ¥ Definition of the scalar product.

3. Showthat % (F+ W) =% 7+ 4 .
B-{0+@) = {a,by): (a, + a;. b, + by) Definition of the sum of 2 vectors.

=ay (a, + ag} + by(b, + by} Definition of the scalar product.

=a,a, + a,0y + bbb, + b;by; Multiplication is distributive over addition in R,

= ao, + bbb, +ajag + bk, Addition is commutative in R,

I
=
o
rs
=i
&

Definition of the scalar product.

4,7 and W be any three vectors, we have; .

[ = (v (reRseR):
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T0. Knowing that #- 7 =3and 7. = 2, calculate
a) {(ow)-v__6 by - (59) 15 ¢ (-2m)-(39) _ -18
I ) 24-w-2w) 10

T 9. Knowing that # L % and that |7 =3 and [[7] = 2, calculate

Ut g-ov =9+0=9

a) @-(i+7)
b} (#+7)-(F—7) __
¢} (2% + 37)- (37— 27)

2. Consider three points A, B and C on a triangle.
Determine if triangle ABC is right. If, so indicate the right angle.

a) A{-1,2),B(2,3) and C(-2, 5)
AEB = (3, 1); AC = (1, 8}; AB - AC = 0 = AABC is right at A.

b) A(2,3),B(=1,4) and C(0, 7)
BA =(3,-1); BC=(1, 3); BA - BC = 0 = AABC is right at C.

¢y A(l,2),B(Z,-1)and C{-1, 1)
AB.-AC =0; BA - BC = 0 and CA . CB = 0 = AABC is not a right triangie.

T23. Consider two vectors 7 and % such that 7= 2 and I5] = 3. Calculate %7 if
0 =6

a} 7 and ¥ have the same direction.
=6

b} % and ¥ have opposite directions.

4. Consider the vector i = (3, —4).

a) Find the two unit vectors #; and u, which are perpendicular to #.
Ge(d 8] o4 -3
ux-—[5,5)and uz{ z7 5]
b} Find the two vectors ¥} and ¥, with norm equal to 10 and which are perpendicular to .

7, = 10}~ (8, 6) and ¥ = 10i,= (-8, - 6)

18, Calculate, in each case, the angle 6 formed by vectors # and 7.
a) u=(-3,2)and ¥ = (1, 4) cos0 = 0.3363;0 = 70.3°

by #=(2,-5)and 7= (3, 2)

cosfl =~0.2060;0 = 101.9°

T6. Calculate, in each case, the angle 6 formed by vectors AB and CD.

a) A(-1,2),B(2,3), C(2,-3) and D(0, -4).
AB=(3,1); CD = (-2, -1}, cos b = ~0.9899, 0 = 171.9°

b) A(2,3),B(0,5), C(-1,2) and D(2, 6).
AB = (-2, 2}; CD = {3, 4), cos 0 = 0.1414;0 = 81.9°
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7. Consider a triangle ABC whose vertices are A{2, 6), B{~1, 2} and C(4, 3). Calculate the
measure of each angle of triangle ABC.

AB = (-8, ~4); AC = (2, -3); cos A = 0.3328; m /A = 70.6°

BA=(3, 4); BC = (5, 1}); cos B=0.7452; m /B = 41.8°

CA = (2, 3}; CB = (-5, ~1); cos C = 0.3807: m /C = 67.6°

» Calculate, rounded to the nearest unit, the acute angle § formed by lines [;: y = 2x + 1 and
Ly =-2x+ 3.

A0, T} e 1 AL, 3) e 1,; BUO, 3) € L By(1,1) € 1y;

AA, = (1, 2): BB, = (I, -2); cos b =~0.6; 6 = 127°

The acute angle ) between [, and 1, is equal to 53"

9. Consider lines [, and [, with respective equations iy =ax(a, + 0)and Ly = ayx (a, # 0).
Show the equivalence: [, | [, < a,a, = ~1.

A

OO, Qe linly; Al a)el;; Al az)cl, ; -

@7’; is parallel to I, and OWA: is parallel to 1, o
e . Al a)

Ll 0A4,-048, =0c 1+aa,~0% a,a,=-1 7 =

A triangle ABC has vertices A(1, 3}, B(~1, 1) and C(3,-1).
Calculate the measure of angle ABC to the nearest tenth of a unit.
AB =(-2,-2); AC =(2, -4): AB.AC = 4.

N S 1 - o
cosA—m Io,mz{A 71.6°
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;ﬂ»ycﬁmv “’f_ ‘1} @&*&E’s@ganas gm;estmrﬁ @fawemi‘

a}

Consider vectors # and ¥ on the right.

Using a square, we projected vector # onto vector 7,

The vector we obtained, represented in blue, is the orthogonal
projection of vector # onto vector ¥. [t is written u,.

b} 1. In each of the following cases, represent the vector #,, orthogonal
projection of # onto ¥. (Use a square)
1) ! 2) 3) !
_ i AN
p l i : :
i i
o : B iz, 7
} .
i i, - ¥y B
2. Let 6 denote the angle between vectors # and 7. Answer true or false
1) When 0 is acute, vectors i; and ¥ have the same direction. True
2) When 0 is obtuse, vectors i, and ¥ have opposite directions. True
3} When 0 is right, vector #%; is the zero vector. True
&
o _'c}rtlmgwmmi prmectmn of ve or u: nnto vector 7.
Tt s written; iy " S '
¢ Properties
~ Vectors @ and v are parallel 7 /7.
— Vector (u . uﬁ) is. porpendi( uhr to 7 (u u_)ML v
®  We dist mgmsh tht fol ov\mg 3 cases according to the arzgle 0 between % and 7.
f acute 8 obmse 8 right
- '10 =
U S . v " v
ii; and ¥ have same direction. | | %, and 7 have opposite directions. i, =0
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INCTLYITY 2 Formta fo th ortiogoralpofcton of i oato 5

a} Consider vectors %, ¥ and vector 7 orthogon.a] projection of #onto# .

Justify the steps showing that 7, = ii " -7
i
Steps Justifications
[ V&Y Property of 4;.
2. ﬁi = kp Definition of collinear vectors ty, 7/ 5.
3. (?,Tw —']7 17 Property of #,.
4. (ﬁ— kif') 17 Substituting in 8 (ﬁg = ki}).
5. (i'fw kf_}) T FProperty of the scalar product since (ﬁ - kﬁ) i 0.
OG- D~b-5=0 Distributivity of the scalar product.
7.0k = ?: ? We isolate k.
8. fk=21 6 5= 5] cos 0° =[5\
It
9, EZE; == %}?ﬁ Substituting in 2 (Eﬁ = kﬁ).
(pd
b} C()]}SIdGI vectors i = (2, 6) and 7 = (2, 1). 1
. Show that %, =2v.
i o= 10; !E?’!Ez“"-;; ﬁﬁ“ E'fﬁ= 2% S R A {u‘f}v) S
8l ] B .
2. Determine the components of i .
i, =26=2(2,1)= (4, 2) T
3. Determine the components of vector {ff — i, ) ; y;x

U~y =(2,6)-(4,2)={-2,4)

4. Verify the property: 1, (“‘ “ﬁ’@.)
(T -

It is sufficient to verify that i,

(4, 2) (-2, 3)=-8+ 8 =0,

~ FORMULA FOR THE ORTHOGONAL PROJECTION OF wontos

=
=

=

T g
B

Ex. 7= (5,5); v;m 2y

s
iz‘ 1 .".“.‘.'::'30, '.E},_ — 2(}
S
Uy =5V
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. Consider vectors 7 and @ on the right.
a} Using a square, represent
1. vector g, orthogonal projection of vector Honto ¥,
2. vector ¥, orthogonal projection of vector % onto 7.
b} Show that 7; = ﬁu
i

We nead only to exchange the letters u and v in the formula ¥ _TE;ZEE}
i

- go-(f 2
el | ety | I el
a) w, W 13 1313
b Eﬁmmgmﬁ={—18’ 24]
by b, I % 25 25
i YA
&. Anobject, located in 0, is moving in the direction of vector 7 = (4,-2) eSS
under a force F=(4,2). A
- Y
— —+ — . ?
We want to express F as a sum E +FE of two forces, one in the ; - »
. x
direction of the motion, the other perpendicular to this direction. o, :
a} Determine the components of F. o
F_op JFia_ 3. (12 -6
F=F= wwum{m,__]
' laf” = 5" 1575
b} Determine the components of I:;
L mr = = m e 12 -6 (8 16
Since F=F, +F, then F,=F - F, = (4,2} - {——Sj-,wg}”{"g?]
¢} Verify that forces ﬁ and F; are perpendicular.
oE .12 -6) (& ¥6). BOOE
F F, =% ,?} [E,?J—OﬁFIJ_FZ
4. Consider triangle ABC with vertices A(6, 3), B(1, 2) and C(4, 8). Let
AH be the height from vertex A relative to the base BC. A
a} What is the orthogonal projection of vector BA onto the direction
of vector BC?
BAgz=BH \
b} Determine the components of vector BH. T -
BE = | BA-BC | gg {(51) (36)]36 -7¢3.6 [7 14]
i5eF Gerse Y E =55

¢} Deduce the coordinates of point H.

H(x,v); BH = (x - 1, y - 2) and BH = [? 154}:~>H[ 5’354]

0 Cheapter & Vectors
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Vectors and geometric p

i t’? | } Fﬂ@ﬁ!&ﬁ me@a‘em

Tf?le vector supponed by the medmn from a vertex 05 a triangle is aquai to
half the sum of the vectors supported by the sides from that same vertex.

Hypothesis: AM is the median from vertex A of triangle AABC.
Condlusion: AM = }ZW(RMB 4 731—(:,)

Justify the steps of the proof leading to this conclusion.

Stens Justitications
1.4 AM=AB-+BM @ Chasles’ relation.
2] AM=AC+CM® Chasles’ relation.
3] 2AM = AB + BM +AC+CM Adding corresponding sides of equalities @ and ).
4, Zm — AB + "Am(mf +_§1\71 + CM Commutativity of addition.
5.1 2AM = AR+ AC BB + CM = 0 since M is the midpoint of BC.
6 }Zﬁ = %(_A—E + E) Dividing both sides by 2.

Th(. line segment joining thc, mldpomts G‘f thg 51des 01‘ a trmngle is paral]el A

the 3rd side and measures half the length of the 3rd side.
Hypothesis: M is the midpoint of AB and N is the midpoint of AC, M N
Condusion: MN = %I_ﬂ—(—f
Justify the steps of the proof leading to this conclusion. B ¢
Steps Justifications
1, BA = 2MA @ M midpoint of AB (hypothesis).
2. AC=2AN @ N midpoint of AC (hypothesis).
3. ﬁK + -A_é == Zm + ZAWIWCI Adding corresponding sides of equalities @ and .
4. BC= Z(m + W) Chasles’ relation and factorization.
5, BC = 2MN Chasles’ relation.
6. MN = Ji_B_é Dividing both sides by 2.
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If a q?adn ateral has two parallel congr
is a parallelogram.

Hypothesis: AB = DC.

Parallelogram theorem

uent sides then this quadrilateral A B

Conclusion: ABCD is a paralielogram.

a} Justify the steps of the proof leading to this conclusion.

Steps

Sustifications

AB=AD+DE @
DC=DB+BC ®
AD + DB=DB+BC
AT =BC
AD//BC
JABCD is a parallelogram.

Chasles’ relation,

Chasles’ relation.

AB = DC (hypothesis} and transitivity of eqgualities @ and @.
We subtract DB from both sides.

AD = BC = AD and BC have the same direction.

Opposite sides are pairwise paraliel (AB//DC and A.l}//BC)

b} Complete: AB=DC o AD =

BC

a parallelogram.

Hypotheses: M midpoint of Kﬁ, N midpoint of BC.

0 midpoint of CD, P mid
Conclusion: ABCD is a parallelogram.

Justify the steps of the proof leading to

If we join the midpoints of adjacent sides of any quadrilateral, we obtain

point of AD.

this conclusion.

Steps

jusﬁf;;atioﬁs

1. W:%E ®

B

2. ﬁjx%AC ®

3. | MN = PO
4. IMNOP is a parallelogram.

Theorem on the midpoints applied to AABC.
Theorem on the midpoints applied to AADC,

Transitivity of equalities O and 3.

Parallelogram theorem.
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T.h(; diagonals of a parallclogram intersect at their midpoint.
Hypotheses: — ABCD is a parallelogram.
~ 0 is the midpoint of AC.

Condusion: - 0 is the midpoint of BD.

Justify the steps of the proof leading to this conclusion.

Stepy Sustifications
1. BC=B0+0C @ Chasles’ relation.
2. Kﬁ = Xﬁ + 6% @ Chasles” relation.
3.0 BO+0C =40 4+ 0D BC = AD (ABCD parallelogram), transitivity of equalities (@ and &,
4.1B0+ A0=A0+0D @ OC = A since 0 is the midpoint of AT.
5. ﬁf) =0D We subtract A from both sides of equality 3.
6.1 0 is the midpoint of BD. Definition of the midpoint of a line segment.

U _\) Qaaﬁrsi&terai daagﬂﬁais theﬁrem

If the d;agonak of a quadrﬁateral intersect at their midpoint, {hen 1§m A D
quadrilateral is a parallelogram.
Hypotheses: — 0 is the midpoint of AC. 3
— 0 is the midpoint of BD. o A
Conclusion: ~ ABCD is a parallelogram.
Justify the steps of the proof leading to this conclusion.
Steps | Justifications

1.} AD = AD +0D Chasles’ relation.

2.1 AD=0C + B0 A0 = OC (0 midpoint of AC) and 0D = BO (0 midpeint of BD)

3.1 AD = B0 + 55 Commutativity of addition.

4] AD=BC Chasles’ relation.

5.§ ABCD is a parallelogram. Paralielogram theorem (Kﬁ = BC <> ADCB parallelogram).
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Any inscribed ang,lc mtergeptmg a half—urdc is rlg,ht A @
Hypotheses: -~ ‘€ is a circle of radius r centred at 0.

~ ZBAC is an inscribed angle.

— BC is a diameter.
Conclusion: /BAC is right.

a} Justity the steps of the proof leading to this conclusion.

steps Justifications
AB- K-a = (AO + 6%) ’ (K{—S + 66) Chasles’ relation.
= };6 . ;":6 + Kﬁ . 66 -+ (—}ﬁ . KB + 513; . 66 Distributivity of scalar product cver

addifion.
3 =7l 4 E—d - (66 +- 6§> . Calculating the scalar products; factorization.
4 = Ké . 6 — 2 OC and OB are opposite.
5. = () Vi 0=0.
6.§ ZBAC is right. G-0=0cU.0 (i=0andd=0).

b} Explain why

1. Xﬁ.m:rz B AD - AG = | A0 x|A0] x cos 6° = r x r x 1= #2

=)

7. 5];3}.663—7‘2 6@‘@=|Eiﬁlgx]]%[lx003180°=rxrx(ml)mwrz

If G is the centre of gravity of a triangle ABC, then GA + GB + GC =0,
Hypotheses: — AA’ is a median of triangle ABC.
-~ G is the centre of gravity.
Conclusion: (—}K 4 GB +GC=0
Justity the steps of the proof leading to this conclusion.

Hint:  Use the following property of the centre of gravity:

The centre of f gravity G dmdu; each median in a 2:1 ratio from each vertex, in other words
AG =2GA’, BG = 2GB' and CG = 26,

Steps ' Justifications
1.| GA 4GB+ GC = GA +(GB + GC) | ssociativity of addition.
2. = (WTW;P: + 2GA’ Median theorem. GA is a median in AGBC.
3, = MG“_;&Z -+ m Property of centre of gravity.
4, = 6 Sum of 2 opposite vectors.
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i . Complete
gj} ﬁ‘ai% fe gﬁ
b ;__gg;"aiieiwgmm
a parallelogrom
0
i]:
e) vekitand b O =u /) i
2. True or false?
@) uoand 7 torra vector basis of the plane if and onlv if Tand & are not paf'ai?:'-;fi. True |
B} Pwo perpendicalar vectors in a plane abways form a vector hasis of this plane. Tree
<} {E{f; 3_7} is an orthonormal basis it and only it 7 L 7 and fi#l = ol = 1. Tree
, d} M is the midpoint of the line seament AB if and only if: AM + BM = 0. False t
i
' e} The scalar product of two vectors s negative it and only if the angle § between the
vectors is obtuse.  True . S
Z. Determine the norni and orientation of the following vectors.
a} azm( \\\\\\ 2,243) 'E'ﬁ” "4ty - 1207
“““ J— J“) 2 i, = 45°
3 it Sty
- ' il = 2; 0, = 330°
d) = (3,1 . =20,
&, Simplify 3BC - 2AC + CB+ 3AD - 2CD + DA
= 3BC + 2CA + CB + 3AD + 2DC + DA
~ 2BC + 2CA + 24D + 2DC }
= 2{BC + CA + AD + DC) §
= 2BC
B. Consider vectors @ and # on the right. Starting from point A, draw the vector AB repre-
sentative of 24 - 377, /
|




3

10.

S—

Consider Al-2, l RO 2y and C(2 1), Caleulate

{1, 7}
......ﬁJé
. 10
d) (’}55% P AC | {AB—AC, _ -10 |
e} /“;E};;:f (2. -1} - —

Consider A(-1, 2} and B(7, 6).

a} Find the two unit vectors 7 and i, parallel to AB.

""""""""""" (3. 4): 4Bl = 5. & - ;?f;f,:[ﬁndmmg::%y.:ffﬁ
L2 5 L E B

B} Find the two unit vectors o] and 77 orthogonal to AR,

o ‘g ﬁ-!and E;w!'_q 37
]

52['?57""5 15 E
Consider the rectangle on the right. Complete
a) AB-AD= 0 . b} 2AG-__ _ AC
¢} BA+BC= BD d) AD BA=_AC
ey A= __ D€ ) AD+CE= 0
g} OA+DC= OB R} OA4 0B+ 0CH+0D— 8

-

Consider the orthonormal bases {7,7}and {# 7] as well as the
vector i ' '

a} Express the following vectors as a linear combination of

vectors 7 and J . :
loa_ i 2.7 wzw 30w 4ir2j

b} Express vectors i as a linear combination of vectors # and 7.

““““

i

¢} '\,’uif‘x the linear combination found in b} using the linear combinations found in a}.

*“m3u-vm-3(—~ —;} (i + j}= 3@+33+;-—j~4:+2}

Consider points A1, 2}, B(2, 1} and C(1,-3).
ay 1. }md! point D %«dm\mn; Tl at AB= CR

Z. Find point E kmmmﬂ tf’mt AL BAB 2}{6

3AE - 24AC = 3(3, ~E} - 2{2, ~5)= (57} AE = (x+1v~-2); E(4,9)

316
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B} What type of quadrileteral is quadrilateral ABDC? Justify vour answer.
ABDCis a g_smfz_rﬂjeﬁagmm" A,& we LLD = » ABDC has two opposite sides that are porallel

ard congruent = ABDC is o parellelogram aceording to the parallelogram theorem.

R
T %. Calculate the acute angle 6 formed | by the lines [,y = ;‘« Fland v 34 L,

AD. 1)< s B2, )< s A0, -1) ¢ L B2, ) < L

?i"é‘ =(2,3); A,B, ={2, - 3); cos b = =52
i - 180° - 112.6° - 6__;‘_._;;0,
T2. Lot 7and 5 be two nonzero vectors, Indicate, for each staternent, if it is true ot false, |
al (ki) - i) == fe(a‘} . ff\) False 2 B BT True
{} iz Z? Z; . fg True wmij ) Trave e
2. Consider the rectangular-based right prism on the right E
: k;in‘)}“i]'{"l A ! ;
! e — . e — ;
EC b} AH - FE. AG |
. e s Fioo
0 d} AG-EF-BG_ 0 P
B e

TE. Consider the line | passin s through points A2, -3) and B4, 6).
passing gh y 2,-3) -4, 6 o
a}. Find the c“e"mrdi nates of mim P dividing the Iine segment AB in a 2:1 ratio from A.
AP = ZAB -2,y +3) - 2 -6, 9) = (-4, 6) = P(-2, 3)

b} Find the coordinates of point () if AQﬁ ----- ZA
(x~2, 9+ 3}= —{“5 9 = (4, -6} = Q6, 9?

™~

B 8. Two unit vectors 7 and 7 fﬂsm a 607 angle. What is the norm,
rounded to the nearest tenth of a unit, of vector 3i -+ 47 7

g+ ag =136l + 45l - 2|35l45] cos 1207

=9 4+ 36 - 24 cas 12(° = 37,

T6. Consider vectors 1 = ('I, 2) and ¢ = (52, }).

a} 1. Show that 7and 7 form a basis. §
& and & are not paralle! since "I% = ‘? . Therefore they form a basis.

) i , K

2. Show that the basis {u 'u} is orthogonal, @ 8=0=4 't }

i

b} FExpress vector = {1} 8) as a inear combination of vectors i and ©
L

DR TR ) ;

i
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s ]

TE.

19.

20.

21.

TF. Show the following property: the diagonals of 2 diamond are A
perpendicular i
AC - BD =|AB + BC) - (BC - CD) . .
g g
= AB + BC) (BC - AB) ) p .
= AB BC - AB. AB + BC | BC - BC. }i',és - g% 4o =0 {:

Since ﬁ%( BD - ¢ then AC | B

Alan and Ben are pulling on an object located at point 0. They
apply re «,pwtlwg forces of 80 N and 40 N with orientations 40°
and 120° Find the resultant 7 (magnitude and arientation) of
these two fm ces.

= 911135 = !j}fli e G5 45

1’ =l + Il

sim o osin 100°

Bl W eosine =0.4327 — o = 24.8° < B, =0 4 40° = G4

The resuitant ¥ has an intensity of 95.45 N and an orientation of 64.4°,

When a 100 N force with orientation 307 is applied to an £
abject Jocated at 0, the object moves hmz/:mtaﬂ over a

Jlect dacat ° L
distance of 20 m. What is the work, rounded to the nearest 0 g

unit, performed by this force? The work, expressed i joules,
is detfined as the scalar product of the force vector with the displacement vector

CF.d - 100 < 20 x cos 30° = = 10003 = 1732 joules.

A hoat leaves port A and must go to port B In the Cartesian
pmm ot ﬂm n;, i, 131h;&urud i kliomn 1res, pmmx A( ] w(% {)U\
curﬂ*m re prcs@nted })y veotor £ = (} R _WT{)) acts on thc %mdl
The captain orients the boat so as to cancel the effect of the
current. What is, to the nearest degree, the measure of the
angle, with respect to the castward direction, at which the
captain must orient the boat to reach the port located in B? ;

o
L)
.

,,,,, = {200, 150): € = (15, ~310);: b = (x, y}

b+é=AB = x+15=200and y- 10 = 150 = | = ({185, 160}

...... Hofgr Hom e = FF°

The captain must orient the boat 41" North of East,

In a Cartesian plane, measured in ki, town A is located at i
point (25, 50} and town B at point {150, 200}, When there ac
is no wind, the tlight from town A to town B lasts one hour,
If there is wind and the pilot does not take it into account, the
plane will end up, after one hour of flight, at point C(160), 50-+®
1907, Find the speed of the wind as well as its orientation, ; »

o = (10, ~10); ib] = 14.14.

tan = ul"%g m wwp O m 315, The wind has o speed of 14.14 km/b and an ovientation of 315°.

U——
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