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Further Mathematics

Trigonometry

Trigonometry is used to solve problems involving distances and angles from the
formation of triangles.

Often the problem is a descriptive one and to confidently solve it, you need to
visualise the situation and draw an appropriate diagram or sketch.

Labeling conventions
Where we are dealing with trigonometric figures like triangles, there are several
labeling conventions that help us remain clear about the relationships between the
points, angles and lines being used. These will be explained as they arise; however, the
basic convention used in this book is shown in the figure at right. Note the use of
italics.
The angle A is at point A, which is opposite line a. a
The angle B is at point B, which is opposite line b.
The angle C is at point C, which is opposite line c.
To avoid cluttered diagrams, only the points A b
(A, B, C) are usually shown; the associated angles (A, B, C) are assumed.

Note: Naturally, we do not need such labels in all diagrams, and sometimes we wish to
label points, angles and lines in other ways, but these will always be clear from the
diagram and its context.

Pythagoras’ theorem

Before investigating the relationships between the angles and sides of a triangle we
should consider a problem solving technique that involves only the sides of triangles:
Pythagoras’ theorem.

Pythagoras’ theorem is attributed to the Greek mathematician and philosopher,
Pythagoras, around 500 BC. (However, the principle was known much earlier, and it
seems that even the pyramid builders of ancient Egypt used the theorem in constructing
the pyramids.)

The theorem describes the relationship between the
lengths of the sides of all right-angled triangles.

Pythagoras’ theorem states that the square of the hypot-
enuse is equal to the sum of the squares of the other two

¢ — Hypotenuse

sides, or A =a*+ b

and, therefore, to find c,
(BT 2
c=4Aa +b

where c is the longest side or hypotenuse and a and b are the two shorter sides.
2

Note: Because the equation ¢* = a> + b* has become a standard way of expressing
Pythagoras’ theorem, we often adjust the labeling convention to use ¢ for the hypot-
enuse no matter how the opposite (right) angle point is labeled. However, this will
always be clear from the diagram.

The longest side is always opposite the largest angle (90° for right-angled triangles)
and similarly, the shortest side is opposite the smallest angle.
To find one of the shorter sides (for example, side a), the formula transposes to:
TR 1)
a=c"-b

and so )
a=ANc -b
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— WORKED Example ’

Find the length of the unknown side (to 1 decimal place) in the right-

angled triangle shown.
THINK

1. Note that the triangle is right-angled
and we need to find the unknown
length, given the other two lengths.
Label the sides of the triangle, using the
convention that c¢ is the hypotenuse.
Substitute the values into the
appropriate formula.

Write the answer using the correct units
and to the appropriate degree of accuracy.

4 cm

WRITE

7 cm

A=d®+ b Alternatively,
¥ =4*+7 c:A/az+b2
2=16+49 x= A4 +7
=65 X = m
x = /65 x = /65

x = 8.0622

The unknown side’s length is 8.1 cm.

— WORKED Example 2

original anchored point, if the anchor line is

THINK
1 Sketch a suitable diagram of the problem
given. Note that the triangle is right-angled
and we need to find the unknown length,
given the other two lengths.

Simplify the triangle, adding known
lengths, and label the sides using the
convention that c¢ is the hypotenuse.

Substitute the values into the
appropriate formula.

4 Write the answer using the correct units
and to the required accuracy.

Find the maximum horizontal distance (to the nearest metre) a ship could drift from its

250 metres long and it is 24 metres to the

bottom of the sea from the end of the anchor line on top of the ship’s deck.

WRITE

{reS
c= 250 W€ ,_Ib = 24 metres

a="7?
=a+b

250% = a* + 24*

Alternatively,

a /\/C2—b2
a= 2507 - 247
a= J62500-576

62500 = a® + 576
a* = 62500 — 576

a*=61924 a= 61924
a= 61924
a =248.845

The ship can drift approximately 249 metres.
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1. Pythagoras’ theorem is used:

(a) only on right-angled triangles

(b) to find an unknown length or distance, given the other two lengths.
2. When using Pythagoras’ theorem:

(a) draw an appropriate diagram or sketch

(b) ensure the hypotenuse side, c, is opposite the right angle (90°)

(©) cz=a2+bzorc=A/a2+b2.

EXERCISE 9A Pythagoras’ theorem
=

WORKED

Example'

veag
&

@
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— visual
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' Pythagoras’
theorem

calculations

Pythagoras’

WORKED

Example'

4

Find the length of the unknown side (to 1 decimal place) in each of the following
right-angled triangles.
a b c

12 X
2.4

L[]
0.7
f 2
' ; j3

An aircraft is flying at an altitude (distance above the ground) of 5000 metres. If its
horizontal distance from the airport is 3 kilometres, what is the distance (to the
nearest metre) from the airport directly to the aircraft?

X 17.5

What is the length (to the nearest millimetre) of a diagonal brace on a rectangular gate
that is 2600 mm wide and 1800 mm high?

Find the length of the unknown side (to 1 decimal place) in each of the following
right-angled triangles.

a b c
17
8 10 20
x 15
X
X
9
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d 7\_‘ 25 e X f
15
10.6 *
X 7.4
X

5 Calculate the lengths of the sloping sides in the following. (Remember to construct a
suitable right-angled triangle.)

a 8 mm C
g
B>~
S
15 10 30 mm 10.8
4.6
12
d e T
6m 14 m
3m 215 cm
8m 12m

6 Calculate the value of the pronumerals.
2.3

> 10.6

5.3 mm

7 One of the smaller sides of a right-angled triangle is 16 metres long. The hypotenuse
is 8 metres longer than the other unknown side.
a Draw a suitable triangle to represent this situation.
b Write an expression to show the relationship between the three sides.
¢ State the lengths of all three sides.

8 multiple choice

The length of side AF in the diagram at right is: E
J2
3 A F
2 D
/\/5 1m
/\/— B C
6 0o
9 multiple choice Do
od

To the nearest metre, the length of cable that would connect 0o
the roofs of two buildings that are 40 metres and 80 metres '
high respectively and are 30 metres apart is:

40 metres 45 metres

50 metres 55 metres

none of the above
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Pythagorean triads

A Pythagorean triad is a set of 3 numbers which satisfies
Pythagoras’ theorem. An example is the set of numbers 3,

4, 5 where F=d®+ b
So, 52=32442
25=9+16

The diagram below illustrates this relationship.

Another Pythagorean triad is the multiple (scale factor)
of 2 of the above set: 6, 8, 10.

Others are 5, 12, 13 and 0.5, 1.2, 1.3.

Prove these for yourself.

10
6
3 3
4
8
— WORKED Example 3
Is the set of numbers 4, 6, 7 a Pythagorean triad?
THINK WRITE
1 Find the sum of the squares of the two 42+ 6% =16+ 36
smaller numbers. =52
2 Find the square of the largest number. 77 =49
3 Compare the two results. The numbers 77 £ 4% + 62
form a Pythagorean triad if the results
are the same.
4 Write your answer. 4, 6, 7 is not a Pythagorean triad.

Another way to generate Pythagorean triads is by using the following rule:

Step 1. Square an odd number (5% = 25).

Step 2. Find the two consecutive numbers that add up to the squared value
(12 + 13 = 25).

Step 3. The triad is the odd number you started with together with the two consecutive

numbers (5, 12, 13).
Try to find a triad for the odd number 9.
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A triangle whose sides form a Pythagorean triad contains a right angle, which is
opposite the longest side. This result can be illustrated approximately with a rope of
any length, by tying 11 equally spaced knots and forming a triangle with sides equal to
3, 4 and 5 spaces, as shown below. In doing this a right angle is formed opposite the
5-space side.

— WORKED Example 4

A triangle has sides of length 8 cm, 15 cm and 17 cm. Is the triangle right-angled? If so,
where is the right angle?

THINK WRITE
1 The triangle is right-angled if its side 824+ 152 =64 + 225
lengths form a Pythagorean triad. Find =289

the sum of the squares of the two
smaller sides.

2 Find the square of the longest side and 172 = 289
compare to the first result. 172 =82+ 152
The triangle is right-angled.

3 The right angle is opposite the longest The right angle is opposite the 17 cm side.
side.
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EXERCISE 9B Pythagorean triads
-

read WORKED |
Example'
' Pythagorean
triads
2
3

WORKED 4

Example'

Are the following sets of numbers Pythagorean triads?

a 9,12, 15 b 4,56 c 30, 40, 50 d 3,6,9

e 0.6,08,1.0 f7,24,25 g 6,13,14 h 14,20, 30
i 11,60, 61 j 10, 24,26 k 12, 16,20 I 2,3,4
Complete the following Pythagorean triads.

a9, .15 b _,24,25 c 15,20, __ d 3,_.,5

e 11,60, f10,__,26 g __,40,41 h 07,24,

For each of the sets which were Pythagorean triads in question 1 state which side the
right angle is opposite.

A triangle has sides of length 16 cm, 30 cm and 34 cm. Is the triangle right-angled? If
so, where is the right angle?

5 A triangle has sides of length 12 ¢cm, 13 cm and 18 cm. Is the triangle right-angled? If
so, where is the right angle?
6 Find the unknown length in each case below.
a M b Radius =35 cm c 30
12 —— >
] g c
a Q
& 9
a—
41
d /qul € f N
A
6.1 e
1.
26 km
0.4 d
03 B
- —
+ 10 km
7 An athlete runs 700 m north and then 2.4 km west. How far away is the athlete from
the starting point?
8 Find the perimeter of the flag as shown at right. . %ﬁ“d‘\
9 multiple choice gllls
Which of the following is a Pythagorean triad? =
7,14, 21 1.2,15,3.6 3,6,9
12, 13,25 15, 20, 25

10

multiple choice

Which of the following is not a Pythagorean triad?
5,4,3 6,9, 11 13, 84, 85
0.9,4.0,4.1 5,12,13
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Three-dimensional Pythagoras’ theorem

Many practical situations involve 3-dimensional objects with perpendicular planes and
therefore the application of Pythagoras’ theorem. To solve 3-dimensional problems, a
carefully drawn and labelled diagram will help. It is also of benefit to identify right
angles to see where Pythagoras’ theorem can be applied. This enables you to progress
from the known information to the unknown value(s).

— WORKED Example §

metres wide, 1 metre deep and 0.5 metres high.
THINK

1 Draw a diagram of the rectangular prism.
2 Identify the orientation of the longest
object — from one corner to the furthest

diagonally opposite corner. In this case, it
is AG.

3 Identify the two right-angled triangles

4 Draw the triangles separately, identifying
the lengths appropriately.

5 Calculate the length of diagonal AC.

6 Calculate the length of diagonal AG,
using the calculated length for AC.

Note: To avoid truncation error use the most
accurate form, which is the

surd A/3.25.

7 Write the answer using the correct units
and level of accuracy.

To the nearest centimetre, what is the longest possible thin rod that could fit in the boot of
a car? The boot can be modelled as a simple rectangular prism with the dimensions of 1.5

necessary to solve for the two unknown lengths.

WRITE

C G
y E x =
e e
— o
A 1.5m D A y C
c=a+ b
V' =15%+1.0°
V¥ =225+1
y* =325

y=3.25

y = 1.803 (to 3 decimal places)
The length of AC is 1.8 metres
(to 1 decimal place).

[2 2 .
c=Aa +b" (alternative form)

x= 4052+ (/325)
x=J025+325

x= .35
x=1.8708

The longest rod that could to fit in the car
boot is 187 centimetres.
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— WORKED Example §

as shown, calculate the:
a length of AC (in surd form)
b length of AO (in surd form)

THINK

a Calculate the length of diagonal AC in
the right-angled triangle, ABC. Write
surds in their simplest form.

b AO is half the length of AC.

VO, in the right-angled triangle,
VOA.

2 Write the answer using the correct
units and level of accuracy.

¢ (1 Calculate the height of the pyramid,

To find the height of a 100-metre square-based pyramid, with a slant height of 200 metres

¢ height of the pyramid VO (to the nearest metre).

v

200 m
X/ 100 m

WRITE

2 2 .
a c¢=4iJa +b” (alternative form)

AC = 4/100° + 100

AC = /20000

AC =./10000 x /2

AC =100 x /2

The length of AC is 100./2 metres.

100./2

> or SOﬁ metres.

b Length of AO is

2 .
€ a=Ac —b" (alternative form)

VO = /200> = (50./2)
VO = /40 000 — 5000

VO = /35000
VO =187.0828 . ..

The height of the pyramid, VO, is 187 metres.

To solve problems involving 3-dimensional Pythagoras’ theorem:
1. Draw and label an appropriate diagram.

2. Identify the right angles.

3. Identify right-angled triangles that enable the information given to be used to

find the unknown value(s).

4. To avoid a truncation error, try to use the surd form (for example, A/3_7 rather
than 6.23 ...) if the result is required in further calculations.
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v - Three-dimensional
E—X'E RCISE 9C Pythagoras’ theorem

WORKED 1 To the nearest centimetre, what is the longest thin rod that could fit inside a 2-metre-

% cube box (cuboid)?

2 To the nearest centimetre, what is the longest drum stick that could fit in a rectangular
toy box whose dimensions are 80 cm long by 80 cm wide by 60 cm high?

3 For each of the prisms shown, calculate:

i the length of AC i the length of AG.
a G F b F G ¢
H_~\ !
E i
I I
I I
| 120 cm ]:: ---H
i /
| ~
c \_Js B 1200 mm
=Z 325 cm 400 mm|
D40 em® /
A
300 mm

WORKED 4 For each of the pyramids shown, calculate:

% i the length of AC
i the perpendicular height.

“ G b G
0m 600 m
D C D C
/Y 20 m [NV 2 km
A I15m B A Zkm B

5 A 3.5-metre long ramp rises to a height of 1.2 metres. How long (to 1 decimal place)
is the base of the ramp?

6 multiple choice

Two guide wires are used to support a flagpole as shown.
The height of the flagpole would be closest to:

3m

8 m

12 m

21 m

62 m

7 Find the values of the pronumerals (to 1 decimal place) in the
pyramid at right.
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8

10

11

12

13

14

Find the lengths of AB and DH (to 2 decimal places), where F
AC =7.00 m and CH = 15.00 m. 5 l G
For the tent shown in Ejom ! H
the diagram at right, find | 5 D C A -
(to the nearest mm): A
a the length of the T
cross-brace, AC 21m
b the height of the
centre pole, EF. 25m

The feet of a camera tripod, which are on 1.5-metre legs, form the vertices of an
equilateral triangle. The distance from the centre of the equilateral triangle to the
foot on any of the three legs is 0.75 m. Find the perpendicular height to the top of
the tripod (to 2 decimal places).

A man moves through a two-level maze by following
the solid black line, as shown in the diagram. What is
the direct distance from his starting point, A, to his end
point, F (to the nearest metre)? 3m

= = N
10 ot to
B 30m A M Cscale

In each of the following typical building structures find the length of the unknown
cross-brace shown in red.

a 1800 mm b
S5m
A 5200 mm P 1 m
3000 mm
3m
c d Al measurements
are in metres.
12
7m
For the coffee table design at right, find the length of the Ki,\ .
legs (to the nearest millimetre) if the coffee table is to be: Offset distance
a 500 mm off the ground Table
b 700 mm off the ground height!
and the legs are offset from the vertical by a distance of: v o
1 100 mm E F
11 150 mm. 1.0m
D C

Find the length of the brace, BG
(to the nearest centimetre),
that is needed to reinforce the 4.0m

wedge-shaped structure shown.
A 20mB
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Trigonometric ratios

Trigonometric ratios include the sine ratio, the cosine ratio and the tangent ratio; three
ratios of the lengths of sides of a right-angled triangle dependent on a given acute angle.

Labelling convention

For the trigonometric ratios the following labelling convention should be applied:
1. The hypotenuse is opposite the right angle (90°).

2. The opposite side is directly opposite the given angle, 6.

3. The adjacent side is next to the given angle, 6.

Consider the three triangles drawn below. We know from the previous chapter on
similarity that triangles AABC, AADE and AAFG are similar because the corre-
sponding angles are the same. Therefore, the corresponding sides are in the same ratio
(scale factor).

B D

A 300 C

A 500 )3

A_730e G

Ratio of lengths of sides

Copy and complete the table below by identifying and measuring the lengths of the
three sides for each of the three triangles above. Evaluate the ratios of the sides.

Length of side Ratio of lengths of sides

Opposite | Adjacent |Opposite

Triangl ite | Adj H
riangle | Opposite | Adjacent [Hypotenuse E moiemes | B oa s | e e

ABC
ADE
AFG
Notice that for each of the ratios, for example M— , the value is the same
Hypotenuse

for all three triangles. This is the same for all right-angled triangles with the same
acute angle.
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Trigonometric ratios are used in right-angled triangles:
1. to find an unknown length, given an angle and a side
2. to find an unknown angle, given two lengths.

Sine ratio
The sine ratio is defined as follows:

Length of opposite side

i - . Hypotenuse
The sine of an angle Length of hypotenuse side Opposite
In short, sin 0= _Opposite 0
Hypotenuse
sin = PP [SOH]
Hyp
— WORKED Exampie / X
Find the length (to 1 decimal place) of the line joining the
vertices A and B in the triangle at right. 15 cm
THINK
. . ¢ 1B
1 Identify the shape as a right-angled
triangle with a given length and angle.
Label the sides as per the convention
for trigonometric ratios.
2 Identify the appropriate trigonometric Angle = 50°
ratio, namely the sine ratio, from the Opposite side = x cm
given information. Hypotenuse = 15 cm [SOH]
3 Substitute into the formula. sin 6= Length of opposite Sld.e
Length of hypotenuse side
- Opp
sin 0= ——
Hyp
sin 50° = %
4 Isolate x and evaluate. 15 X sin 50° = % X 15
x =15 x sin 50°
x=15x%x0.766
x=11.491
5 Write the answer using the correct units The length of the line joining vertices A and B

and level of accuracy.

is 11.5 centimetres.

Cosine ratio

The cosine ratio is defined as follows:
. _ Length of adjacent side
The cosine of an angle = Length of hypotenuse side ° Hypotenuse
In short, cos 0= M
Hypotenuse
cos 6= A4l [CAH] 20—,
H Adjacent
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In worked example 7 the sine ratio was required to find the unknown length. The
cosine ratio can be applied in the same way, if it is required.

— WORKED Example §

Find the length of the guy wire (to the nearest centimetre) supporting a flagpole, if the
angle of the guy wire to the ground is 70° and it is anchored 2 metres from the base of the
flagpole.

THINK WRITE
1 Draw a diagram to represent the
situation and identify an appropriate
triangle. Guy
Wire
70°
“2m
2 Label the diagram with the given angle
and the given side to find an unknown
side in a right-angled triangle. lk
Hypotenuse
70°
2m
Adjacent
3 Choose the appropriate trigonometric Angle = 70°
ratio, namely the cosine ratio. Adjacent side =2 m
Hypotenuse = x m [CAH]
4 Substitute into the formula. Adj
cos 0=
Hyp
cos 70° = 2
X
5 Isolate x and evaluate. | X
cos70° ~ 2
o2
cos70°
x=15.8476
6 Write the answer using the correct units The length of the guy wire is 5.85 metres or
and level of accuracy. 585 centimetres.
Tangent ratio
The tangent ratio is defined as follows:
Length of opposite side

The tangent of an angle =

Length of adjacent side

_ Opposite §
In short, tan 0 = A—djacent O& \
tan 6= 222 [TOA] r_d

Adj Adjacent
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— WORKED Example 9

Find the length of the shadow (to 1 decimal place) cast by a 3 metre tall pole when the
angle of the sun to the horizontal is 70°.

THINK WRITE

1 Draw a diagram to represent the
situation and identify an appropriate
triangle. \

2 Label the diagram with the given angle
and the given side in order to find an
unknown side in a right-angled triangle.

Opposite
3m
- 70°
X m
Adjacent
3 Identify the appropriate trigonometric Angle = 70°
ratio, namely the tangent ratio. Opposite side =3 m
Adjacent side = x m [TOA]
4 Substitute into the formula. tan 0 = O__pp
Adj
tan 70° = 3
X
Isolate x and evaluate _1
3 ' tan70° 3
X=
tan70°
x=1.0919
6 Write the answer using the correct units The length of the shadow is approximately
and level of accuracy. 1.1 metres.

Finding an unknown angle

If the lengths of the sides of a triangle are known, unknown angles within the triangle
can be found.



— WORKED Exampie J()

Find the smallest angle (to the nearest degree) in a 3, 4, 5 Pythagorean triangle.

THINK

1 The smallest angle is opposite the
smallest side. Label the sides as given
by convention for trigonometric ratios.

2 Identify the appropriate ratio from the

given information.

3 Substitute into the formula.

4 Convert the ratio to a decimal.

5 Evaluate x: x = sin™" (0.6).

6 Write the answer using the correct units

and level of accuracy.
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WRITE

5 Hypotenuse
Opposite 3

4

Angle = x
Opposite side = 3
Hypotenuse = 5 [SOH]

Opp

sin 6=
Hyp

. 3
sinx = 2

5
sin x = 0.6
x=36.87°

The smallest angle is approximately 37°.

In worked example 10 the sine ratio was used to find the unknown angle. The same
processes would be applied if either the cosine or tangent ratios were required
instead. In the particular case above, any of the three ratios could be used since all
the sides are known.




426

EXERCISE 9D Trigonometric ratios
-

Further Mathematics

WORKED | Find the length of the unknown side (to 1 decimal place) in each of the following

Example )
d triangles.

a b 200 c 2.5m
by =
- O
d e

X f
a
15 cm Y O
2000 mm O 92 mm
49°

WORKED 2 A boat is moored in calm waters with its depth sounder registering 14.5 m. If the

Example'

anchor line makes an angle of 72° with the vertical, what is the length of line (to the
nearest metre) that is out of the boat?

‘é\)l(gm(gllz 3 A person is hoping to swim directly across a straight river from point A to point B, a
d distance of 215 m. The river carries the swimmer downstream so that she actually

reaches the other side at point C. If the line of her swim, AC, makes an angle of 67°
with the river bank, find how far (to the nearest metre) down stream from point B she
finished.

4 Find the value of the missing side (to 1 decimal place) of the following triangles.

a b

C

|

=
[\
S

12 2 m

65°

|

67.4°

24.9°
6.2 cm

o
=
o
||
=
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5 Find the value of the unknown sides (to 1 decimal place) of the following triangles
and shapes.

a

d

g

6.5 cm

] 35°

L]

b

X
70°
5cm
e
10°
27 m
X

C 15cm
20°
L
20 cm
X 650
X
10

f 3 km
72 cm
54°

WORKED 6 Find the size of the unknown angle (to the nearest degree) in each of the following

Example

triangles.

a b 0 C d 4
500 mm 3
Q
6 0
6 2 m
400 mm

7 Find the values of the unknown angle, a (to the nearest degree).

a

==

b
11m
10 m

d

114 m
lml—N\
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8 Find the sizes of the two acute angles in a 6, 8, 10 Pythagorean triangle.

9 multiple choice
If b m is the height reached by the ladder in the
diagram at right, then b is equal to:

5.49
1.37
0.68
0.94
1.88

10 multiple choice
The correct expression for the angle of elevation, 6, of the ramp is:

sin”! (A—l)
5

|
—

8
=)
L

WiHs s~
N———

(@]
]
2]

il
——
w

AN

N——
S

-
o
= |

o
Q
2]
L
~—
W
N

11T multiple choice
The correct expression for the value of ¢ in the figure below is:
tan 37°
4 5m
cos 37°
) 37°
5
tan 37°
4
tan 37°
4
sin 37°
12 multiple choice
A flagpole 2 metres tall casts a 0.6-metre long shadow. The angle of the sun to the

ground is:
17° 70° 71° 72° 73°

13 1In the diagram below find O (to the nearest degree), x metres and y metres (both to
1 decimal place).
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Introduction — Sine and cosine rules

Often the triangle that is apparent or identified in a given problem is non-right-angled.
Thus, Pythagoras’ theorem or the trigonometric ratios are not as easily applied. The
two rules that can be used to solve such problems are:

1. the sine rule, and

2. the cosine rule.

For the sine and cosine rules the following
labelling convention should be used.

Angle A is opposite side a (at point A)

Angle B is opposite side b (at point B)

Angle C is opposite side ¢ (at point C) A

Note: To avoid cluttered diagrams, only the points (A, B and C) are usually shown. In
these instances, the angles A, B and C are assumed.

The sine rule

All triangles can be divided into two right-angled triangles.

A

Earlier, we saw that the new side, &, can be evaluated in two ways.

a

b h h
A B
sinA:ﬁ sinB:il
b a
h=bxsinA h=axsin B

If we equate the two expressions for A:
bxsinA =aXsinB
and rearranging the equation, we obtain:
a b
sinA  sinB
Using a similar approach it can be shown that:

a b ¢
sinA  sinB  sinC
2. Similarly, if the triangle is labelled using other letters, for example STU, then:

s _ t _ u
sinS sin7T sinU

The sine rule is used if you are given:
1. two angles and one side
or
2. an angle and its opposite side length (a complete ratio)

and one other side. For example, in triangle ABC at 4=7cm
right, a =7 cm, A= 50° and ¢ = 9 cm. Angle C could
c=9cm

then be found using the sine rule. B
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— WORKED Exampie | |

Find the unknown length, x cm in the triangle at right.
THINK WRITE
1 Draw the triangle. Assume it is non-
right-angled.
2 Label the triangle appropriately for the

0 X

sine rule.
3 Confirm that it is the sine rule that can be a b ¢
used as you have the angle opposite to the sinA  sinB  sinC
) side _ b=x B =130°
unknown side and a known angle ratio. c=7cm C = 30°
4 Substitute known values into the two X T
ratios. sin130° ~ sin 30°
5 Isolate x and evaluate. _ 7xsin130°
~ sin30°
x =10.7246
x=10.7
6 Write the answer appropriately. The unknown length is 10.7 cm.

Sometimes it is necessary to find the third angle in a triangle in order to apply the sine rule.

— WORKED Example |2

Find the unknown length, x cm (to 2 decimal places).

1 Draw the triangle. Assume it is non-right-angled.
2 Label the triangle appropriately for the sine
rule.

3 Calculate the third angle because it is
opposite the unknown side.

4 Confirm that it is the sine rule that can be used as
you have the angle opposite the unknown side and

ratio.

side
a known
angle

5 Substitute the known values into the two ratios.

THINK WRITE

X _~100°

7 cm

b:
C =180° — (65° + 100°)
Cc=15°

~
@

6 Isolate x and evaluate.

a b ¢
sinA  sinB sinC
c=x C=15°
b=7 B=100°
x 1
sin15°  sin100°
_ 7Xsinl5°
"~ sin100°
x=1.8397

7 Write the answer appropriately. The unknown length is 1.84 cm.
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— WORKED Example ’3

For a triangle PQR, find the unknown angle (to the nearest degree), P, given p = 5 cm,
r=7cm and R = 48°.

THINK WRITE
1 Draw the triangle and assume it is non-right- Q
angled. 7 em 5cm
48° R
P

2 Label the triangle appropriately for the sine rule
(it is just as easy to use the given labels).

3 Confirm that it is the sine rule that can be used 'p = 'q = — 4
. . sinP sinQ sinR
as you have the side opposite to the unknown p=5 P=?
angle and a known side ratio. r=7 R=48°
angle
5 7

4 Substitute known values into the two ratios. - = ==
sin P sin 48

5 Isolate sin P. sin P _ sin 48

5 7
sin P = sm4§ x5
6 Evaluate the angle (inverse sine) and include units ~ sin P = 0.5308
with the answer. P =32.06°
sin 48° x 5 P =32
P =sin™! (-—-—-—-—7—-—-—-—) The unknown angle is about 32°.

Sometimes the angle calculated using the sine rule does not give the required angle. In
such cases simply subtract the two known angles from 180°, as was done in step 3 of
worked example 12.

— WORKED Exampie |4

A pair of compasses (often called a compass) used for drawing circles has two equal legs joined
at the top. The legs are 8 centimetres long. If it is opened to an included angle of 36 degrees
between the two legs, find the radius of the circle that would be drawn (to 1 decimal place).

THINK WRITE

1 Draw the situation and identify that the
triangle is non-right-angled.

36°\x 8 cm

Continued over page @
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THINK

(2 Draw the triangle separately from the
situation and label it appropriately for
the sine rule.

This is an isosceles triangle and since
a =c, then ZA = ZC. Using the fact
that the angle sum of a triangle is 180°,
find ZA and ZC.

3 Confirm that it is the sine rule that can
be used as you have the angle opposite
to the unknown side and a known

side

ratio.
angle

4 Substitute the known values into the
two ratios.

‘5 Transpose the equation to get the
unknown by itself.

6 Evaluate y to 1 decimal place and
include units.

WRITE
B
c=8cm/36°\ a=8cm
A b C

180°=ZA+ 4B+ £C
180° = x +36° + x

2x = 180° — 36°
2x = 144°
x = 72° and therefore
LA=/C=T72°
a b ¢
sinA ~ sinB  sinC
b=y B=36°
c=8 C=172°
y 8
sin36° ~ sin72°
_ 8xsin36°
~ sin72°
y=49

The radius of the circle is about 4.9 cm.
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EXERCISE 9E The sine rule
-

WORKED 1 Find the unknown length, x, in each of the following. %

Example' a o em b c .
110° o 7 mm Si
ine
40° 15m rule
X
5

X
740
80
km

d 142° X € 250
18° X
55 cm 25° 105°

2 The relative positions of the school, church and post School 3 km Church
office in a small town are shown at the vertices of the 328
triangle at right.

Find the straight-line distance between the school and 862
the post office (to 1 decimal place). Post Office

WORKED 3 Find the unknown length, x, (to 1 decimal place) in each case below.

E |
xample g b
-» \‘-.4.
* 85%7 mm
15 m

74°
58°

¢ X143 d
18°
55cm 18 cm
X

4 A sailing expedition followed a course as shown at right. N
Find the total distance covered in the round trip.
10.5 km
30°
\é\)l(gm(Ellg 5 For the following questions give answers to the nearest degree.
ﬂ a In AABC, find the unknown angle, B, given b =6, ¢ = 6 and £LC = 52°.
b In ALMN, find the unknown angle, M, given m = 14.1, n = 27.2 and £ZN = 128°.
¢ In ASTU, find the unknown angle, S, given s = 12.7, t = 16.3 and £T = 45°.
d In APQR, find the unknown angle, P, given p =2, r = 3.5 and £R = 128°.
e In AABC, find the unknown angle, A, given b = 10, ¢ = 8 and £B = 80°.
f In APQR, find the unknown angle, R, given p = 48, g = 21 and ZP = 110°.

6 Construct a suitable triangle from the following instructions and find all unknown
sides and angles. One of the sides is 23 cm but the smallest is 15 cm. The smallest
angle is 28°.
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WORKED /7 Steel trusses are used to support the roof of a 0.8m

Example . [ .
ﬂ commercial building. The struts in the truss shown 30130 1300

are each made from 0.8 m steel lengths and are

welded at the contact points with the upper and

lower sections of the truss.

a On the lower section of the truss, what is the distance (to the nearest centimetre)
between each pair of consecutive welds?

b What is the height (to the nearest centimetre) of the truss?

8 multiple choice

The length of side m is nearest to:
32
3.1 o
8.5
5.8 350
3.0 5.2

9 multiple choice
The correct expression for the value of ¢ in the given triangle is:
7sin100°
sin30°
5.5sin100°
sin30°
5.5sin30°
sin100°
5.5sin100°
sin50°

7sin50°
sin 100°

10 multiple choice

The value of x (to 1 decimal place) in the X
given triangle is:
4.3
4.6 709
54 ]
33 3
3.6

~

11T multiple choice

In the triangle given, the largest angle
(to the nearest degree) is:

80° 8 cm 7 cm
82°

84°

67° 6 cm

60°
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12 |multiple choice

A yacht sails the three-leg course shown. The largest
angle between any two legs within the course, to the
nearest degree, is:

A 34°

B 55°

C 45°

D 78°

E 90°

13 |multiple choice

The correct expression for angle S in the given triangle is:

. 1 40sin41°)
A sin (—30

40cos41
B co ( ) 41° 5
o 40 30
C sin (30s1n41 )
N (41s1n40 )
= sin (40s1n41 )
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Ambiguous case of the sine rule

Investigate, on your calculator, the values for each of the given pairs of sine ratios:
1. sin 30° and sin 150°
2. sin 110° and sin 70°.
You should obtain the same number for each value in a pair.
Similarly, sin 60° and sin 120° give an identical value of 0.8660. (puse Acute
Now try to find the inverse sine of these values; for example,
sin~!(0.8660) is 60°. The obtuse (greater than 90°) angle is not
given by the calculator. When using the inverse sine function on
your calculator, the calculator will give only the acute angle. Agopet?‘?fhed‘t‘)’a
The situation is illustrated practically in the diagram at right anchored in two
where the sine of the acute angle equals the sine of the obtuse angle. ~ Possible positions.
Therefore always check your diagram to see if the unknown angle to be found is the
acute or obtuse angle or perhaps either. This situation is illustrated in the two diagrams
below. The triangles have two corresponding sides equal, a and b, as well as angle B.
The sine of 110° also equals the sine of 70°; however, the side ¢ is quite different. It is
worth noting that this ambiguity occurs when the smaller known side is opposite the
known angle.

a a
l A
70°
B T B C

— WORKED Example |5

To the nearest degree find the angle, U, in a triangle, given # =7, u = 12 and angle T is 25°.

THINK WRITE

1 Draw a suitable sketch of the triangle
given. As the length of s is not given, side
t can be drawn two different ways.
Therefore angle U could be either an
acute or an obtuse angle. Label the
triangles appropriately for the sine rule.
(It is just as easy to use the given labels.)

2 Identify that it is the sine rule that can be st u
used as you have the side opposite to the ~ sinS  sin7  sinU
unknown angle and a known side ratio. 1=7 T= 2? ’

angle u=12 U=7?

3 Substitute the known values into the 7 12
two ratios. sin25°  sinU

4 Transpose the equation to get the sinU _ sin25°
unknown by itself. 22 7

sin25° x 12
7

sin U




Chapter 9 Trigonometry

437

THINK

5 Evaluate the angle (inverse sine). Note
that the value is an acute angle but it
may well be an obtuse angle.

6 Calculate the obtuse angle.

7 Write the answer, giving both the acute
and obtuse angles, as not enough infor-
mation was given (the information was
ambiguous) to precisely position side z.

WRITE
sin U =0.724 488
U =4643°

U=180° —46.43°
= 133.57°

The angle U is either 46° or 134°.

— WORKED Example |6

(to the nearest degree), P.
THINK
1 Label the triangle appropriately for the
sine rule. (It is just as easy to use the
given labels.)

2 Identify that the sine rule is used as you
have the side opposite to the unknown
angle and a known side

angle

3 Substitute the known values into the
two ratios.

ratio.

4 Transpose the equation to get the
unknown by itself.

5 Evaluate the angle (inverse sine). Note
that the value is an acute angle while in
the diagram given it is an obtuse angle.

6 Calculate the obtuse angle.

In the obtuse-angled triangle PQR, find the unknown angle

WRITE Q
p= 30 r=20
R P
p___49 __r
sinP  sinQ  sinR
p=30 P=7°
r=20 R=40°
30 20
sinP  sin40°
sinP _ sin40°
30 20
. sin40° x 30
sin P = ‘mi*o'*m-
sin P =0.96418
P =74.62°

P =180° - 74.62°
=105.38°
P =105°

30 cm

20 cm

If the unknown angle is an obtuse angle, remember the following:

1. the inverse sine function on calculators evaluates only the acute angle

2. for the obtuse angle, evaluate as follows: obtuse angle = 180° — acute angle
3. the ambiguous case of the sine rule occurs when the smaller known side is

opposite the known angle.
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Ambiguous case of the
sine rule

EXERCISE OF
-

WORKED | Find both the acute and obtuse angles in each case below. Express all answers in
degrees to 1 decimal place.
a In AABC, find the unknown angle, B, given b = 10.8, ¢ = 6 and
ZC =26°.
b In ASTU, find the unknown angle, S, given t = 12.7, s = 16.3 and
LT =45°,
¢ In APQR, find the unknown angle, P, given p = 3.5, r =2 and
ZR =12°.
d In ALMN, find the unknown angle, M, given n = 0.22 km, m = 0.5 km and
ZN = 18°.

Example'

WORKED 2 Find the unknown angle (to the nearest degree) in each of the following obtuse-angled

Example .
ﬂ triangles.
a b ¢ d
60 km 3m 30.5° 4m
B [110km x |58m / 11m X [7im
7 m
20° 30° 25¢
3 multiple choice
In the triangle given, angle C is (to the nearest degree):
38° C
390 4.15 cm
8 i 19°
141 A 8 cm B
142°
4 Find the two unknown angles shown in the diagram below.
10 cm 9cm
5 Look at the swinging pendulum shown at right.
a Draw the two possible positions of the bob at w
the level of the horizontal line.
b Find the value of the angle, W, at these two 8 cm
extreme positions. 5cm
¢ Find the smallest and largest distances 150
between vertex V and the bob. \Y ~_I|_—
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The cosine rule

The cosine rule is derived from a non-right-angled triangle divided into two right-
angled triangles in a similar way to the derivation of the sine rule. The difference is
that, in this case, Pythagoras’ theorem and the cosine ratio are used to develop it.

The triangle ABC in the figure below has been divided into two right-angled
triangles with base sides equal to x and (¢ — x).

In AACD, h=b* - x*
and in ABCD, h?=a* - (c —x)* (Pythagoras’ theorem)
Equating expressions for 42,
b —x*=d*> - (c —x)*
a*=b>—x*+ (c —x)*
=0 -+ -2cx+x
a>=b*+ c* = 2cx [1]

2

Now, from AACD, cos A = g

x=bcosA
Substitute this value of x into [1] above.
a’>=b>+ ¢® = 2¢(b cos A)
So, the cosine rule can be written as:
a*=b*+c?—2bc x cos A

B
In a similar way to that above, it can be shown that:
b?>=d® + ¢* — 2ac x cos B
¢*=a* + b* - 2ab X cos C
Also, if the triangle is labelled using other letters, for example STU, then:
s’ =1 +u®—2tuxcos S

The cosine rule is used to find:

1. an unknown length when you have the lengths of two sides and the angle in
between

2. an unknown angle when you have the lengths of all three sides.

The formula may be transposed in order to find an unknown angle.

2, 2 2
CosA:b-'-C—_a
2bc
2, 2 42 2,,2 2
. a+c -b a+b —c
or alternatively, cos B= ———— and cos C = ————.

2ac 2ab
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— WORKED Exampie |/

THINK

Find the unknown length (to 2 decimal places), x, in the triangle at right.

WRITE

sine rule or cosine rule.

3 Identify that it is the cosine rule that is
used as all three sides are given.

4 Substitute the known values into the
rearranged form of the cosine rule and
simplify.

5 Evaluate x (x = cos™' (0.3333)).

6 Evaluate the angle and include units
with the answer.

B a=4 C
a=4,b=6,c=6,B=x°

a2 + c2 - b2
cosB= ———
2ac
cospo Y #0676
T 2x4x6
cos x = i3
cos x =0.3333
x =70.53°
x=71°

Angle x is approximately 71°.

7 cm X
1 Identify the triangle as non-right-angled. B
2 Label the triangle appropriately for the 806
. . cm
sine rule or cosine rule. c=7 a=x
80°
A b=6 C
3 Identify that it is the cosine rule that is b=6 A = 80°
required as you have the two sides and c=17 a=x
the angle in between.
4 Substitute the known values into the a® =b*+ ¢® = 2bc X cos A
cosine rule formula. 2=6+7*—2x6x7xcos 80°
? =36+ 49 — 84 x cos 80°
x* =70.4136
5 Remember to get the square root value, x. x = ./70.4136
=8.391
6 Evaluate the length, and include units x =8.39
with the answer. The unknown length is 8.39 cm.
— WORKED Exampie |8
Find the size of angle x in the triangle at right, to the nearest degree.
THINK WRITE 6 6
1 Identify the triangle as non-right-angled.
2 Label the triangle appropriately for the T
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The cosine rule

‘ 1 Find the unknown length in each of the following (to 2 decimal places).
a

b c .
X 5\/:_5
10 m
* 2.3km 1.5 km 12
60° 23

5m
S N ¢ ¢ x
x 7309
X 4000 mm 2000 mm
100°
200 km
100 km

2 During a sailing race, the boats
followed a course as shown below.
Find the length, x, of its third leg
(to 1 decimal place).

,/41373“\21““
].OkIII// \\\‘5.

’ -

7/ _—‘

/ ==
A&'*" '




Further Mathematics

3

WORKED 4

Example'

10

11

Two circles, with radii 5 cm and 8 cm, overlap slightly as
shown at right. If the angle between the two radii that meet
at the point of intersection of the circumferences is 105°,
find the distance between the centres of the circles (to

1 decimal place).

Find the size of the unknown angle in each of the following (to the nearest degree).

a b 12 mm c d 85 km

5m 20.5 cm 19.1 cm

8 m 13 mm

101 km
20 mm 28.6 cm 68 km

6m
Consider the sailing expedition course in question 2. Find the two unknown angles (to
the nearest degree) in the triangular course.

Consider the overlapping circles in question 3. Find the two angles formed between
the line joining the centres of the circles and each of the radii drawn (to the nearest
degree).

For the triangle shown, find all three unknown angles 11
(to the nearest degree).
13

For the following questions, find answers to 1 decimal place.

For A ABC, find the unknown side, b, given a = 10 km, ¢ = 8 km and £B = 30°.
For A ABC, find the unknown angle, B, given a = b =10 and ¢ = 6.

For A ABC, find the unknown side, ¢, given a =7 m, b =3 m and ZC = 80°.
For ASTU, find the unknown angle, S, given t = 12.7, s = 16.3 and u = 24.5.
For APQR, find the unknown angle, P, given p =2, g =3.5 and r = 2.5.

For A ABC, find the unknown side, a, given b = 260, ¢ = 120 and £A = 115°.

- 0o O 5 T Q

Construct a suitable triangle from the following instructions and find all unknown
sides and angles. Two sides are 23 cm and 15 cm and the angle in between is 28°.

multiple choice
The value of x (to 1 decimal place) in the diagram at right is:
43.6
82.4
82.5 X
none of the above

50 mm

multiple choice

The length of side m at right is nearest to:
20
26.4
26.5
43.6 30
50
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12 multiple choice

In the triangle given, the largest angle is:
39°

450 24 cm 15cm

56° Not to
85° 20 cm scale
141°

13 multiple choice
The correct expression for angle s is:

cos™! ( 4 —>
2X6x%x4

2 5cm

4+5—6
2xX4x5

-1

42+6°-5
2x4%5

-1

5246°—4
2X5%X6

-1

)

o (Fes )
1(“2;64:22)
o ()

o (35

14 multiple choice
The correct expression for the value of ¢ is:

J180 + 144 cos 120°
J180-120
J180 - 144 % 0.5
J180-72
J180+ 72

15 multiple choice
The 4 surface angles at the vertex of a regular square

12 120°

pyramid are all the same. The magnitude of these angles 15 cm Regular
for tllie pyramid given (to the nearest degree) is: ;‘;}rl;l;fid
34° ><10m
38°
39°
71°

16 Find the unknown values.

a b

4 cm
12 cm

6 cm
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Special triangles

Often, the triangles encountered in problem solving are either equilateral or right-
angled isosceles triangles. They exhibit some unique features that, when recognised,
can be very useful in solving problems.

Equilateral triangles have three equal sides and three equal angles. Therefore, when
given the length of one side, all sides are known. The three angles are always equal to 60°.

B B 2
AN 60°
3 45
60° i
A i C A | C A 14 C
a=b=c=3 a=b=c=45 b=a=c=14
A=B=C=60° C=60° B=A=C=60°

Right-angled isosceles triangles have one right angle (90°) opposite the longest side
(hypotenuse) and two equal sides and angles. The two other angles are always 45°.

A
A A
1042
13 IOL \
[ ]
B C B C

5
-
a=c=13 a=c=10 B a=c=5 ¢
b=13\2 b=10\2 b=5\2
A=C=45° A=C=45° A=C=45°
B =90° B=90° B =90°

Also, the hypotenuse is always 2 times the length of the A

smaller sides.
Check for yourself using Pythagoras’ theorem. 20
B C

b=20@

a=c¢= >
A=C=45°

B =90°

— WORKED Exampie ] @ Regular hoxagon

Find the values of r and angle 0 in the hexagon at right. 6 cm
THINK WRITE
1 Triangles in a regular hexagon are all
identical. The six angles at the centre are

equal. The magnitude of each is
one revolution divided by 6.

0=1360°+ 6 =060°
0=60°
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THINK WRITE

(2 Furthermore, the two sides that form r==6cm
the triangle are equal. Thus the two
equal angles on the shape’s perimeter
are also 60°. All three angles are the
same; therefore, all three sides are
equal. Therefore, the triangles in a
regular hexagon are all equilateral
triangles.

— WORKED Example 2()

Find the value of the pronumeral (to 1 decimal place) in the figure.

THINK WRITE

12
1 The triangle is a right-angled isosceles o

triangle.
Two angles are 45° and the third angle
is 90°.

12'cm

2 Two sides are equal and the longer side c=ax 2

opposite the right angle is J2 times x=12% 2
bigger than these equal sides. x=16.970 56
3 Write your answer using the correct The value of x is 17.0 cm.

accuracy and units.
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EXERCISE 9H Special triangles
|

WORKED
Example

WORKED

Example'

1

2

Find the unknown(s) in each of the following.

“ b 100 cm ¢
60° a
45°
x
a b 60° 60°

152 cm

Find the unknowns in each of the following.

a b c y T [
x m 158 cm ] X |72m
] [ ] :

10 mm

Answer the following.

a In AABC, find the unknown angle, B, given b = 10, ¢ =10./2 and ZC = 90°.
b In ASTU, find the unknown side, s, given t = 12.7, £S = 45° and LT = 45°.

¢ In APQR, find the unknown angle, P, given p = 3.5, r = 3.5 and ZR = 60°.

d In ALMN, find the unknown side, m, given n =0.22, ZL = 60° and £ZN = 60°.

A compass used for drawing circles has legs that are 6 cm
long. If it is opened as shown in the diagram, what is the
radius of the circle that could be drawn?

What is the height of a tree if its shadow, on horizontal ground, is 12 metres long
when the sun’s rays striking the tree are at 45° to the ground?

multiple choice

In the triangle given, sideAB in metres is:

20./2 a
10
20 10\2 m

/20
J40 C B

A 40 cm square serviette is prepared for presentation by completing three folds —
firstly, by taking a corner and placing it on top of the opposite corner; secondly, by
taking one of the two corners on the crease that has been made and placing it on the
other one; and finally, by placing the two corners at the ends of the longest side on top
of each other.

a Find the length of the crease made after the i first fold ii second fold iii third fold.
b With the final serviette lying flat, what angles are produced at the corners?
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Area of triangles

Three possible methods might be used to find the area of a triangle:
Method 1. When the two known lengths are perpendicular to each other we would use:

_1 ;
Area g = 5 X Base x Height

A= 1bh
\ ]
f—lginglht E Height
I
4 cm Basel_! l
Base

Method 2. When we are given two lengths and the angle in between we would use:

_ 1 :
Ared g = 5 X a X b Xxsin C
A= % ab sin C A
A b 3 Height = b sin C
b=10m F
C 5 ‘ B
o a = base
082 B 1 '
a=15m Area = ; X Base x Height
=1xaxbsinC
Method 3. When all three sides are known we would use:
a+b+c

Area j,note = Js(s—a)(s—b)(s—c) where the semi-perimeter, s =

This formula is known as Heron’s formula. It was developed by Heron (or Hero) of
Alexandria, a Greek mathematician and engineer who lived around ap 62.
Let us find the area of the triangle below to demonstrate that all
three formulas provide the same result.

For the 3, 4, 5 triangle, the most appropriate method is method >
1 above because it is a right-angled triangle. 4
Areajonle = % X Base x Height
3
A=1x3x4
=6

The other two methods may also be used.

Area i ol = % X axbxsinC
A=% X 3 X 4 X sin 90°
=6x1
=6
Area iyl = Js(s—a)(s—b)(s—c) = a+l27+c
A= .J6(6-3)(6-4)(6-5) =3+;+5

Jo6X3x2x%1 s=—l-2

A= >
A:,\/3_6 S:6
A=6
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— WORKED Exampie 2]

THINK

1 Identify the shape as a triangle with two
known sides and the angle in between.

2 Identify and write down the values of
the two sides, a and b, and the angle in
between them, C.

3 Identify the appropriate formula and
substitute the known values into it.

4 Write the answer in correct units.

Find the area of the triangle at right (to 2 decimal places).

WRITE
9m
A 6 m
B
b=9
a=6
C
a=6
b=9
C=37°
Area j,nole = %ab sin C

=%><6><9><sin37°

=16.249
The area of the triangle is 16.25 m?.

— WORKED Example 22

measurements in centimetres.
THINK

1 Confirm that all three sides of the
triangle have been given and therefore
Heron’s formula is to be used.

2 Write the values of the three sides, a, b
and ¢, and calculate the semi-perimeter
value, s.

3 Substitute the known values into
Heron’s formula.

4 Write the answer, using the correct units.

Find the area of a triangle PQR (to 1 decimal place), given p = 6, ¢ =9 and r = 4, with

WRITE
Q

p=6 r=4
R 7=9 P
a=p=6,b=q=9,c=r=4
_a+b+c
2

6+9+4
B 2
§=95

Area i g1 = Js(s—a)(s—b)(s—c)
= ,9.5(9.5-6)(9.5-9)(9.5-4)
.= +9.5x35%x05x%x55
= \/91.4375

Area = 9.5623
The area of triangle PQR is 9.6 cm?.
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Find the area of the triangle at right. .
THINK WRITE g |
mm!
1 Confirm that the two given lengths are .
perpendicular. 12 mm
2 Substitute the known values into the Area yiqgle =% x Base x Height
formula.
=l x12x8
2
=48
3 Write the answer using correct units. The area of the triangle is 48 mm?.

m Area of triangles

l 1 Find the areas of the following triangles (to 1 decimal place).
b c d
3m Area of |
100 m 102 m a triangle
7cm 7 cm 80° 75m
80 m
4 m
52 Find the areas of the following triangles (to 1 decimal place).
b c d
3 km 20 mm
8m 6 km 5.2cm

6.7 cm
4 km

6m
3.1cm
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workep 3 Find the areas of the following triangles (to 1 decimal place).

Example a b c . d
4.5 mm 3:2/mm 3m
10.5 mm
S5m
7.0 mm 12 cm 4
m

4 Find the areas of the following triangles (to 1 decimal place).

a b C d
47m 44m 2.5 km 302
60°
400 420 112 cm 75 m
50 m
70° 70° 11.2 km 10 km

5 Find the area of each of the following triangles. (Give all answers to 1 decimal place.)
For AABC, given a = 10 km, ¢ = 8 km and £B = 30°

For AABC, given a=b =10 cm and ¢ = 6 cm

For AABC, givena=7m, b =3 m, ¢ =8.42 m and £LC = 108°

For ASTU, given t=12.7m, s =16.3 mand u =24.5 m

For APQR, given p = 2 units, g = 3.5 units and r = 2.5 units

For AABC, given b =260 cm, ¢ = 120 cm and ZA = 90°

-0 Q06 U Q

6 Find the area of an equilateral triangle with side lengths of 10 cm.

7 A triangular arch has supporting legs of equal length of

12 metres as shown in the diagram. What is its area? /N

8 From the diagram given, l«—10 mm—>]

a find the area of: ] O —T'

i one of the triangles

ii all of the triangles 10 mm
b use another technique to verify your answer in a i. . '_l

9 Find the area of the state forest as defined by the three
fire-spotting towers on the corners of its boundary.
11 km 5.2 km
10.4 km

10 multiple choice
If the perimeter of an equilateral triangle is 210 metres, its area is closest to:
2100 m? 2450 m* 4800 m*
5500 m? 1700 m*
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Imultiple choice

The correct expression for the area of the shape at right is:
A 3 X6 x4 xsin 80° B - x6x4xcos 100°

C X 6 X 4 x sin 100° D X6 X4

ST ST
= =
A~

E  none of the above

- choice 5
The correct expression for the area of the octagon shown is:

A 195 x sin 45°

B 169 X sin 45°

C 195 x sin 60°

D 338 X sin 60°

E 5X6.5 X sin 67.5°

Find the area of the following triangles.

a b

7 km 5 mm

Problem solving to find an area

A4 is the most common size for a sheet of paper used in photocopy machines and
computer printers. A3 and A5 sheets of paper are geometrically related to the A4
sheet as shown below (see previous chapter).

A3

One common property is that when the sheet of paper is folded by joining the
two diagonally opposite corners a common shape is obtained. As with many other
common shapes, such as rectangles (A = L X W), a general expression for its area
can be formulated.

Folded
A4 sheet

Your task is to find a general expression for the area of the unique shape above,
in terms of length, L, and width, W, of the A4 sheet. Like all good problem-solving
tasks there are many different approaches (at least six known to date) to this
problem.
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nrmnary

Right-angled triangles

Pythagoras’ theorem
A= +b* or c= A/a2+b2

Pythagorean triads
* A Pythagorean triad is a set of three numbers, which satisfies Pythagoras’ theorem.
Some common triads are (a) 3,4, 5 (b) 6, 8, 10 (¢) 5, 12, 13 and (d) 7, 24, 25.

Three-dimensional Pythagoras’ theorem
* To solve problems involving three-dimensional Pythagoras’ theorem:
(a) Draw and label an appropriate diagram.
(b) Identify the right angles.
(c) Identify right-angled triangles that enable the information given to be used to
find the unknown value(s).

Trigonometric ratios

Hypotenuse
Opposite
0
Adjacent
. Opp Adj Opp
e sin 0= —— * cos = — tan 6= —— or < SOH CAH TOA
Hyp Hyp Adj

Non-right-angled triangles

The sine rule

a _ b ¢
sinA  sinB sinC
B
a
C
C
A b

* The sine rule is used when:
1. two angles and one side are given
2. two sides and a non-included angle are given.
» If two angles are given, simply calculate the third angle, if needed, using:
C=180°-(A+B)
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Ambiguous case of the sine rule
* The sine rule is ambiguous when finding an angle when the smaller known side is
opposite the known angle.

The cosine rule
2 2 2
b +c —a

a*=b>+c*>—2bccosA or cosA=
2bc

* To calculate:
(a) sides, use the cosine rule when two sides and the included angle are given
(b) angles, use the cosine rule when all three sides are given.

Special triangles

60° PN =12 xa
a
60° 60° u 45°
a
* Equilateral triangles * Right-angled isosceles triangles

Area of triangles
* To find the area of a triangle:

(a) given perpendicular dimensions, use Area ;e =L

5 X Base x Height

(b) given two sides and the included angle, use Area ;e = %ab sin C

(c) given all three sides only, use Areatriangle = Js(s—a)(s=b)(s—c)

a+b+c

h =
where § 3
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Multiple choice
1

For the triangle shown, the value of x is:
4 3x

10

20 80

6.7 Sx

30

moowp)p

Which one of the following is not a Pythagorean triad?
A 9,39,40 B 3,45 C 03,04,05 D 6,8,10 E 7,24,25

A 15-cm-long straw is the longest that can fit into a cylindrical can with a radius of 6 cm.
The height of the can, in centimetres, is closest to:
A 8 B 9 Cc 15 D 16 E 17

A rectangular box has a rod positioned as shown in the diagram. The expression that would
enable the angle the rod makes with the base of the box to be found, is:

A tan 9:15—2 .

B sin 9=1i3 S
C tan 9=% 4l y 12
D tan 9=% 5

E cosf=2

12

A stepladder is erected as shown. How far apart (to 2 decimal places) at the base are the two

12
T T
16 12 cm
B &
c I S 16 cm
9
D 2
3 U
E 1
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11

12

13

Find the value of the pronumeral below, to the nearest metre.

35
43
50
62
68

mooOow))»

In a triangle ABC where b = 10, ¢ = 20 and £B = 26°, ZC (to the nearest degree) could be:

61°
62°
63°
63°or 117°
61°or 119°

moowp)»

To find the distance across a large excavation, measurements were found as shown in the
diagram. The distance, AB, across the excavation is closest to:

75 metres

74 metres

100 metres

120 metres

none of the above

moowp)»

A regular hexagon is inscribed in a circle of radius 2 cm. The perimeter of the hexagon, in

centimetres, is:

A 4rm
B 12
Cc 16
D 17
E 18

A right-angled isosceles triangle has a longest side of 141 metres. The other two equal sides

have a value closest to:
A 200 m

B 100 m

C 50m

D 120m

E none of the above

Chapter 9 Trigonometry

50 m
30° 45°

r=2cm
\__/

~——

The area of triangle XYZ (to the nearest m?) is:

55
170
45
85
65

mooOow)>»

Y
X ]

10m

The area of the triangle below is closest to:

96 cm?
97 cm?
98 cm?
99 ¢cm?
100 cm?

moow))»

40°
20 cm

A

110 m

B

455




456

1

Further Mathematics

Short answer

A 2.5-m-long ladder is placed up against a wall and reaches to a height of 2.4 m. Find the
distance that the legs of the ladder are from the base of the wall.

A 190-mm-square ceramic floor tile is to be cut diagonally. What is the exact length of the
cut to be made?

A boat sails directly northwards for 11 km before turning towards the east and sailing
60 km. At this point the boat is 61 km from the starting point. On the second leg of the trip,
did the boat sail directly eastwards?

A cuboid with 8-cm sides is internally braced. What is the length of the longest brace that
could be placed inside the cuboid? (express in surd form.)

A staircase is to rise by 2250 mm from the ground floor to the first level of a house. The
maximum angle of elevation allowed for the stairs is 50°.

a  What is the length of the base of the staircase (to the nearest mm)?

b What is the length of the staircase (to the nearest mm)?

Copy and complete the following table using the two triangles given. Give each answer as
both a fraction and a decimal.

Angle 30° 45° 60°

. 600

sin 2 . N 4501
A3 _ 30° 45° [

cos 5 = 0.8660 N 1

tan

A car badge to be fitted on a bonnet is of an isosceles triangle design.

a  If the height of the badge is not to be more than 30 mm, what is the maximum length of
the base of the badge (to the nearest mm), if the equal angles are 25°?

b If the longest side is to be set at 100 mm, what is the length of the other two equal sides,
if the two equal angles are still 25°?

A hot-air balloon is anchored to the ground at points A and D as shown in the diagram. A
25-metre length of excess rope is dropped to the ground from the balloon. It is then tied to
the ground, at a point B, as a further safety measure.

a  What are the smallest and largest angles that can be made at point C by the two lengths
of rope, AC and BC (to the nearest degree)?

b Using these values, determine the furthest and closest positions
(to 1 decimal place) possible for point B from point A.
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9 The hour hand of a clock is 20 mm long and the minute hand is 25 mm.
The clock face at right shows the time at 4 o’clock. What is the distance
between the tips of both hands (to the nearest mm)? 0

10 An undercover patio is covered with a sail as shown in the diagram.
a  What are the angles made by the sail at each of the support poles
(to the nearest degree)?
b At which support pole is the smallest angle?

11 The infamous Bermuda Triangle is represented at right.
a  What is the distance between the western and northern
corners of the triangle (to the nearest kilometre)?
b What is the largest angle within the triangle
(to the nearest degree)?

12 A CD storage unit is 1.5 metres tall and has a base area as shown. 12 em
a  Find the front width of the storage unit (to the nearest cm).

12 cm

b Find the volume of the storage unit (in cm®).

13 What is the area of a Give Way traffic sign (to the nearest cm?), which is in the shape of an
equilateral triangle whose side lengths are 45 cm?

14 What is the area of the badge described in question 7 b (to the nearest mm?)?

Analysis
1 A sandwich bar uses bread that is roughly 10 cm square. The bread slices are cut into four
equal triangles and packaged in a cardboard box with the triangles arranged as shown.

[<—10 cm—>|

10c¢
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a i What is the total length of the two cuts required to make four
triangular pieces?
ii What is the area of the triangular face of the packaged sandwich
(to 1 decimal place)?
The completed sandwiches are placed on shelves as shown. A ‘
iii What is the smallest possible gap required between shelves for
the sandwiches to fit?
To maintain sandwich freshness, the owner is advised to prepare sandwiches so that the
surface area is minimised.
b i Show that the surface area of packaged, triangular sandwiches is close to 243 cm?.
ii Would cutting the sandwiches into four small equal square pieces reduce the surface
area? If so, by how much (to the nearest cm?)? Draw a suitable diagram(s).
iii Find the volume of the sandwich package.
¢ An alternative is to use bread which has a rectangular shape as j«<—9 cm —>
shown, and to prepare it as triangular pieces.
i What is one disadvantage of using rectangular slices of bread

NEN

for making four triangular sandwich pieces? 12cm
ii The four angles at the centre of the bread just after making the

two cuts are no longer right angles. Find the value of the largest

angle.

iii If the four triangular pieces are also to be packaged, what is the smallest possible area
of the triangular end face of the cardboard box?

2 Two thin rods are hinged together and the end of one rod is hinged
to the ground, while the end of the other rod is free as shown in the
diagram at right.

An investigation of the triangle formed is conducted by Lucie. She
starts by investigating the formation of a right-angled triangle.
a i At what distance from A (to 2 decimal places) must Lucie place end C so that a right-
angled triangle is formed at C? Remember that the two rods can move, although they
are fixed at A.
ii What is the angle made by the 1.5 m rod with the ground (to the nearest degree)?
iii Using your answer from part ii, what is the value of the other acute angle?
b Lucie now brings end C to a position 1 m from end A.
i State the type of triangle formed.
ii What is the size of the largest angle formed in this triangle (to the nearest degree)?
iii If the largest angle is now to be 110°, what is the new distance from A to C
(to 3 decimal places)?
c An alternative is to move end C away from A as shown at B
right. 15m
How far is end C from A, if ZABC is to be 110° (in metres ’ I m
to 1 decimal place)? A C
d Lucie now investigates the area of the triangle made in each
situation.
i What is the area of the triangle in part a i (in m® to 2 decimal places)?
ii What is the area of the triangle in part b iii (in m? to 2 decimal places)?
iii What is the area of the triangle in part ¢ (in m? to 2 decimal places)?
e A third rod 3 metres long, is connected at point B to the right-angled triangle formed in
part a. Its free end rests on the ground. What is the horizontal distance between B and
the end of this third rod (to the nearest cm)?




